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Summary

Oscillatory processes are omnipresent in the animate and inanimate
world. Oscillations come in different forms, be that purely periodic,
largely recurrent such as low-dimensional chaotic systems, or more er-
ratic such as high dimensional systems and systems under impact of
random noise. They can be observed across (almost) all temporal and
spatial scales. Take the example of physiological systems. Rhythms are
present on the microscopic spatial scale in cells and their compounds,
on the mesoscopic scale in groups of cells like populations of neurons
and other tissues, and on the macroscopic scale in organs like the brain,
the heart, lungs, etc., up to even rhythms spanning entire organisms.
Prime examples of these oscillations are neuronal spiking, beating of the
heart and the circadian rhythm, together spanning over five orders of
magnitude of both spacial and temporal scales. This abundance of oscil-
latory processes calls for in-depth theorizing of their emergence, which
typically relies on studying oscillators in operation. The ultimate goal
of such an endeavor is to identify generic quantities that help classify
the dynamics of oscillators. A corresponding mathematical treatment
that may eventually allow for predicting oscillatory behavior requires
first and foremost an acceptable simplification of the oscillatory process
under study.

A natural language for the dynamics of oscillators is phase dynamics,
which implies that an oscillator can be parameterized by a single, real-
valued state variable - the phase - which is typically imagined as evolving
on a circle and hence bounded to the interval from 0 to 2π. Within the
scope of phase dynamics the defining property of an oscillator is its so-
called phase response curve. This curve describes the sensitivity of the
phase to external perturbations and is utilized in many theoretical and
experimental studies. It may be estimated experimentally, in which the
system under study is isolated and subjected to particularly designed
and controlled stimuli. Unfortunately, isolation and control of a system
are often not feasible due to many reasons. For instance, if the system
under study is simply too large to be controlled, or if stimulating it could
potentially cause damage or is otherwise irreversible - in vivo assessments
of nervous activity might be a good example for this dilemma. In these
cases, any quantification has to rely on the normal, ongoing state of
system behavior, i.e. by observing the system in its natural environ-
ment, under free-running conditions. In this thesis, I present different
approaches to this inverse problem, concentrating particularly on phase
dynamics and the phase response curve.

Chapter 1 provides a general overview into the field of oscillatory



dynamics, in which I categorize the different types of oscillators and give
an introduction to phase dynamics. This is followed by a brief outline of
techniques used for obtaining dynamical properties from observations.
These range from signal embedding to state-of-the-art machine learning.
Throughout the thesis, I illustrate my numerical methods by applying
them to seminal oscillatory models, thus showcasing their strengths and
weaknesses as well as applicability to real data. The development of my
methods was motivated by the long term goal of untangling the dynamics
of many real world systems, notably the dynamics of biological neural
networks.

In Chapter 2, I present a method for inferring the phase response
curve from observations of a forced oscillator. It assumes the oscilla-
tor has a stable limit cycle and the forcing is weak enough so that the
system can be well described with phase dynamics. The forcing may
be stochastic or coming from other dynamical systems so long as it is
varied enough to ensure the signal of the observed oscillator is not pe-
riodic. Both the signal of the oscillator, as well as the forcing, have to
be observed to perform the inference. The method expresses the opti-
mization problem in terms of the integrated Winfree phase form, where
the phase response curve’s Fourier coefficients are iteratively updated
to better fit the phase model to the data. I also introduce an error
measure to help monitor the convergence of the solution. This mea-
sure can be computed solely from observations without any additional
knowledge of the system, allowing to monitor the quality of inference
even with data where the ground truth is unknown beforehand. Results
of the inference are illustrated for two common oscillatory models, the
Van der Pol oscillator and the Morris-Lecar neuron, both under impact
of weak random perturbations. While the first one is more mathemati-
cally motivated, the latter falls in the category of seminal neural models
as it is a reduced excitation model applicable to systems having two
non-inactivating voltage-sensitive conductances (originally it employed
an instantaneously responding calcium conductance for excitation and
a delayed potassium conductance for recovery in muscle fibers of the gi-
ant barnacle). Since my algorithm provides an error measure indicating
the quality of the inference that can be calculated solely from data, and
because it provides very promising results even when observations only
include a few hundred oscillations, it appears very suitable for studying
empirically observed oscillators. Note that in this study the perturba-
tions were realized as random dynamic noise that can be considered
omnipresent in experimental data. Hence, my approach is immediately
applicable to inferring phase responses using ongoing activity.



This success motivated the subsequent study summarized in Chap-
ter 3, where I generalized this approach in order to reconstruct a whole
network of pulse-coupled oscillatory networks. In addition to phase dy-
namics I assumed that phases are instantaneously reset by incoming
pulses. I employed two model systems: a network of toy oscillator mod-
els that generate ’spikes’ as soon as their phase reaches a predefined
threshold, and a more realistic network of Morris-Lecar neurons. From
observing the spike trains of all units the method recovers the properties
of all nodes (phase response curve and natural frequency) as well as the
strength of all directed connections. As in the previous method, a few
hundred observed pulses from each node suffice for a reliable reconstruc-
tion of a small network. That number does increase for larger networks
and there is a hard lower limit of having to observe at least as many
spikes as there are nodes.

The approach of Chapters 2 and 3, relies on reformulating the problem
of inference onto a known optimization scheme. In particular, I used the
least squares optimization, but others would work just as well. The novel
feature comes in the combination with an iterative procedure. This iter-
ation comes with an amazing convergence that can be readily monitored
with my aforementioned error measure. As illustrated, the computa-
tional demand of both methods is acceptable and the amount of input
data not excessively large. That is, both methods can be considered
very efficient, both in terms of computational and data requirements.

In the subsequent Chapter 4, I explored an alternative approach of
inferring dynamical properties from experimental observations. The rea-
son for this was that the previous approaches, albeit successful, required
perturbations to be weak and the system under study to be close to
limit cycle behavior. In this alternative approach these conditions are
not required. The approach consists of first selecting a generic model
capable of reproducing the empirical observations. This model is then
optimized to best fit the data, and therefore if its architecture allows it,
it should obtain similar characteristics to the original system. One can
then simply perform an experiment on the model as if experimenting on
the original system. Such active control in experiments allows simple,
well known practical methods to be utilized, thus putting within reach
a wide range of dynamical quantities that are typically difficult to distill
from data: the phase response curve and various scaling exponents just
to name a few. While this scheme may seem straightforward, it comes
with its own challenges. The most obvious one being how to infer the
model in the first place. To tackle this, I employed artificial recurrent
neural networks in combination with a mathematically robust machine



learning optimization algorithm referred to as stochastic gradient de-
scent. This machine learning approach can successfully reproduce an
array of empirical oscillatory signals as demonstrated in this chapter on
several examples: chaotic Roessler oscillator, time delay induced oscilla-
tions from the Mackey-Glass equation, and even an excitable neuronal
model FitzHugh-Nagumo. This is crucial to the entire approach since if
the generic model does not fit the data well, then any property we obtain
from it will be spurious. In contrast to the approach from Chapters 2 &
3, this turns out to be computationally costly and requires an appropri-
ate choice of hyperparameters, like the number of nodes, the (type of)
activation function, and so on. When it comes to analyzing experimental
data, the latter architectural parameterization might not be obvious at
all and may hence require repeated applications with trial and error. Yet
I could conclude that recurrent neural networks have significant capaci-
ties for identifying a system’s dynamics and are hence a great candidate
for the role of a generic model in this approach. The predictive power
of this machine learning approach is highly valuable and future studies
will certainly continue following the route that I outlined here.

As a first step in this direction, I applied the machine learning ap-
proach to analyze experimental data obtained from perturbed human
gait in Chapter 5. Participants walked on a treadmill and 3D kinemat-
ics were recorded. Gait was weakly perturbed by randomly changing
the speed of the treadmill. In this pilot assessment I investigated the 3D
velocity of the pelvis; the pelvis motion is often considered a marker of
gait stability. The recurrent neural network model was trained using the
corresponding time series and revealed that the pelvis’ velocity followed
stable limit-cycle dynamics rather than more complicated, chaotic be-
havior as suggested in several previous studies. Yet, these results should
be taken with caution as they were based on a single subject assessment.
Here, this analysis served as a mere proof-of-concept underscoring this
usefulness of the machine learning approach advocated in Chapter 4 for
investigating experimentally relevant data.

In the final Chapter 6, I discuss the applicability of the methods
presented in this thesis. In particular the methods in Chapters 2 & 3
come with certain assumptions. I provide ideas about their outcome
if these are not fulfilled. The approach in Chapters 4 & 5 requires a
minimal amount of input data, which is a well-known problem in the
machine-learning community. I relate this to the general problem of
limited information content in data and use this link to elaborate on
the more principal choices that have to be made when designing and
tailoring methods for inferring dynamical properties from experimental
data.


