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3

Miniaturisedgeometric

anti-spring technology

The sensing and attenuation of seismic motion are really just two sides of the

same coin. As we have seen, both applications utilise the properties of the

same basic structure: a mechanical harmonic oscillator. It is therefore not sur-

prising that there are many parallels in the design principles of vibration at-

tenuation systems and seismic sensors. For example, stiffness reduction tech-

niques built around inverted pendula [29, 64], geometric anti-springs [31, 85]

or a LaCoste suspension [65, 86] have been used in both applications to im-

prove performance.

Not all of these techniques are suitable for application in MEMS seismo-

meters. A microscopic inverted pendulum will generally not be heavy enough

to compensate the stiffness of the flexures, and the zero-length spring that

is required for a LaCoste suspension has not successfully been implemented

in MEMS to date. The geometric anti-spring principle, however, does scale

down to the micro-scale, and in what follows we describe its application in

a low-noise MEMS seismometer. First we briefly outline the geometric anti-

spring principle, and then present a system overview of its implementation in

a seismic sensor discussing the associated challenges and designmethodology.

To conclude, the challenges related to the design of a sensor that senses ver-

tical acceleration are discussed, and the feasibility of designing such a sensor

is shown through measurements on a prototype.
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Figure 3.1 – Schematic representation of the geometric anti-spring effect. (a) A body
is suspended in the horizontal plane by several uniaxial springs. Displacing this body
from its equilibrium position over a distance ∆y requires an external force Fext = −Fk y .
When compressing both the springs kx over a distance ∆x such as in (b), the external
force required to obtain the same displacement ∆y is reduced and consequently the
effective stiffness in the y-direction is lowered.

3.1 Geometric anti-spring working principle

Conceptually, the geometric anti-spring effect can be most easily understood

by examining the equilibrium of forces on a body that is suspended in the ho-

rizontal plane by several uniaxial springs. Figure 3.1 shows such a suspended

body with its suspension springs aligned with the x- and y-axes. In practical

implementations of geometric anti-spring systems, the stiffness in both the x-

and y-directions can often be attributed to the same flexible structures that

have a certain stiffness along both axes [87]. In those situations, the spring

of stiffness 2ky oriented along the y-direction in Fig. 3.1 does not represent

a physical spring, but rather it represents the component of the stiffness in

the y-direction of all the flexures in the system combined. Whether this spring

is physically there or not, the underlying principle illustrated here remains ex-

actly the same.
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3.1 Geometric anti-spring working principle

Consider the suspended body shown in Fig. 3.1a. Displacing this body away

from its equilibrium position over a distance ∆y requires an external force of

Fext = 2ky∆y that is equal and opposite to the spring’s restoring force Fk y .

In this case, the two springs oriented along the x-direction do not contribute

any significant forces as long as the displacement ∆y can be considered to be

small compared to the length of the springs. This changes when both these

springs are compressed over a distance∆x such as shown in Fig. 3.1b. The equi-

librium position of the suspended body does not change, because the forces

Fk x resulting from the compression of the two springs are anti-aligned and can-

cel each other exactly. What does change in comparison to the uncompressed

case, however, is the external force required to move the body away from its

equilibrium position. In this situation, when the central body is displaced over

the same distance ∆y as before, the forces generated by the two compressed

springs misalign and give rise to an additional force Fa = 2Fk x∆y/Ls pointing

in the same direction as the displacement. Note that as for the restoring force

of a regular spring, this force is directly proportional to the displacement ∆y .

However, Fa points in the direction directly opposite to that of the restoring

force of a regular spring such as Fk y , and hence we call a structure like this a

geometric anti-spring.

Because of the additional anti-spring effect introduced to the system, the

total effective stiffness changes. Taking the additional force contributed by

the compressed springs Fa into account, we get

kef f ≡ Fext
∆y

= −Fk y + Fa

∆y
= 2ky − 2Fk x

Ls
(3.1)

By changing the lateral compression force Fk x , the total effective stiffness kef f
can, in principle, be tuned down to any value, even a negative one. In practice,

the stiffness is tunedas close aspossible above zero, such that the systemstays

in awell-definedequilibriumand can correctly beoperated. Since the force Fk x
is generated by compressing a spring of stiffness kx , tuning the system’s total

stiffness comes down to carefully tuning the spring anchor displacement ∆x .

In the macroscopic vertical geometric anti-spring filters that are used in the

auxiliary vibration attenuation systems for the Advanced Virgo gravitational

wave detector (shown in Fig. 1.8a), stiffness tuning is done by turning screws

that displace the spring anchors. On the micro-scale, however, this step is not

at all trivial. A compression system especially designed to accomplish this spe-

cific task will be treated in Section 3.2.1, but first we will present an overview

of the seismic sensor as a whole.
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3.2 Novel MEMS seismometer overview

An overview of the low-noise MEMS seismometer [88] is shown in Fig. 3.2. It is

fabricated through the processing sequence as outlined in Section 5.1.1 from a

silicon-on-insulator (SOI) waferwith a 50µm thick device layer, a 4 µm thick bur-

ied oxide and a 400µm thick handle layer. All intricate structures are etched

into the device layer and are visible from the top as in Fig. 3.2c. The proof

mass is not perforated, because it is released by an etch into the handle layer

from the back side of the wafer, leaving 200µm of the handle layer to increase

the total mass. This results in a single-axis device with a 12.7mg proof mass

that can move along the direction indicated in the figure. The mass position

is sensed by two sets of variable gap type capacitors as shown in Fig. 3.2e.

The capacitance between the stationary and moving sets of capacitor plates

changes differentially with the mass position. Comb drive actuator capacitors

as shown in Fig. 3.2a can be used to apply forces to the mass in the sensing

direction, either for exciting different modes of oscillation, or for applying a

feedback force. More details on both these capacitive structures can be found

in Figs. 4.8 and 4.10, and an overview of all the important design parameters

and their nominal values is provided in Appendix A.2.

The sensor’s proofmass is suspendedby four sets of curvedprismatic beam

springs, one set of four springs at each of its corners. As shown in Fig. 3.2b,

one side of the springs is connected to the proof mass, while the other side

is connected to a linearly guided block. The x-position of this block can be

controlled by a special actuation system, compressing the curved springs to

a stressed state as shown in Fig. 3.2d. This actuation system in combination

with the curved spring shape represents the unique novelty of this sensor and

will be detailed upon below.

3.2.1 Spring compression mechanism

The spring elements that are most commonly used in MEMS devices usually

consist of some form of prismatic beam that is clamped at both of its ends. In

general, the bending stiffness for such a beam depends strongly on its dimen-

sions. For a straight and narrow beam of length Ls that is oriented along the

x-axis, the bending stiffness in the y-direction is given by [89]

ky =
12EIz

L3
s

, (3.2)

where E is the Young’s modulus of the spring material, and Iz denotes the

second moment of area of its cross-section with respect to the z-axis. For a
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Figure 3.2 – A photograph of a bare sensor die is shown in (c). The central proof mass
is suspended by curved prismatic springs (d) at its corners and can move along the y-
direction as indicated by the arrow. Variable gap capacitors (e) are used to sense the
proofmass position, and variable overlap capacitors (a) are used to actuate on themass.
The suspension springs can be compressed by a thermally actuated mechanism (b) for
which a detailed view is provided in Fig. 3.3.
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prismatic beam with a rectangular cross-section of thickness t and width w ,

we have Iz = tw 3/12 [90, Tab. A.1]. Combining this expression with Eq. (3.2),

we get an expression for the bending stiffness of the spring as a function of its

linear dimensions as

ky =
E tw 3

L3
s

. (3.3)

If this bending stiffness is to be cancelled entirely by the geometric anti-spring

effect, we can get an estimate for the compressive force Fk x that is required

for this by solving Eq. (3.1) for kef f = 0 as

Fk x = kyLs =
E tw 3

L2
s

. (3.4)

The suspension springs in the seismic sensor that is shown in Fig. 3.2 are

madeoutof silicon throughadeep reactive ionetchingprocess1. For the50µm

thick silicon layer used in this case, the minimum practical spring widthw that

can be realised is about 6 µm. Similarly, because of out-of-plane stiffness re-

quirements the springs can typically not bemuch longer than a fewmillimetres.

The Young’s modulus of silicon is crystal orientation dependent in general, but

if we consider the most common [110] orientation in a (100) wafer, we have

E = 169GPa for in-plane deformations [91]. Putting these numbers together

means that, according to Eq. (3.4), the compressive force that needs to be gen-

erated to cancel the MEMS flexure stiffness is at least of the order of a mN.

The electrostatic actuators that are typically used in MEMS devices are not

strong enough to generate such a large force, but thermal expansion actuators

are [92]. One of the drawbacks of this type of actuators is that they consume

a large amount of power, since they need to be Joule-heated to several hun-

dreds of degrees Celsius above the ambient temperature. To avoid burning

excessive power during sensor operation, these strong thermal actuators are

used only once, just long enough to latch a compliant structure into a fixed

position. Now, the compressive force required to reduce the total stiffness

through the anti-spring effect has been generated and is maintained mechan-

ically without consuming any power over the entire lifetime of the sensor.

Themechanism designed to achieve this latching action is shown in Fig. 3.3.

All visible structures that are either narrow or perforated are released from

the substrate below and are able to move, while structures that are not per-

forated are designed to remain attached to the substrate and serve as mech-

anical anchors. A pair of V-beam type electrothermal actuators [93] (ETAs) is

1 Details on the fabrication sequence used to make this device can be found in Section 5.1.1.
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Figure 3.3 – (a) Photograph of the anti-spring compression mechanism. The thermal
actuators (ETAs) on the right can be used to repeatedlymove the bucket to the left and
thereby displacing the linearly guided block. This block can be latched into several fixed
positions through the anti-reverse pawls indicated indicated by the large dashed box.
All the pawls are surrounded by dummy structures that serve no mechanical purpose,
but protect these critical parts during the etching process. Figures (b) to (g) corres-
pond to the view inside the large dashed box in (a) for the different available latched
positions. A zoom of the anti-reverse teeth in the smaller dashed box is provided in (h).

used to generate the relatively large compression forces required. These actu-

ators consist of long and slender silicon beams that are anchored under a small

angle at their ends and are joined at the centre of the actuator. In total, the

ETAs are several millimetres wide and they are visible along their full length

in Fig. 3.2b. Figure 3.3a only shows their central parts at the right hand side

of the photograph. The actuator beams are Joule-heated by feeding a current

through them, upon which they expand and their central parts move to the

left. Directly attached to the leftmost ETA is the so-called bucket that is lin-

early guided by a set of folded springs of which the ends are visible both at the

top and bottom edges of the photograph. When the bucket is pushed to the

left by the ETAs, it engages a linearly guided block that serves as the movable
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anchor of the springs that suspend the proofmass. This block is in turn pushed

to the left by the bucket, thereby compressing the suspension springs into a

stressed state.

The large dashed box in Fig. 3.3a indicates a set of anti-reverse pawls [94]

that enables latching the guided block at certain fixed positions such that it

can not move back. The initial position of the anti-reverse pawls is shown in

Fig. 3.3b. The thermal actuators push the linearly guided block to the left until

the pawls reach the state that is shown in Fig. 3.3c, where one pair of pawls

gets hooked behind the opposing anchored teeth. Subsequently, the ETAs are

retracted, but the guided block will not move back thanks to the anti-reverse

pawls engaging their matching teeth on the fixed anchor. Upon retracting the

ETAs, another set of anti-reverse pawls located inside the bucket (Fig. 3.3h)

moves to the next pair of teeth, thereby extending the total available actu-

ation range of the thermal actuators. With the linearly guided block in its first

locked position, the ETAs are heated oncemore until the block reaches the po-

sition that is shown in Fig. 3.3d. Note that compared to Fig. 3.3c, a different set

of pawls is latched behind an anchored tooth. Using two sets of pawls enables

a step size that is half theminimum tooth size of about 10µmas defined by the

etching process. The first locked position is at 15µm block displacement and

four additional locked positions are available at 5 µm increments that can be

reached by repeatedly heating the ETAs for amaximumdisplacement of 35µm.

Displacing the guided block only needs to be done once in all four corners of

the device. After the ETAs have latched all four blocks to their desired oper-

ation point, the compressive force required for minimising the system’s stiff-

ness is nowmechanically stored in the springs that are attached to them. After

this the ETAs no longer need to be heated, consuming no power during sensor

operation.

3.2.2 Electrothermal actuators

The stepped locking system described above allows for displacing the suspen-

sion spring anchors up to 35µm in discrete steps. To be able to actually design

the suspension springs that are to be compressed by this system, we also need

to know the force that can be generated in this way. To get an estimate for

the strength of the thermal actuators, we can use the model developed by

Enikov [93]. Consider one half of a thermal actuator with its loads defined as

in Fig. 3.4. Through symmetry considerations, the reaction loads at the anchor
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Figure 3.4 – Schematic representation of the geometry of a V-beam type electro-
thermal actuator (top left). The actuator consists of two beams of length L that are
joined at the centre and are anchored under a small angle θ at their far ends. The main
drawing shows one half of the actuator with its deflections and reaction loads as in-
duced by an average temperature increase ∆T and an external load F . Implemented
values for the lengthL, the cross-sectional areaA, theflexural rigidityEIz and the angle
θ are indicated in the figure. Image adapted from [93].

can be written as

P0 = P cos (θ) + F

2
sin (θ),

T0 = P sin (θ) − F

2
cos (θ) and

M0 = M1 − v (L)P0 − LT0,

(3.5)

where F is the external load applied to the centre of the actuator, and P and

M1 denote the loads transferred by the missing half of the actuator. The lat-

ter two loads are unknown in principle, but will be fixed by applying additional

symmetry conditions. Under the applied thermal and mechanical loads the ac-

tuator beamshown in Fig. 3.4will bothbebent away from its unloadedposition

(v (x )), and be stretched or compressed along its length (u(x )). The mechanical

behaviour of the system is described by two coupled non-linear differential

equations as [93]

du

dx
= α∆T − 1

2

(
ddv

dx

)2
− P0
EA

and

d2v

dx 2
= − T0

EIz
x − M0

EIz
− P0
EIz

v ,

(3.6)
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where α is the linear coefficient of thermal expansion of the actuator material,

A is the cross-sectional area of the actuator beam and∆T denotes the average

temperature increase of the beam. The linear coefficient of thermal expan-

sion α for silicon is strongly temperature dependent and can be approximated

by [95]

α(T ) = 3.725 × 10−6 ×
(
1 − e−5.88 × 10−3(T −124)

)
+ 5.548 × 10−10T , (3.7)

withT the absolute temperature of the material in Kelvin. Since the full tem-

perature profile along the beam is not modelled here, the average beam tem-

perature is used to estimate α .

ConsideringM1, P and ∆T as unknown parameters in the problem, six inde-

pendent boundary conditions on the displacements u(x ) and v (x ) have to be

specified to be able to find a solution. Three of them immediately follow from

the clamping conditions at the anchor

v (0) = u(0) = dv

dx

����
x=0

= 0. (3.8)

An additional two boundary conditions can be derived from the fact that the

actuator as a whole is symmetric, and actually consists of two beams of length

L that are joined together at the centre of the actuator. These two conditions

can be written as

dv

dx

����
x=L

= 0 and u(L) = v (L) tan (θ), (3.9)

where the first one indicates that the two halves of the actuator are connected

under a fixed angle, and the latter reflects the fact that the centre of the actu-

ator can only move in the plane of symmetry. For the last boundary condition,

we choose to pick a specific value for the actuator displacement dET A such that

the final condition reads

v (L) = dET A cos (θ). (3.10)

Numerically solving theboundary value problem in Eq. (3.6) subject to these six

boundary conditions will then yield the average temperature increase ∆T that

is required to reach a given actuator displacement dET A at a specific external

load F .

Doing this for a range of different loads F and displacements dET A with the

ETA’s parameters indicated in Fig. 3.4 gives the result shown in Fig. 3.5. From

this we can see that V-beam type thermal actuators can theoretically reach
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Figure 3.5 – The average temperature increase ∆T required for the thermal actuator
shown in Fig. 3.4 to reach a displacement dET A at a specific external load F . Contours
of constant ∆T are shown as solid curves, and contours of constant induced longitud-
inal reaction load P0 are shown as dashed curves. Specific empirical limiting values are
indicatedwithmarkers (see text). Operation the ETAwithin the region indicated by the
white dashed curve is considered safe.

both relatively large strokes as well as large forces, but not at the same time.

For example, heating the actuator to ∆T = 350K can generate a displacement

of just over 30µm, but only when no external load is applied. Conversely, a the-

oretical load of almost 20mN is predicted, but only at limited displacements.

The stepped compression systemdescribed in Section 3.2.1 can help overcome

this limitation by decoupling the ETA stroke from the total spring anchor dis-

placement. In this way, the thermal actuators can operate with a limited dis-

placement dET A where the available compression force is large, while the total

spring anchor displacement that can be achieved is extended by the latches in-

side the bucket.

By pushing the actuators beyond their limits, we can experimentally obtain

some practical limits to the applicability of the results shown in Fig. 3.5. One

actuator was heated under atmospheric conditions way beyond its practically

useful limits until itmelted and the electrical connectionwas broken, such as in

the situation shown in Fig. 3.6a. Without any externally applied load the actu-

ator reached a displacement of 48µm, and just before it was destroyed it sunk
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500µm500µm

Figure 3.6 – Some examples of ETA damage encountered after operation at too high
temperatures. An ETA that has melted over its complete thickness after heating with
powers in excess of 1.5Wper actuator is shown in (a). The bottomETA in (b) shows local
melting marks and the bottom ETA in (c) is severely plastically deformed.

a power of about 1.5W [96]. This working point is indicated in Fig. 3.5 and cor-

responds to a ∆T of about 530K. The 530K contour line therefore represents

the ultimate operation limit of this actuator, although in practice operating

temperatures should be kept significantly below this. Local melting damage

and plastic deformation (Figs. 3.6b and 3.6c) are observed before complete

failure. Silicon melts at 1687K [97, Chap. 1], so a temperature increase of only

530K should not be enough to melt the actuator. However, an average tem-

perature increase ∆T of 530K implies a significantly larger increase near the

centre of the actuator since the anchored ends remain at ambient temperat-

ure [96, 98]. A ∆T of about 350K gives repeatable results under atmospheric

conditions without any noticeable plastic deformation and is considered to be

a safe limit.

The result in Fig. 3.5 suggests that at ∆T = 350K a single actuator can gen-

erate a force of up to 19mN. However, the longitudinal load P0 in these actuat-

ors grows quite rapidly with the externally applied load F , which makes them

prone to buckling. Once the actuator buckles it loses its strength, so buckling

sets an upper limit for F . One of the working points indicated in Fig 3.5 corres-

ponds to theobservedonset of buckling at a dET A of 19µm. The corresponding

load of 10.3mN was estimated from the nominally designed stiffness of the
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actuated spring structure. What causes the buckling is the longitudinal load

P0 for which dashed contour lines are indicated. The onset of buckling corres-

ponds to P0 ≈ 0.15N excluding all working points above this contour, thereby

limiting the actuation force to roughly 10mN. Combined with the maximum

∆T of about 350K, buckling limits the operating region for the ETA to within

the white dashed curve.

To increase the total compression capability, the system contains a second

thermal actuator behind the main one as can be seen in Fig. 3.6. The two ac-

tuators are not rigidly connected, so the second ETA has to displace about

5 µmmore than themain actuator before it starts contributing to the actuation

force. Optimal placement of all the anti-reverse pawls allows for locking the

last step at a stroke of only 5 µm. The maximum force it can deliver is limited

by the P0 ≈ 0.15N contour line to 10.2mN and is indicated in Fig. 3.5. Assum-

ing the second ETA operates at the same temperature, it contributes an addi-

tional force of 7.8mN for a total of 18mN. Approximately 4mN is required

to displace all the structures visible in Fig. 3.3, leaving 14mN to compress the

suspension springs.

3.3 Suspension spring design

Now the capabilities of the compression system that will be used to stress the

geometric anti-spring system are known, we can design the spring elements

themselves. Recall from Eq. (3.4) that the compression force Fk x required to

bring the effective stiffness in the y-direction down to zero is simply given by

Fk x = kyLs . Since this compressive force is generated by displacing the an-

chor of the suspension springs over a distance ∆x with the latching mechan-

ism presented in Section 3.2.1, we also have Fk x = kx∆x . If ∆xmin denotes the

minimum anchor displacement that can be latched by the compression mech-

anism, we have Fk x > kx∆xmin . Combining these expressions directly leads to

a requirement on the suspension spring stiffness ratio kx/ky as

kyLs > kx∆xmin ⇒ kx
ky
<

Ls

∆xmin
. (3.11)

Theminimum anchor displacement ∆xmin that can be latched into place by the

compression system is limited by the smallest feature size that can be reliably

etched during the fabrication of the devices. As can be seen in Fig. 3.3, this sets

∆xmin to 15µm in this case, and Eq. (3.11) now tells us that for a O(1)mm long

spring, the stiffness ratio kx/ky should be smaller than 1000/15 ≈ 67. For a
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Figure 3.7 – Geometry of a curved suspension spring. The left side is clamped under an
angle θ0 at theorigin,while the right side connects to theproofmassunder anangle −θ0.
The proof mass side is loaded with forces Fx and Fy , and a torqueT , such that it trans-
lates in plane and rotates over an angle α with respect to the unloaded case. The cur-
vilinear coordinate λ is measured from the origin O and runs along the entire spring
length from from 0 to L.

straight prismatic beam spring, this ratio is typically O(104), so that can not be
used. Giving such a spring a slightly curved shape drastically reduces the stiff-

ness in the x−directionwhileminimally affecting ky , allowing toget the correct

stiffness ratio kx/ky . In the following, we consider curved springs that describe
part of a circle of radius R0 and explore the parameter space for springs of this

type.

3.3.1 Bending equations for curved springs

Aschematic representationof oneof the curved suspension springs is shown in

Fig. 3.7. The spring is clamped on the left under an angle θ0 and symmetrically

connects to the proof mass on the right under an angle −θ0. The unloaded

shape of the spring describes an angle 2θ0 of a circular arc,

θi (λ) = θ0 − λ

R0
, (3.12)

whereR0 denotes the arc’s constant radius of curvature, andλ is the curvilinear

coordinate that runs along the neutral line of the spring beam across its entire

length from 0 to L. The spring tip is loadedwith forces Fx and Fy , and a torque

T , such that it translates in plane and rotates over an angle α with respect to

the unloaded case.

In order to find the internal bending moment M (λ), consider the infinites-

imally small part of the beam shown in Fig. 3.8. This small section can be ap-
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Figure 3.8 – Free body diagram of an infinitesimally small part of the curved beam
spring shown in Fig. 3.7. Such a small part can be considered as a straight line of length
dλ where the torque at both ends is caused by the internal bending momentM (λ).

proximated as a straight line of length dλ, such that the torque balance reads

M (λ + dλ) −M (λ) − Fx dλ sin (θ) + Fy dλ cos (θ) = 0. (3.13)

This expression can easily be rearranged to find the change of the internal

bending moment along the beam,

M (λ + dλ) −M (λ)
dλ

≡ dM

dλ
= Fx sin (θ) − Fy cos (θ). (3.14)

The internal bending moment is related to the spring beam’s curvature as

M = EIz
d(θ − θi )

dλ
, (3.15)

with EIz the spring’s flexural rigidity. For ease of notation and to make the

results generally applicable, wefirst define the normalised coordinate p = λ/L,
and the normalised loads [99]

τ =
L

EIz
T , and Gi =

L2

EIz
Fi for i = x , y . (3.16)

Using thesedimensionlessparameters, thedifferential equationgoverning the

deformed spring shape can be found by combining Eq. (3.14) and Eq. (3.15) as

d2(θ − θi )
dp2

−Gx sin (θ(p)) +Gy cos (θ(p)) = 0. (3.17)

Because the unstressed beam describes a circular arc, we can use Eq. (3.12) to
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show that d2θi /dp2 = 0 and θi drops from the equation completely. This finally

leads to the dimensionless non-linear differential equation

d2θ

dp2
= Gx sin (θ(p)) −Gy cos (θ(p)). (3.18)

A system description in terms of these dimensionless quantities is valuable,

as it allows to obtain general results independent of the scale of the beam

geometry. These general results can then be mapped to the specific design

scale under consideration later, by using the appropriate scaling factors from

Eq. (3.16).

As boundary conditions to this problem we would like to use the Cartesian

coordinates of the tip of the spring, because those are the parameters we con-

trol with the compression system. The normalised Cartesian coordinates are

given by the integrals

x (p)
L

=

∫ p

0
cos (θ(ξ)) dξ, and

y (p)
L

=

∫ p

0
sin (θ(ξ)) dξ. (3.19)

To use the anchor position as a boundary condition to the problem, it is more

convenient to express the relations in Eq. (3.19) in their differential form as

1

L

dx

dp
= cos (θ(p)), and

1

L

dy

dp
= sin (θ(p)), (3.20)

and solve the system of Eq. (3.20) and Eq. (3.18) simultaneously.

ConsideringGx andGy as unknown parameters in the problem, we need six

boundary conditions to solve the system of equations. The clamped condition

at the anchor gives the first three:

x (0)
L

=
y (0)
L

= 0, and θ(0) = θ0. (3.21)

We choose to take the coordinates of the spring tip as an input, such that it

provides three additional boundary conditions as

x (1)
L

=
xi (1) + ∆x

L
,

y (1)
L

=
yi (1) + ∆y

L
, and θ(1) = α − θ0, (3.22)

where ∆x , ∆y and α respectively are the tip displacements and rotation that

we choose, and xi (1) and yi (1) are the initial spring coordinates at the tip as

xi (1)
L

=

∫ 1

0
cos (θi (ξ)) dξ, and

yi (1)
L

=

∫ 1

0
sin (θi (ξ)) dξ. (3.23)
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Figure 3.9 – The dimensionless loadGy as a function of the displacement of the spring
tip for α = 0 and 2θ0 = 59°. The contour of interest is Gy = 0 and is indicated in bold.
The orange dashed contour indicates the locus of working points that have vanishing
stiffness. The system becomes bistable for ∆x < ∆x∗. At the working point marked
with a cross at ∆x/L = −0.020 and ∆y/L = 0, 95% of ky ,0 is cancelled.

3.3.2 Solving the boundary value problem

Numerically solving the non-linear system of differential equations with the

boundary conditions as defined by Eqs. (3.18) to (3.22) yields the dimension-

less loadsGx ,Gy and τ as a function of the spring tip displacement ∆x , ∆y and

its rotation α . Figure 3.9 shows the results for Gy as a function of the tip dis-

placement in the case that the spring tip is not allowed to rotate, i.e. α = 0. The

data shown were calculated for 2θ0 = 59° for reasons that will become appar-

ent later. Starting at the coordinates ∆y/L = ∆x/L = 0 and moving left along

the x-axis, notice that allGy contour lines move away from the axis, indicating

that the stiffness in the y−direction decreases as the spring is compressed. Be-

cause the system is fully symmetric, we happen to be following theGy = 0 con-

tour here, indicated as the bold curve in the figure. For compressions beyond

the critical compression∆x ∗/L the contour bifurcates into two stable branches
and an unstable one at ∆y/L = 0 indicating bistability for ∆x < ∆x ∗.
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Figure 3.10 – The stiffness in the y-direction normalised to the dimensionless stiffness
at ∆x/L = ∆y/L = 0 (ky ,0 = 12.66) corresponding to the data shown in Fig. 3.9. The
stiffness ky vanishes for all theworkingpoints on the ky /ky ,0 = 0 contour that coincides
with the locus of vertical slopes in Fig. 3.9 indicated by the dashed orange curve. At the
working point marked with a cross at ∆x/L = −0.020 and ∆y/L = 0, 95% of ky ,0 is
cancelled.

In the diagram in Fig. 3.9, a vertical slope on one of the contour lines indic-

ates a locally vanishing y-stiffness. The locus of points where this happens is

indicated with the orange dashed curve. This curve is also drawn in Fig. 3.10,

which shows the stiffness in the y-direction corresponding to the data shown

in Fig. 3.9. To get an idea of the relative stiffness reduction at different tip dis-

placements, the stiffness data are normalised to the dimensionless stiffness

in the unloaded situation, i.e. at ∆x/L = ∆y/L = 0. The dashed orange curve

indeed coincides with the ky /ky ,0 = 0 contour in Fig. 3.10 that indicates all

working points with vanishing stiffness. All working points to the right of this

contour have a positive stiffness and are therefore stable, while all points to

the left of it areunstable. In practice, even though stableworkingpoints canbe

found for∆x < ∆x ∗, it is better to choose onewith∆x > ∆x ∗ to avoid problems

related to the bistability of the system. In Fig. 3.9, the dashed curve that indic-
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Figure 3.11 –Values for (a)∆x∗/L and (b)G∗
x corresponding to the criticalworking point

for a symmetrically curved beam spring, obtained by finding the bifurcation point as in-
dicated in Fig. 3.9 as a function of 2θ0. The corresponding bifurcation point fromFig. 3.9
is indicated in the figures.

ates all points with vanishing stiffness intersects the Gy = 0 contour exactly

at the bifurcation, making this the most interesting working point. Approach-

ing the bifurcation from the right, we still have only one stable solution, but

the stiffness can be made arbitrarily small in principle. In practice, we choose

a working point at which 95% of the initial stiffness is cancelled. This working

point is marked with a cross in both Fig. 3.9 and Fig. 3.10.

3.3.3 Choosing the spring parameters

The results shown in Figs. 3.9 and 3.10 were generated for 2θ0 = 59°. For this

specific value of θ0, the compression distance that cancels the y-stiffness com-

pletely was found to be ∆x ∗/L = −0.0218 for Gy = 0. In general, such a critical

compression exists for a range of different values of θ0, and can be found for

any of them by repeating the procedure in Section 3.3.2. Doing this results in

the values for∆x ∗/L and the corresponding compression loadG ∗
x as a function

of 2θ0 as shown in Fig. 3.11. The coordinate ∆y ∗/L is zero in all cases due to

the symmetry of the system. Given a value for θ0, the working point with van-

ishing ky and the corresponding normalised compression load G ∗
x can simply

be read from these plots. The corresponding bifurcation point from Fig. 3.9 is

indicated in the figure.Note that these results were obtainedwithout knowing

any properties or dimensions of the springs themselves. The critical points are

determined by the initial angle θ0 only. As we will see, this makes this type of

anti-spring structure highly robust against processing tolerances.
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Todesign the suspension springs, we should choose specific values for their

length L and initial angle θ0. Due to constraints of different origin, not all com-

binations of L and θ0 will work. To begin with, the result in Fig. 3.11a tells us

that for each value of θ0 the ratio∆x ∗/L is fixed. Since the compression system

can only lock the spring in place for 15 µm < ∆x ∗ < 35µm, this immediately res-

ults in both an upper and a lower limit on L that varies as a function of θ0. This is

visualised in the parameter space shown in Fig. 3.12a, where the shaded region

in the plot indicates the parameter combinations that have been excluded by

this constraint only. This shows that a significant part of the available design

space can already be excluded without any assumptions on the spring beam

rigidity EIz .

Additional constraints come from the maximum force available from the

compressionmechanism, themaximumallowable stress in the springs, and the

out-of-plane sag induced by gravity. To map those constraints onto the para-

meter space shown in Fig. 3.12, however, additional assumptions on the spring

rigidity EIz have to be made first. The spring thickness is set by the device

layer of the SOI wafer used to fabricate the devices, which in this case is 50 µm,

and since the springs are made out of silicon, we have E ≈ 169GPa. To obtain

a low stiffness, a small spring width w is beneficial. In principle, the smallest

width that can be obtained in the fabrication process is 6 µm, but to reduce

the relative effect of etching tolerances, the spring width was set to a slightly

higher value of 8.7 µm, resulting in EIz ≈ 4.6 × 10−10 Nm2.

With EIz known, the normalisation factors in Eq. (3.16) can be used to con-

vert the normalised compression loads G ∗
x in Fig. 3.11b to the force that the

compression mechanism needs to deliver for each combination of L and θ0.

Since we know from Section 3.2.2 that this force is limited to 14mN, this ex-

cludes a new region of the parameter space indicated in Fig. 3.12b. This second

constraint excludes all the parameter combinations below the blue line, but

only the combinations that were previously still allowed are shaded.

Compressing the springs will induce a stress in the springs that must be

maintained at acceptable levels. The maximum stress in the spring will occur

in the extreme fibres at the spring ends and is given by σ = M (L)w/2Iz [90,
Eq. 8.1-1]. Realising that we have M (L) = EIz/L · τ and that the dimension-

less torque τ is known for all working points in Fig. 3.11, we get an additional

constraint on the spring length

L >
Ew

2σmax
· τ(θ0), (3.24)
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Figure 3.12 – The available parameter space for the curved springs with parameters as
defined in (e). Newregionsof theparameter spaceexcludedbyapplying the constraints
consecutively in the listed order are shaded in the corresponding colour in (a)–(d). The
constraints assume that a single curved spring supports a 12.7mg proof mass at each
of its four corners (N = 1).
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where σmax is the maximum allowable stress in the spring beams. The frac-

ture strength of crystalline silicon is highly dependent on sample dimensions

and reported values differ by over an order of magnitude [100]. Here, we use

a fracture stress value of 1.47GPa as reported for structures of comparable

cross section as our springs [101] made through a similar fabrication process.

To account for the large uncertainty in the strength of silicon, we apply a rel-

atively large safety factor of 3, resulting in σmax ≈ 490MPa. The lower bound

in Eq. (3.24) then excludes yet another large piece of the parameter space as

shown in Fig. 3.12c.

Thefinal constraint is set by the fact that our proofmass of 12.7mg is rather

large, and thus gravity will cause it to sag out of plane. If we require this sag

to be less than 10% of the typical gap below the proof mass, or about 400nm,

we immediately obtain the requirement kz > 3.1 × 102 N/m for all the springs

combined. This requirement on the out-of-plane stiffness puts an upper bound

on the length of the spring beams. The compliancematrix in Appendix A.1 was

used to calculate the out of plane stiffness for all combinations of L and θ0.

The requirement on kz formulated above then excludes yet another region of

the parameter space as indicated in Fig. 3.12d.

The constraints that are outlined above seem to exclude the entire avail-

able design parameter space for this miniaturised geometric anti-spring sys-

tem. However, a closer examination of Fig. 3.12d reveals that the compression

mechanism is notoptimally usedwhen it compresses a single spring. Theentire

region of the parameter space that the requirement on themaximumcompres-

sion force excludes is already unavailable due to the maximum stress allowed

in the springs. In other words, when using the actuation mechanism to com-

press a single curved spring beam in the yellow region, the spring will break

before the actuation system reaches its full potential.

To open up some of the available parameter space, we can use multiple

springs beams in each corner of the seismometer. Figure 3.13 shows the para-

meter space subject to the same constraints as outlined above, but for four

springs suspending the proofmass in each corner instead of only one. Themax-

imum 14mN compression force now has to be shared between four springs,

raising the lower bound it sets on the spring length. However, since this region

was already excluded from a stress point of view, this has no consequences.

As the proof mass is now supported by four times as many springs, the out-of-

plane stiffness requirement on a single spring relaxes. The upper bound it sets

on L is raised, and now there is a small window of parameters that can be used

while meeting all constraints.
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Figure 3.13 – Constraints on the design parameter space for the curved springs con-
structed similar to those shown in Fig. 3.12. The constraints assume that four curved
springs (N = 4) support a 12.7mg proof mass at each of its corners. The black marker
corresponds toL = 1778µmand 2θ0 = 59°, the springparameters chosen for thedesign
presented here.

The parameters chosen for this design (L = 1778µm and 2θ0 = 59°) are

indicated with the marker in Fig. 3.13. To fully utilise the flexibility of the com-

pression mechanism as presented in Section 3.2.1, we chose a working point

with∆x = 35µmwith amaximum spring length as tominimise ky ,0. Themarker

falls slightly outside the range of allowed parameters in the figure, because

the chosen working point does not correspond exactly to a bifurcation point.

Instead, we chose a working point that cancels 95% of the stiffness, to ensure

the stability of the systemunder process variation. The correspondingworking

point is also indicated with a marker in Fig. 3.9 and Fig. 3.10.

3.3.4 Stiffness for different working points

To test the spring design, the natural frequency of the sensing mode fy of the

seismometer presented in Fig. 3.2 was measured for all the six different com-

pression states available. The results for three identical devices with the same

12.7mg nominal mass coming from different locations on different wafers are

shown in Fig. 3.14a, along with the behaviour predicted for device #2 from the

stiffness data in Fig. 3.10. More details on the numerical data can be found in

Section 3.3.5.

For an increasing spring compression the natural frequency of the sens-

ing mode decreases as expected, indicating that the stiffness of the system

is drastically reduced in the process. The data for device #2 closely follow the

numerical prediction, verifying the design methodology as laid out in this sec-
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Figure 3.14 – (a) Natural frequency of the sensing mode of three MEMS seismometers
of 12.7mg nominal mass from different wafers as function of suspension spring com-
pression. The dashed curve is generated from the numerical stiffness data in Fig. 3.10
for the spring parameters asmeasured on device #2 (see Section 3.3.5 formore details).
(b) Data as in (a) normalised to the respective natural frequencies in the uncompressed
state fy ,0.

tion. What standsout fromFig. 3.14a, though, is that the spread in the stiffness

between different devices is rather large. Assuming the devices have the same

mass, the ratio of natural frequencies in the uncompressed state indicates a

difference in stiffness of approximately a factor two. This difference is most

likely caused by variations in the spring width and the etching profile around

their nominal values, which severely impact the total stiffness of the suspen-

sion springs. A spread in theetching sidewall profiles of only±1°would already
cause this factor two change in stiffness and is therefore hard to avoid.

In spite of the large spread in stiffness, the anti-spring system works as

anticipated, because the stiffness cancellation is purely a geometrical effect.

After all, the stiffness reduction as a function of spring displacement shown

in Fig. 3.10 could be calculated without any knowledge of the spring rigidity

EIz , and as such it should therefore not have an impact on the stiffness can-

cellation2. Indeed, when normalising all the data to the uncompressed natural

frequency fy ,0 as shown in Fig. 3.14b, the data for all devices line up and fol-

2 However, the spring rigidity can have a slight impact since the implicit assumption made in
Eq. (3.15) by moving EIz outside the differentiation is that EIz remains constant along the entire
length of the spring, something that is only approximately true for a curved beam made out of
crystalline silicon since E depends on the crystal orientation.
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low the numerical expectation to within 5% for ∆x up to 30µm. At the last

compression step of 35µm, between 94.8% and 96.2% of the initial stiffness

is cancelled, raising the seismometer’s sensitivity with a factor 20 to 25.

Alternativemethods for altering the total system stiffness after device fab-

rication are commonly implemented in MEMS devices [89]. Typically these im-

plementations use electrostatic effects, exploiting the non-linear dependence

of the capacitance between electrodes on their relative position. Biasing such

a capacitor to a constant voltage introduces a negative stiffness to the sys-

tem [102, Sec. 5.3] that can be conveniently tuned by changing this voltage.

Typically, however, the negative stiffness introduced in this way changes signi-

ficantly over the range ofmotion of themobile structures in the device. This is

largely due to the fact that this range of motion is normally comparable to the

separation distance of the capacitive electrodes upon which the introduced

negative stiffness strongly depends. For example, the separation between

the sensing electrodes in the MEMS sensor presented here is 8 µm, while the

full range of motion is ±5µm. Because of this variation in stiffness over the

range of motion, a so-called pull-in instability [103] is likely to occur if a signi-

ficant part of the mechanical spring stiffness is compensated electrostatically.

When cancelling themechanical stiffness through the geometric anti-spring ef-

fect, however, the full range of motion is several orders of magnitude smaller

than the total length of the spring (±5µm vs 1778µm). This means that the

stiffness is practically constant over the full range ofmotion of the device, and

instabilities of this type do not occur. Moreover, choosing a fully mechanical

implementation to minimise the system stiffness avoids the additional noise

that is usually associated to the electronic circuitry required to bias the capa-

citor electrodes, especially at low frequencies. A recentMEMSgravimeter that

was designed to monitor slow changes in the Earth’s gravity also takes advant-

age of this property of geometric anti-springs [104]. That specific design uses

a differently implemented version of the anti-spring system, and uses gravity

itself for spring compression, limiting its applicability to vertical sensors only.

3.3.5 Rigid body modes

The previous section shows that compressing the curved spring beams drastic-

ally reduces the natural frequency of the y-mode. The system, however, has

five more rigid body modes whose frequencies should be kept as high as pos-

sible, because they may interfere with the operation of the control loop. In

order to measure them, the modes where electrostatically excited using the

capacitive structures as shown in Fig. 3.2 at reduced pressures. To be able to
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Figure 3.15 – Rigid body modes for all different compression states as measured on
a single MEMS device. The solid curves represent the expected behaviour for the in-
planemodes as derived from the numerical data presented in Section 3.3.2. The dashed
curves represent estimates for the out-of-planemodes based on the compliancematrix
presented inAppendixA.1 and thenominal out-of-plane complianceof the compression
system.

correctly identify the differentmodes, all out-of-planemode frequencieswere

measured with a laser doppler vibrometer scan and all in-plane mode frequen-

cies were determined with a stroboscopic motion analyser.

Figure 3.15 shows all rigid bodymodes of theMEMS seismometer as a func-

tion of compression state. The data for the y-mode are also shown as device

#2 in Fig. 3.14a. For the y-mode, the dimensionless stiffness results as shown

in Fig. 3.10 can be used to obtain its expected behaviour as a function of spring

compression. Similar dimensionless stiffness data for the other two in-plane

modes, x andT z (rotation around the z-axis), can be generated in a similar way

by applying the appropriate boundary conditions for each mode. In order to

map these results to mode frequencies, the dimensionless stiffness data then

only need to be multiplied with the correct scaling factor EIz/L3.

After inspection with an SEM, the spring side wall profile turned out not to

be perfectly perpendicular to the surface. The spring as measured at the top

surface was significantly wider than at the bottom. When assuming that the

side walls are approximately straight and symmetric, the spring cross-section
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wt 8.3 µm Iz 2.07 × 10−21m4

wb 7.7 µm m 12.7mg
t 48.8 µm Ixx 4.92 × 10−11 kgm2

E 156GPa Iy y 1.24 × 10−11 kgm2

G 50.9GPa Izz 6.15 × 10−11 kgm2
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Figure 3.16 – (a) Schematic representation of a curved spring cross-section (not to
scale). (b) Device parameters used to calculate the mode frequencies in Fig. 3.15. The
average values for the spring parameters in (a),wt ,wb and t , are measured with an SEM
at different locations on the device, and deviate slightly from the nominal values listed
in Appendix. A.2. The inertias (m, Ixx , Iy y , Izz ) are numerically determined from the
lithographic mask layout using the nominal process parameters.

looks like the isosceles trapezoid shown in Fig. 3.16a. The relevant second mo-

ment of area for this cross-section is [90, Tab. A.1]

Iz =
t (wb +wt )(w 2

b +w 2
t )

48
, (3.25)

with parameters as defined in Fig. 3.16a and theirmeasured values in Fig. 3.16b.

Because E depends on the crystal orientation, the average value along the

length of the beam of 156GPa was used [91]. The resulting modelled modes

are shown as the solid curves in Fig. 3.15. They only take into account themeas-

ured spring parameters in Fig. 3.16b and are not fitted to the data. Neverthe-

less, theymatch themeasured in-planemodes towithin a fewpercentwith the

exception of the y-mode in the fully compressed state which is about 3.4Hz

below the modelled value of 37.2Hz. At ∆x = 0µm, the x- and Tz-modes are

significantly lower than expected from the model. This can be understood by

realising that in this state the anchored side of the curved springs is still free

to move along the x-direction, because the anti-reverse pawls in the compres-

sion system have not yet been latched into place. In this situation, it is the

compliance of its the compression system that dominates and this is not incor-

porated in the model. The good match with the rest of the measured modes

demonstrates the usefulness of the simple dimensionless model presented in

this section for the design of curved geometric anti-springs.

As Fig. 3.15 shows, the frequencies of all the in-plane modes decrease with

the compression of the curved springs. Note that, however, only the change
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in the y-mode frequency can be attributed to the geometric anti-spring ef-

fect. The change in x- and Tz-mode frequencies is predominantly caused by

the change in shape the springs undergo during compression. In the fully com-

pressed state, the centre of the suspension spring has displaced approximately

50µm from its initial circular shape. This is nicely illustrated in Fig. 3.2d that

shows the springs in their fully compressed state, while their initial radius can

be inferred from theouter dummy structures (see Section 5.1.2) that donot de-

form when compressing the springs. This large spring deformation presents a

challenge for the device fabrication, as both the narrow trenches for the capa-

citors as well as wide trenches around the curved springs have to be etched.

The narrower trenches suffer from RIE lag [105, Chap. 21] causing the critical

spring structures to be damaged by overetching. More details on solutions to

this can be found in Section 5.1.2.

The three out-of-planemodes shown in Fig. 3.15 are virtually constant over

the entire compression range. They can not be obtained from the dimension-

less model, since that only includes the in-plane motion of the springs. Be-

cause they hardly change, however, they can simply be estimated from the un-

compressed circular case. Combining the compliance matrix in Appendix A.1

with the nominal out-of-plane compliance of the compression system yields

the dashed horizontal lines in Fig. 3.15. These seem tooverestimate themodes

by approximately 5%, which is likely caused by an underestimation of the com-

pression system compliance. No SEM measurements were done on the sup-

port springs in this system and therefore their nominal design width was used

for estimating its compliance. Since SEM measurements on the main springs

revealed that they were narrower than their nominal values, this is likely to be

the case for the support springs as well and their calculated stiffness might

well be overestimated.

Stiffness ratios

In the fully compressed state the y-mode frequency is 33.8Hz, so the effect-

ive ky per spring is as small as 4 × 10−2N/m. If such a stiffness were to be

achieved by a straight prismatic spring beamwithout compressionmechanism,

the device size quickly becomes impractical at a required spring length of over

5mm. Moreover, out-of-plane stiffness considerations usually prohibit the use

of such long springs. The stiffness ratio R i can be expressed in terms of the dif-

ferent mode frequencies of the device as

R i ≡ k i
ky

=

(
fi
fy

)2
with i = x , z . (3.26)
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Figure 3.17 – Stiffness ratios as defined in Eq. (3.26) normalised to the respective stiff-
ness ratio in the uncompressed state. The measured values for Rx are normalised to
the numerical expectation at ∆x = 0, since the measured mode there is dominated by
the large compliance in the compression system and not the stiffness of interest. The
numerical data fit themodemeasurements to within a few percent over the rest of the
compression range.

The mode measurements in Fig. 3.15 can then be converted to stiffness ratios,

yielding the results shown in Fig. 3.17. For a straight prismatic spring of thick-

ness t and width w oriented along the x-axis the ratio Rz is determined by its

aspect ratio, because we can write it as

Rz ≡ kz
ky

=
12EIy /L3

12EIz/L3
=

Iy

Iz
=
wt 3/12
w 3t/12 =

( t
w

)2
. (3.27)

The suspension spring aspect ratio used for the curved springs would result

in (t/w )2 ≈ 33. Because the springs are curved, the uncompressed stiffness ra-

tio is actually almost two times lower than for a straight spring at Rz (0) = 18.0.

However, as the springs get compressed, this ratio improves significantly. In

the fully compressed state, at Rz ≈ 347 the ratio is an order of magnitude

higher than what can be achieved with a simple prismatic spring. Using the

anti-spring system presented here therefore allows for a relatively compact

low stiffness suspension with significantly improved out-of-plane stiffness ra-

tio. The other ratio, Rx , for a straight spring is usually much higher than Rz ,

limited by the ratio (L/w )2 which is approximately 4 × 104 for the spring di-

mensions used here. This ratio decreases by almost two orders of magnitude

because of the curved spring shape, but is still slightly higher than Rz .
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Figure 3.18 – (a) Transfer function measurement for a MEMS seismometer (device #1)
at 4mbar along with a fitted second order transfer function. The structure around
50Hz is an artefact from the vacuum tank and the Tx-mode is visible around 762Hz.
A zoom of (a) around the Tx-mode is shown in (b) with the frequency axis normalised by
fT x = 762Hz. Ameasurementof the transfer functionof adevicewithmirrored sensing
capacitors (device #2) at 1mbar shows an opposite phase rotation at the Tx-mode.

Mechanical transfer function

Maintaining high stiffness ratios is important in order to keep the frequencies

of the modes aside from the main sensing mode as high as possible. In theory,

because of the symmetry of the capacitive sensing and actuation structures,

these modes should not couple to the electronic readout system. However, in-

evitable asymmetries introduced by processing tolerances, residual stress and

sagging under gravity result in them showing up in the transfer function. The

mode that couplesmost strongly to a differential change in both the actuation

and sensing capacitors is the Tx-mode, because of the way the capacitive elec-

trodes are laid out. Any out-of-plane offset of the proof mass causes an asym-

metry that introduces a coupling to the Tx-mode only, while the other modes

are unaffected.

As an example Fig. 3.18a shows a transfer function measured on an uncom-

pressedMEMS seismometerwith a 12.7mg proofmass at a pressure of 4mbar.

The main sensing mode with fy = 128Hz is clearly visible and the transfer

seems to be accurately described by a second order function. There are 2 nar-
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row frequency bands inwhich themeasured transfer deviates from the second

order fit. Just below 50Hz there is a mode of the vacuum tank that shows

up in the data but is not part of the MEMS transfer function, and at 762Hz

the Tx-mode is visible. In Fig. 3.18b, where the frequency region around fT x is

shown in some more detail, we can see that for this device it manifests itself

as a relatively benign notch-peak structure. Such a structure has an associated

positive phase change that can be easily handled when designing the control

loop for this sensor, even when it is operated at significantly lower pressures

and the gain peak increases accordingly. It turns out that this mode has to be

taken into account in the design of the capacitor geometry, though. An older,

virtually identical sensor prototype used a mirrored set of sensing capacitors.

These work equally well for sensing the proof mass position, but in this case

the Tx-mode shows up as a peak-notch structure, also indicated in Fig. 3.18b.

Its associated negative phase change is much harder to deal with in the design

of the control loop, and it made closed-loop operation impossible at decent

vacuum levels for that particular sensor design.

3.4 Vertical sensing

The anti-spring implementation presented up to this point has focused primar-

ily on a seismic sensor designed to sense acceleration in the horizontal plane.

Sensing the vertical acceleration component of a seismic field is inherently

much more difficult to do because of the enormous offset introduced by grav-

ity. Including this offset as part of the output signal is not an option in this

case, as the required readout dynamic range would be in excess of 150dB at a

noise level of 1 ng/
√
Hz in a 100Hz bandwidth.

One way around this is to allow the proof mass to sag under gravity over a

distance g/ω2
0 and make the readout structure periodic, such that it can accur-

ately measure displacements around multiple equivalent working points [106,

107]. Because of the coplanar capacitor structures available in our fabrication

process, the proof mass motion is restricted to ±5µm. Since the sag under

gravity is roughly 400µm for a sensorwith a natural frequency of 25Hz, we can

not allow the mass to simply sag under gravity. Instead, the proof mass has to

be kept centred between the electrodes where the differential capacitance is

nulled. To achieve this, a constant force should be generated that counteracts

the effect of gravity on the proof mass. This can not be done by the feedback

actuators used for the control loop because of the excessive dynamic range

mentioned above. Instead, the compression force in the anti-spring system

can be used to lift the proof mass by introducing a slight asymmetry to the
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spring geometry. With gravitymechanically compensated, the readout system

can operate as if it was a horizontal sensor with the same performance and re-

quirements.

3.4.1 Asymmetric anti-springs

If the horizontal sensor presented in Fig. 3.2 were to be used for vertical ac-

celeration sensing, each of the 16 suspension springs should carry a weight

equivalent to 12.7/16 ≈ 0.79mg in its compressed state. This can be achieved

by rotating all the springs over a small angle ϕ in-plane, intentionally misalign-

ing the compression forces such that the resulting component Gx sin (ϕ) now
carries the required mass load. Considering the nominal spring parameters

(w = 8.7 µm, t = 50µm, L = 1778µm) and the average Young’s modulus as

in Fig. 3.16b, this would correspond to a dimensionless load Gy ≈ −5.8 × 10−2.

Because Fig. 3.11b shows that the stiffness along y vanishes for a critical com-

pressive load of Gx = −10.2, this immediately leads to a first guess for the

angle ϕ of roughly 0.33°.

Such a rotation over an angle ϕ corresponds to a simple coordinate trans-

formation only, and does not alter the boundary conditions on the prismatic

spring beams. The numerical data forGy as presented in Fig. 3.9 alongwith the

corresponding data for Gx can therefore be reused to study the behaviour of

the rotated spring. Rotating the data over 0.33° yields a result that is similar to

that shown in Fig. 3.9, but there are somesubtle differences. Figure 3.19 shows

the results for the rotated Gy data, where all quantities (∆x , ∆y , Gy ) are eval-

uated in the coordinate system aligned to the proof mass. A bifurcation still

exists, but because of the introduced asymmetry, it is no longer on theGy = 0

contour. Instead, it now resides on the contour with Gy ≈ −5.8 × 10−2 indicat-

ing that as per the initial guess, a spring rotated over 0.33° will indeed carry

a dimensionless mass load of Gy ≈ −5.8 × 10−2 at the critical point (∆x ∗,∆y ∗).
Additionally, we now have ∆y ∗ , 0, indicating that ideally the spring should be

compressed along the dotted line in Fig. 3.19, at an angle with the x-axis. Note

that this angle is not equal to ϕ, but instead is quite a bit larger at 11.9°.

The above shows that in theory, this approach will indeed work to com-

pensate gravitymechanically. Evenwhen choosing aworking pointwhere 95%

of the stiffness is cancelled as before, an angle ϕ can be found that provides

the correct Gy using a similar approach. The bigger challenge now lies in the

fact that due to the introduction of the small rotation of all the springs the sym-

metry of the system, and with it the immunity to fabrication tolerances is lost

completely. More concretely, the fact that the system has to be designed for a
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Figure 3.19 – The dimensionless loadGy as a function of the displacement of the spring
tip for α = 0, 2θ0 = 59° and ϕ = 0.33°. The contour containing the bifurcation corres-
ponds to Gy = −0.058 and is indicated in bold, while the dashed contour represents
Gy = 0. Because of the small spring rotation ϕ, the critical point no longer resides on
∆y/L = 0 and the spring is ideally compressed along the dotted line which is under an
angle of tan−1 (∆y ∗/∆x∗) = 11.9° with the x-axis.

specific value ofGy , 0 introduces a direct dependence on the prismatic beam

spring rigidity EIz that was not there in the horizontal case. As witnessed by

Fig. 3.14, this is a parameter that is difficult to control precisely because it is

heavily influenced by fabrication process tolerances, and the data show that it

can varybyat least a factor two. Thismeans that the implementation aspresen-

ted can not be expected to compensate gravity with an accuracy better than

about 50%, and the readout system still needs to cope with a clipping level of

O(1) g, facing the same excessive dynamic range requirement as before.

3.4.2 Parasitic spring for compensating gravity

The geometric anti-spring concept implemented here originates from the ver-

tical seismic filters in the auxiliary suspension systems in the Virgo gravita-

tional wave detector (Fig. 1.8). Since these filters also work in the vertical dir-
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ection, their pre-stressed blades similarly need to carry the exactweight of the

payload. Fabrication tolerances are less of an issuehere, but the force suspend-

ing the payload does change with temperature. To bring the system back into

the reach of the feedback actuators after a change in temperature, a parasitic

spring is connected to the filter [31]. Its anchor can be moved by means of a

linear actuator, such that the static force it introduces can be tuned to cope

with a range of temperature drifts.

Since the relative strength of the electrostatic actuators in the MEMS seis-

mometer presented here is significantly larger than that of the actuators in the

seismic filter, temperature fluctuations will not be a major concern. The addi-

tional parasitic spring, however, can be added to fine tune the force required

to lift the proof mass against gravity and overcome the accuracy limit set by

the fabrication tolerances.

Figure 3.20 shows an overview of a prototype implementation of a vertical

seismic sensorwith an implementationof such aparasitic compensation spring.

Most functional structures can be readily recognised from a comparison with

the horizontal sensor shown in Fig. 3.2. The proof mass in this case only in-

cludes the50µmdevice layer and is significantly smaller at 1.57mg. The lighter

mass allows suspending it by only one curved spring in each corner, resulting in

an uncompressed natural frequency of 210Hz. Following the same approach

as above, we find that the suspension springs should all be rotated by a angle

ϕ = 0.16° to suspend the proof mass in a centred position when they are fully

compressed. Instead, the angle was intentionally set to a somewhat smaller

value of 0.11° to be sure that the compression forcewould be too small to fully

lift the proof mass. The rest of the required force will then be provided by the

compensation spring that is connected to the top of the proof mass as shown

in Fig. 3.20.

Tonot defeat thepurposeof the anti-spring system, theparasitic spring can

only introduceminimal additional stiffness to the system. Folding several sets

of 2.0mm long and 6µm wide springs results in a nominal stiffness of approx-

imately 0.11N/m. The anchored end of the spring connects to a thermally ac-

tuated anti-reverse structure similar to the one presented in Fig. 3.3. Because

this system does not need to carry significant load, the actuation range could

be extended to 75µm and all 4 pawls are offset with respect to each other,

allowing a finer step size of roughly 2.5 µm after an initial step of 15µm. This

actuation range together with the nominal stiffness allows for lifting between

approximately 10% and 50% of the proof mass weight with a resolution bet-

ter than 2%.
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Figure 3.20 – (a) Photograph of the prototype vertical sensor. The central 1.57mg
proof mass is suspended by one spring in each corner and can move in the direction
indicated by the arrow. Sensing (d) and actuator (e) capacitors are similar to the ones in
the horizontal sensor. Each of the springs is rotated over an angleϕ = 0.11° (b) to partly
lift the mass against gravity. The compensation spring connected at the top along with
its actuation mechanism (c) can be used to provide the rest of the required force.
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Figure 3.21 – The additional compensation of gravity on the proof mass by the para-
sitic spring as a function of the displacement of its anchor ∆yc . All four curved sus-
pension springs are fully compressed which compensates 69% of gravity. A linear fit
through the data provides a value for the parasitic stiffness of 9.0 × 10−2 N/m. In the
first step that overcompensates the proof mass weight at 54µm, 100.8% of gravity is
compensated.

Fully compressing all the curved springs by 35µmboth reduces the sensor’s

natural frequency from 210Hz to 58Hz and compensates 69% of the proof

mass weight. The latter can be determined by rotating the sensor until its DC

output is nulled and thenmeasuring its angle to the horizontal plane β . In that

orientation, the net force produced by compressing the springs compensates

exactly a fraction sin (β )of gravity. Theoperationof the compensation spring is

illustrated in Fig. 3.21. When the compensation spring anchor is not displaced

(∆yc = 0), we only have the net force generated by compressing the curved

springs lifting 69% of the total weight of the proof mass. By then moving the

compensation spring anchor upwards we introduce an additional force such

that the sensor output is nulled at an orientation increasingly closer to the ver-

tical axis, indicating that we are getting closer to compensating gravity com-

pletely. A linear fit through the data indicates that the actual value for the

parasitic stiffness at 9.0 × 10−2N/m is about 20% lower than its nominally de-

signed value. Moreover, it provides an estimate for the compensation force

at an anchor displacement ∆yc = 54µm. For this displacement, gravity is fully

compensated, so no angle α exists that nulls the sensor output. We know from

the estimate in Fig. 3.21, however, that at this working point gravity is mechan-

ically compensated to within 1%.
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The proof of principle in Fig. 3.21 shows that by putting the curved suspen-

sion springs under a small angle ϕ in combination with an additional compens-

ation spring, the offset introduced by gravity can be accurately compensated

mechanically. Compensating theoffsetmechanically offloads this burden from

the readout system, avoiding any excessive dynamic range requirements there.

Chapter 4 presents a readout system architecture for a horizontal sensor and

the performance that can be attained with it. The fact that gravity can be com-

pensated mechanically, however, also means that such an electronic readout

system cannot distinguish between a horizontal and a vertical sensor channel,

and can be the same for all sensors.
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Noise inMEMSseismometers

When designing low-noise sensors, it is important to understand the differ-

ent noise mechanisms that exist. Especially in highly integrated systems such

as MEMS sensors, there are non-trivial interdependencies between different

parts of the system that deserve attention. This chapter will start with a de-

scription of the techniques that are used to measure the different noise con-

tributions, and then goes on to describe where they originate. As we shall see,

the sensor needs to be operated in a vacuum environment to suppress the

Brownian noise to sufficiently low levels. As this is likely to be one of the cost

drivers for producing a seismic sensor like this, insight into what exactly drives

the vacuum requirements is essential. To this end, the chapter concludes with

a detailed study of the dependence of Brownian noise on package pressure,

gas composition and sensor geometry.

4.1 Noise measurements

When dealing with sensitive inertial sensors, measuring their noise perform-

ance is far from trivial. A measurement of the sensor output will just yield

a measurement of all the vibrations picked up by the sensor, not giving any

handle on its ultimate performance. The nicest way of measuring the self-

noise is by removing all the external stimuli. Moving the setup to a seismically

quiet environment can help, but for low-noise sensors there is no natural place

on Earth that has sufficiently small vibrations to directly see their noise floor.
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Figure 4.1 – Three sensors with generally different transfer functions Hi (s)measure a
common input signal x and all add their own uncorrelated noise ni . From the three re-
corded outputs yi , the sensor noise can be estimated without knowledge of the sensor
transfer functions Hi (s).

Luckily, depending on the frequency band of interest, there are a few differ-

ent ways to obtain a measurement of the self-noise. All inertial noise spectra

in this chapter were obtained by using one of the two following methods.

4.1.1 Vibration attenuator

LIGOandVirgo feature theworld’s best displacement noise attenuators. Apro-

totypeofoneof the attenuators designed to suspend theauxiliary optics in the

AdvancedVirgo gravitationalwave detector (as shown in Fig. 1.8) is available at

Nikhef as a test platform for inertial sensors. The horizontal ground accelera-

tion in its lab inAmsterdam isO (
10−6

)
g/
√
Hz from0.1Hz to100Hz. Thismeans

that a horizontal attenuation of well over 103 is required to suppress the input

to a sensor on the attenuator towell below a self-noise of O (
10−9

)
g/
√
Hz. The

platform’s horizontal attenuation reaches 104 at about 3Hz (see Fig. 1.8b), so

this platform conveniently enables a direct measurement of such a self-noise

for frequencies larger than about 3Hz.

4.1.2 Three-channel correlation

Frequencies below 3Hz are not accessible when using the vibration attenu-

ator to measure sensor self-noise. To be able to obtain a measurement of the

sensor noise at lower frequencies, a correlation method can be used [108]. In-

stead of physically removing the input stimuli as with the vibration attenuator,

this method uses information from three different sensor channels to remove

the commonmode signal from themeasured spectra through correlation tech-

niques in post-processing.
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4.1 Noise measurements

Figure 4.1 schematically depicts a situation where three sensors with gen-

erally different transfer functions H1(s), H2(s) and H3(s)measure a common in-

put signal x (t ). The three different sensor output streams yi (t ) (i = 1, 2, 3), all

contain both a signal component that is convoluted with the impulse response

of the sensor, hi (t ) ∗ x (t ), and a noise component n i (t ) [108]. When analysing

the data in the frequency domain, we can write the output signals as

Yi = X · Hi + N i . (4.1)

The noise that is introduced by one of the sensors can be assumed to be uncor-

related to the other sensor noises as well as the input signal. Mathematically,

this notion translates to the conditions

N i j ≡
⟨
N iN

∗
j

⟩
= 0 (for i , j ), and

⟨
N iX

∗⟩ = 0. (4.2)

From the measured data streams yi (t ), we can estimate the six quantities

Pi j that denote the cross-power spectra between the sensor channels for i , j ,

and the channel auto-power spectra for i = j (written as Pi i ). Using Eq. (4.1),

we can write this as

Pi j ≡
⟨
YiY

∗
j

⟩
=

⟨
XX ∗⟩ HiH

∗
j +

⟨
XN ∗

j

⟩
Hi +

⟨
X ∗N i

⟩
H ∗
j + N i j . (4.3)

Themiddle two terms vanish through the conditions stated in Eq. (4.2) and the

last term is only non-zero for the auto-power spectra (i = j ). Writing the auto-

power spectrum Pi i and solving for N i i , we get an estimate for the quantity we

are ultimately interested in,

N i i = Pi i −
⟨
XX ∗⟩ HiH

∗
i . (4.4)

An independent estimate for
⟨
XX ∗⟩ can be obtained from the cross-power

spectrum between different sensors:

⟨
XX ∗⟩ = Pj i

H
j
H ∗
i

. (4.5)

Inserting this result into Eq. (4.4), we get an estimate that is independent of

the common input signal X ,

N i i = Pi i − Pj i
Hi

H
j

. (4.6)
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Finally, the transfer function ratio Hi /H j can be estimated from the other two

cross-spectra
Pi k
Pj k

=

⟨
XX ∗⟩ HiH

∗
k⟨

XX ∗⟩ H
j
H ∗
k

=
Hi

H
j

, (4.7)

such that we can write an estimate for each of the sensor self-noises as

N i i = Pi i − Pj i
Pi k
Pj k

for i , j , k ∈ [1, 2, 3] and i , j , k . (4.8)

This estimate is completely independent of the measured common input sig-

nal X , as well as the individual sensor transfer functions Hi . The beneficial

consequence of this is that it does not matter what the output quantity and

frequency response of the different sensors are: as long as they measure the

same input signal, this method will give an estimate for the self-noise of all

the sensors. Concretely, this means that a MEMS accelerometer that outputs

ground acceleration, can be compared to a broadband seismometer that out-

puts the ground velocity, and the noise estimation will still work.

Common mode input signals can be strongly suppressed in this way, but

signals that are not common between the channels will not be removed and

can generally limit the accuracy of the noise estimate. In the case of broad-

band seismometers, such a non-common signal is easily introducedbymisalign-

ment between the sensors. The vertical axes can usually be accurately aligned

through a bubble level, but the horizontal axes can not be expected to be

aligned better than about one degree. If one of the sensors is misaligned with

respect to the others, the North output channel of that sensor will contain

some signal from the East channel. In general, this signal will show similar spec-

tral features, but is not correlated to the signal seen in theNorth axis. After the

coherent subtraction, this signal will remain and mask the misaligned sensor’s

noisefloor. Figure. 4.2a illustrates this for theNorth output of oneout of three

Trillium Compact 120s broadband seismometers. After coherent subtraction,

a residual remains that still contains spectral features similar to the measured

acceleration spectrum. The signal suppression ratio as plotted in Fig. 4.2b, is

limited to about 24dB. This would correspond to a sensor misalignment of

about 3.7°, which is not unrealistic.

Luckily, because the Trillium compact is a triaxial device, the relative orient-

ation between the sensors can be corrected in software. By virtually rotating

two sensors with respect to the target channel and optimising for the RMS

of the estimated noise in the 0.1Hz to 3Hz frequency band, the actual align-

ment of the sensors can be found. When this is done, the residual spectral
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Figure 4.2 – Data taken with three Trillium Compact 120s seismometers at the Hei-
mansgroeve seismic station (HGN)were used to verify the correlation procedure. Panel
(a) shows for one of the seismometers the measured seismic spectrum (P11), the
noise floor estimate from the raw data (N11,A), and the noise floor estimate after vir-
tual sensor alignment (N11,B ), compared to the specified noise floor from the data
sheet [109]. The corresponding commonmode suppression ratios (P11/N11) are shown
in (b). A physical misalignment of about 3.7° limits the common mode suppression to
24dB without virtual sensor alignment.

features vanish from the noise estimate in Fig. 4.2a, and the noise estimate

corresponds to the Trillium’s expected performance. The signal suppression

ratio plotted in Fig. 4.2b increases to a peak value of 48dB, limited in this case

by the noise floor of the Trillium sensor. Out of the 6 correction angles (3 for

each of the two virtually rotated sensors), the dominant correction is a 3.9° ro-

tation around the vertical axis, corresponding nicely to the 3.7° misalignment

predicted from the 24dB signal suppression limit.

4.2 Mechanical noise sources

Like the mirror suspensions encountered in Section 1.2.5, also the mechanics

in aMEMS seismometer suffer from thermal noise. Explicitly writing themech-

anical transfer function to an input force F (s) with all the negative stiffness
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contributions lumped into kn , we get

Hm(s) = X (s)
F (s) =

1/m
s2 + ω2

m

(
1 − kn

km
+ iϕ

)
+ γ

m s
, (4.9)

where km is theuncompressedmechanical stiffness andωm denotes theuncom-

pressed MEMS natural frequency in absence of negative stiffness, ω2
m = km/m.

The loss angleϕ and damping coefficient γmodel the different dampingmech-

anisms, where thefirst is related to losses inside the springmaterial and the lat-

ter to viscous damping mostly dominated by interaction with gases. Through

the fluctuation-dissipation theorem [17], these losses can be associated with

mechanical noises in the system. In this case, the mechanical impedance can

be obtained from Eq. (4.9) as

Zm(s) = F (s)
sX (s) = ms + γ +

mω2
m

s

(
1 − kn

km
+ iϕ

)
, (4.10)

which results in an equivalent acceleration noise spectrum given by

√
Smech(f ) =

√
4kBT

m2
ℜ(Zm(f )) =

√
4kBT

(
γ

m2
+
2πf 2m
mf

ϕ

)
. (4.11)

Note that this resultingmechanical noisefloor does not dependon the amount

of negative stiffness kn . Lowering the natural frequency by means of the anti-

spring system therefore does not help in lowering this noise contribution. For

a given set of damping parameters ϕ and γ, the resulting thermal noise in the

MEMS mechanics sets the ultimate performance that can be achieved.

4.2.1 Brownian noise

The part of the thermal acceleration noise in Eq. (4.11) associated to the damp-

ing coefficient γ is usually called Brownian noise. It is a frequency independ-

ent noise source that for our MEMS seismometer is usually related to gaseous

damping. Because of this, the Brownian noise depends on the pressure of the

gas surrounding the proof mass. Expressing γ in terms of a quality factor Qγ ,

we get an estimate for the level of the Brownian noise as

√
Sbr own (f ) =

√
4kBT ω0

mQγ
with Qγ =

mω0

γ
. (4.12)
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Here ω0 denotes the system natural frequency including all the negative stiff-

ness contributions (ω2
0 = ω2

m(1 − kn/km)) and Qγ is the quality factor resulting

from viscous damping effects only. As we shall see in Section 4.5, the gases

at reduced pressures hardly behave as viscous fluids at the length scale con-

sidered, and the damping is caused by collisions of individual gas molecules

with the proof mass. However, in this context the damping is still referred to

as ’viscous’, because the resulting damping force is proportional to the proof

mass velocity and can therefore be parametrised by γ.

In the pressure range where the total damping is dominated by gaseous

damping, we have Q ≈ Qγ , so an estimate for the Brownian noise can immedi-

ately be obtained from ameasurement of the system quality factor. Note that

although Eq. (4.12) seems to reveal a dependence on ω0, the Brownian noise

does not improve by lowering the natural frequency. As we will see in Sec-

tion 4.5, the damping coefficient γ is set by a combination of the gas species,

the pressure and the MEMS geometry, and does not change with ω0. There-

fore, the quality factor Qγ is expected to drop linearly with ω0 and Eq. (4.12)

represents a noise floor that is independent of ω0.

Measuring the output spectrum of a horizontal MEMS seismometer on the

vibration attenuation platform of Section 4.1.1, the Brownian noise can be dir-

ectly observed above 3Hz. Figure 4.3 shows the input referred spectrum of

a MEMS seismometer at different pressures. To correct for the frequency re-

sponse of the open-loop MEMS transfer function, the measured voltage spec-

trum was divided by a second order transfer with f0 = 173.3Hz and Q as indic-

ated in Fig. 4.3. A spectrum from an L22E geophone aligned with the MEMS

sensor was used to get a calibrated output. The Brownian noise at 300K es-

timated from the measured quality factors through Eq. (4.12) is indicated in

the figure. At atmospheric pressure and aQ of 5.4, the resulting 52ng/
√
Hz of

Brownian noise is the dominant noise source and limits the sensitivity over the

entire measured band up to about 400Hz. The estimate obtained from the Q

measurements corresponds well to the observed noise spectrum.

Lowering the pressure raises the system’sQ factor and in effect decreases

the Brownian noise, revealing other noise sources. At 10Hz, for example, a de-

crease in pressure from 1mbar to 0.1mbar barely changes the measured spec-

trum, as the noise there is now dominated by the resolution of the capacitive

readout electronics. Around the resonance at 173.3Hz the electronic noise is

suppressed by the resonant response of the MEMS and the Brownian noise re-

mains dominant. For all pressures, the Brownian noise estimated from the Q

measurements agrees with the measured noise spectrum at f0 to within 10%.
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Figure 4.3 – Noise spectra as measured on the vibration attenuation platform with an
integrated capacitive front-end prototype ASIC using an uncompressed MEMS sensor
(open-loop) with a 12.7mg proof mass and a natural frequency of 173.3Hz. The
Brownian noise goes downwith decreasing pressure, and away from resonance quickly
starts being dominated by the resolution of the readout electronics. The structures in
the data at 103mbar are caused by acoustic coupling and only the power line harmonics
remain when the pressure is reduced.

The data in Fig. 4.3 show that to be able to obtain a noise floor better than

1ng/
√
Hz, the sensor should be operated at a pressure significantly lower than

10−1mbar. In fact, reducing the Brownian noise is the only reason the sensor

should be vacuum packaged at all. Since this could be one of the cost drivers

of the fabrication process, it is important to understand how this noise scales

both with pressure and with changes in the sensor geometry. A more detailed

study on this is presented in Section 4.5.

4.2.2 Internal friction

The second term in the mechanical noise from Eq. (4.11) is related to losses in

the material of the suspension system itself. These losses are expected to be

much lower than those caused by gaseous damping at typical operating pres-

sures. However, they are still relevant due to the frequency dependent nature
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of the resulting thermal noise. The second term of Eq. (4.11) separately reads

√
Si nt (f ) =

√
8kBT πf 2m

mf
ϕ, (4.13)

and whileϕ is generally small away from loss peaks, the 1/
√
f dependence will

ensure that the thermal noise induced by internal friction will dominate the

Brownian noise at sufficiently low frequencies. This behaviour is analogous

to the noise situation often encountered in electronics, and noise induced by

internal friction can be considered as a kind ofmechanical flicker noise.

In the same way as with gaseous damping, a quality factor can be associ-

ated to the internal friction losses. Using the transfer function in Eq. (4.9) and

setting γ = 0, we can get an estimate for this quality factor as

Qϕ =

����Hm(ω0)
Hm(0)

���� =
(
f0
fm

)2 �����1 + i (fm/f0)2 ϕ
iϕ

����� ≈
(
f0
fm

)2
1

ϕ
, (4.14)

where the last result is valid in the limit (fm/f0)2ϕ ≪ 1. In absence of negative

stiffness we have f0 = fm and this reduces to Qϕ = 1/ϕ as expected from this

kind of modelling [18].

Obtaining an estimate for this quality factor is hard in general, because

even when operating the sensor at such a low pressure that the damping from

residual gas in the vacuum tank is expected to be negligible, there can be other

viscous effects limiting the quality factor. For example, damping from gas mo-

lecules desorbing from the proof mass surface or through coupling to losses

in the readout electronics are hard to exclude. These effects would contribute

to the Brownian noise, and including their effects in an estimate of ϕ would

overestimate the internal friction. Measuring the quality factor of an uncom-

pressed MEMS sensor at 10−5mbar yields a Q of 2.2 × 105, resulting in a first

estimate ϕ ≈ 4.5 × 10−6. Now this is the correct order of magnitude, but as it

turns out it overestimates ϕ by about a factor four.

There is a more accurate way to get an estimate for ϕ that is based on how

Qγ and Qϕ scale with f0. Inspecting Eq. (4.14) we see that Qϕ scales like f 20 ,

while from Eq. (4.12) we get thatQγ scales like f0. By its very nature, thisMEMS

device was designed to be able to change its natural frequency over a wide

range of values. By measuring the quality factor as a function of f0, the differ-

ence in scaling can be used to disentangle the two contributions. The meas-
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Figure 4.4 – Quality factor measurements on a fully compressed MEMS device with
a 12.7mg proof mass, and an uncompressed natural frequency of 185.2Hz. Measure-
ments were performed on a vibration isolation platform at different pressures, and the
natural frequency of the device was changed by tuning the electrostatic negative stiff-
ness introduced to the system by the voltage on the readout capacitors. All three fit-
ted values for ϕ match to within 5%, and the aggregate value from the three fits is
ϕ = (1.18 ± 0.05) ·10−6, where the errors represent 95% confidence bounds.

ured Q will be a combination of Qγ and Qϕ as

1

Q
=

1

Qγ
+

1

Qϕ
=

γ

2mπf0
+

(
fm
f0

)2
ϕ. (4.15)

Slightly rearranging this relation, we get to a somewhat more useful form,

f 20

f 2mQ
=

γ

2mπf 2m
f0 + ϕ. (4.16)

In Fig. 4.4 the quantity on the left hand side of Eq. (4.16) is plotted as a

function of f0 forQ factors measured from free decays at three different pres-

sures. TheMEMS anti-springs were fully compressed, resulting in a natural fre-

quency of 35.7Hz. This natural frequency was lowered further by introducing

additional negative stiffness by means of increasing the driving voltage of the

capacitive sensing bridge. The lowest natural frequency that could stably be

operatedwas around10Hz. Representing theQ measurements as in Eq. (4.16),

an estimate for ϕ can be obtained by fitting a straight line through the data.

The intercept at the y-axis then is ameasure forϕ. The estimates fromall three
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Figure 4.5 – Noise spectrum as measured on the vibration attenuation platform on
the same device as in Fig. 4.4. The electronically decreased natural frequency lowers
the electronic noise, exposing directly the noise contributed by internal friction in the
spring system between 5Hz and 20Hz. Below 5Hz the sensor picks up residual mo-
tion from the vibration attenuator. The feature at 9.6Hz is a residual from the MEMS
resonance, and some coupling from the AC power grid is visible at 50Hz and 100Hz.
The remaining two features at 53Hz and 84Hz aremost likely mechanical modes of the
clamped PCB.

measurement series agree to within 5%, which means that with this method

an accurate estimate for ϕ can be obtained even when Q is not limited by in-

ternal friction at all. For example, for the data at 9.5 × 10−3mbar, the contri-

bution from viscous damping is 3 to 10 times higher than that from internal

friction over the entire measurement range. Nevertheless, the estimate for ϕ

obtained from these data has a relative 95% confidence limit of about ±10%.

This technique for disentangling different types of damping proves to be quite

powerful and could be of more general use in studying material losses.

Combining the estimates from all three fit results gives an aggregate value

ϕ = (1.18 ± 0.05) ·10−6, where the error corresponds to the 95% confidence

limits. Inserting this value intoEq. (4.11) togetherwith the result forγ obtained

from the fit at 4.7 × 10−6mbar in Fig. 4.4, we see that the internal friction noise

contribution is higher than the Brownian noise for all frequencies up to about

650Hz. This means that if we can get the capacitive readout resolution to be

good enough, a similar measurement as shown in Fig. 4.3 would reveal the in-
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Table 4.1 – Silicon properties at 300K.

Parameter Value Source

E , Young’s modulus 169GPa [91]
α , linear thermal expansion coefficient 2.6 × 10−6 K−1 [95]
ρ, density 2330 kg/m3 [91]
C , specific heat capacity 7.1 × 102 J kg−1 K−1 [110]
κ, thermal conductivity 156Wm−1 K−1 [111]

ternal friction contribution to the thermal noise directly. Indeed, as shown in

Fig. 4.5, the additional natural frequency reduction to 10Hz has decreased the

electronic noise to below the internal friction limit, and between 5 and 20Hz

the sensor’s sensitivity is limited by noise resulting from internal friction. Be-

low 5Hz the sensor picks up residual motion from the vibration isolator, and

above 20Hz the decreasing mechanical response of the MEMS sensor results

in the noise from the electronics being the limiting factor.

The internal friction and Brownian noise levels in Fig. 4.5 were plotted us-

ing the values for ϕ and γ obtained from the fits in Fig. 4.4 and the electronic

noisewas assumed to bewhite at the output. The average noise level between

100 and 200Hz where the sensitivity is known to be limited by the capacitive

readout, was referred to the sensor input to draw the electronic noise curve.

Calibrating the MEMS sensor output in this extremely high gain open-loop

configuration could not be done by using the L22E geophone as before, be-

cause its output would clip whenever the motion that is required for this was

introduced to the suspended platform. Instead, the calibration was done in

two steps. Firstly, the actuator capacitors were calibrated in a lower sensitiv-

ity setting with f0 = 35.7Hz by using amotorised tilt stage and by using gravity

as a reference. Secondly, the now calibrated actuatorwas used to inject a small

calibration signal in the high sensitivity configuration with f0 = 9.6Hz, result-

ing in a total output sensitivity of 1.1 × 106 V/g for f ≪ f0. The correspondence

between the internal friction noise predicted from the measurement of ϕ and

the calibrated spectrum is quite good, providing an independent confirmation

that the observed noise indeed results from losses in the spring system. Note

that from 3Hz to 30Hz, the noise performance is better than 1ng/
√
Hz.

The bulk loss of single crystalline silicon at 300K is of O(10−8) [112], so that
is not what limits the quality factors observed here. The fact that the estim-

atedϕmatches the observed thermal flicker noise floor as seen in Fig. 4.5 also

excludes significant recoil losses and energy leaking away through the anchors.

These effects would lower the effective Q of the system, but would not intro-
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3µm3µm 1µm1µm

Figure 4.6 – SEM image of the surface that is created as a result of the deep reactive
ion etching in the silicon device layer. On top the thermal oxide that is used as a hard
mask during the etching process is still present. In the inset, the undulations caused by
the consecutive etching cycles are clearly visible.

duce additional thermal noise. Another potentially significant lossmechanism,

the so-called thermoelastic damping, can be estimated as [110]

ϕT ED (ω) = Eα2T

ρC

ωτ

1 + (ωτ)2 with τ =
ρC t 2

π2κ
, (4.17)

where t is the thickness of a single spring and the material parameters of sil-

icon are listed in Table 4.1. Since the springs are only 8.6 µm wide, the max-

imumϕT ED of 1.0 × 10−4 at 300K is reached only at a frequency of 2.0MHz. For

the frequencies below 100Hz that are of interest here, ϕT ED < O(10−8) and is

therefore completely negligible.

For our springs, the surface to volume ratio isO(105)m, and surface effects

that can normally be neglected in macroscopic systems therefore become im-

portant. Quality factor measurements of thin silicon structures that have a

similar surface to volume ratio indeed indicate that the dominant losses ori-

ginate at the surface [113, 114]. They can, amongst other things, be caused

by the native oxide present on a silicon surface that has been exposed to air,

plasma etching damage, or surface roughness [110, 114]. The springs under

consideration here will generally have all three. For example, Fig. 4.6 shows

a SEM image of the typical rough side wall that results from deep reactive ion

etching. The available data is not sufficient to concludewhether themeasured

losses indeed originate at the surface, and which of the surface effects would

be the root cause. However, the measured value of ϕ = (1.18 ± 0.05) ·10−6 is
comparable to the surface loss limited results obtained elsewhere [110, 114].
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4.3 Electronic noise sources

The mechanical noise described above is associated with the mechanics of the

MEMS sensor itself. For a given device geometry and package atmosphere, it

sets the ultimate noise floor the sensor can reach. To get a useful signal from

the sensor, however, it is embedded in an electrical readout system that injects

noise of its own in several locations. It is this electronic noise that is strongly

influenced by the mechanical transfer function of the MEMS sensor, and is the

main motivation to use the anti-spring system to lower its natural frequency.

4.3.1 Capacitive front-end

The position of the proof-mass is read capacitively. A 100 kHz sine wave gener-

ator drives a transformer to get a balanced signal. This signal differentially

drives the capacitive bridge formed by the sensing capacitors in the MEMS

sensor, as shown in Fig. 4.7. The resulting residual current is sunk by a charge-

amplifier that converts it to a voltage. The advantage over a voltage amplifier

lies in the fact that the input of a charge-amplifier is a virtual ground node. This

prevents signal loss through the parasitic capacitance at the input because it

is never charged, and provides the stable reference voltage that the actuator

capacitors need. The charge-amplifier feeds an inverting amplifier of which

the gain can easily be changed, which in turn drives the input of a lock-in amp-

lifier that synchronously demodulates the 100 kHz carrier. After removal of

the high frequency mixing components, this circuit produces a signal propor-

tional to the capacitive mismatch of the sensing bridge. When the proof mass

is close to its centred position, this signal is also directly proportional to its

displacement, giving us the information we need.

The resolution of this readout system is limited by thermal noise gener-

ated in the components of the charge-amplifier and by the parasitic resistance

of the MEMS sensor Rp . Although signal loss through Cp is avoided by using

charge-based readout, its value is important because the charge-amplifier’s

noise gain is proportional to the total input capacitance, which is dominated

by Cp . The total input capacitance from the MEMS sensor and its connections

on the PCB is approximately 100pFwith a value for Rp of about 200Ω, asmeas-

uredwith an LCRmeter. Using these values, a SPICE simulation predicts a noise

level of 148nV/
√
Hz at the input of themixer at 100 kHz. Table 4.2 lists the five

biggest noise contributors in the charge-amplifier that account for 98.9%of its

noise power. The 148nV/
√
Hz around 100 kHz at the input of the lock-in ampli-

fier translates to a white noise level of 7.4 µV/
√
Hz around DC at its output. A

measurement at that point yields 8.4 µV/
√
Hz, a difference of only about 14%.
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Figure 4.7 – Schematic overview of the electronic system used to read theMEMS proof
mass position. A transformer converts externally generated 100 kHz sine to a balanced
signal driving the MEMS capacitor bridge. The residual bridge current is integrated by
a charge-amplifier, and its output voltage is buffered and sent to an external lock-in
amplifier for synchronous demodulation. The circuit produces a low-frequency signal
Ver r proportional to ∆C . The signals at different parts of the circuit are indicated.

Table 4.2 – The five largest noise contributors in the readout circuit shown in Fig. 4.7.

Source Noise at mixer input Relative contribution
@ 100kHz (nV/

√
Hz) (power %)

Rp 86.5 34.0
LSK389 71.9 23.5
Rf 65.7 19.6
AD797 50.8 11.7
50Ω 47.2 10.1

148 98.9
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Figure 4.8 – (a) SEM image of part of the MEMS sensing capacitors. The edge of the
proof mass is visible at the top of the image, and can move along the indicated y-
direction. The corresponding dimensions and parameters are listed in (b).

The circuit in Fig. 4.7 produces an error voltage that is proportional to the

capacitive bridge mismatch ∆C . This voltage is approximately given by

Ver r ≈ 50 · ∆C
Cf

Vd

2
, (4.18)

where the factor 50 is the lock-in amplifier gain. Since the output noise does

not dependonVd , the SNRcanbe increasedby simply raisingVd . Due to the low

stiffness nature of our MEMS device, however,Vd is limited to a few volts RMS

only, above which the negative stiffness it introduces renders the system un-

stable. With a typical setting ofVd = 2.4VRMS, the capacitive bridge resolution

can be determined using Eq. (4.18) to be 2.8 × 10−19 F/
√
Hz at a total input capa-

citance of 100pF. A recently published integrated capacitance to voltage con-

verter circuit reached a resolution of 4.7 × 10−20 F/
√
Hz, about a factor 6 bet-

ter [115]. However, this performance was measured with a total input capacit-

ance of about 50pF and a bridge excitation voltageVd of 5V. Normalising this

result to our sensor parameterswould lead to a resolutionof 2.0 × 10−19 F/
√
Hz,

only marginally better than the discrete circuit presented here.

A scanning electron microscope (SEM) image of a section of the position

sensing capacitors is shown in Fig. 4.8a. Half of the fingers move with the

proofmass in the y-direction, and the other half is fixed to the substrate. When

the proof mass moves, the gaps d0 and d1 are modulated and the capacitance

between the different electrodes changes. Using the infinite parallel plate ap-

proximation C = ϵ0A/d , the capacitance per side can be estimated as

Cs (y ) ≈ ϵ0Lc tNc

(
1

d0 − y
+

1

d1 + y

)
. (4.19)
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Using the nominal parameter values from the table in Fig. 4.8b, we can get an

estimate for the total sensing capacitance per side when the proof mass is at

its centred position (i.e. at y = 0) as

C0 ≡ Cs (0) = ϵ0Lc t Nc

(
1

d0
+

1

d1

)
≈ 7.4 pF. (4.20)

By taking thederivativeof theexpression in Eq. (4.19)with respect to theproof

mass position y , the total capacitive bridge sensitivity can be estimated to be

2
∂Cs

∂y
≈ 2C0

d0

(
1 − d0

d1

)
≈ 5.5 × 10−7 F/m for |y | ≪ d0, (4.21)

with which we obtain the effective sensing resolution in terms of proof mass

displacement as nd i sp = 5.0 × 10−13m/
√
Hz.

To refer the electronic noise to the input of the MEMS sensor, the position

resolution should be divided by the by the sensor’s mechanical transfer. Doing

that, we end up with the effective acceleration noise caused by the charge-

amplifier as

nca =
nd i sp

|HMEMS (s)| = nd i sp

√(
ω2
0 − ω2

)2
+
ω0ω

Q
. (4.22)

It is insightful to inspect this expression in both the high and low frequency

limits. Forω ≪ ω0 Eq. (4.22) reduces to nca ≈ nd i sp · ω2
0 , so for a given capacitive

bridge resolution, lowering the MEMS natural frequency helps to reduce the

noise contributed by the charge-amplifier. For ω ≫ ω0 we have nca ≈ nd i sp · ω2.

The acceleration noise grows with ω2 because of the diminishing mechanical

response of the MEMS above ω0. The high frequency limit is set by the bridge

resolution only, and changing theMEMS natural frequency does not help here.

The noise scaling described above can be found in Fig. 4.9, which shows

the input referred acceleration noise asmeasuredon the vibration attenuation

platform of Section 4.1.1, with the MEMS sensor operating in open-loop. The

pressure was lowered to be sure that the sensor’s noise floor was not domin-

ated by Brownian noise. As the geometric anti-springs are compressed and the

sensor’s natural frequency is lowered, the input referred noise below f0 indeed

scales down, while the noise above all the different resonances converges to

the same f 2-sloped curve as expected from Eq. (4.22).
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Figure 4.9 –Open-loop noise spectra for three different compression states of aMEMS
sensorwith a 12.7mgproofmass and fm of 128.2Hz asmeasured on the vibration atten-
uation platform. Measurements were performed at about 3 × 10−4mbar to suppress
the Brownian noise. Lowering the sensor’s natural frequency reduces the acceleration
noise floor caused by the electronics below f0. Above f0, the noise floors converge
to the same f 2-sloped curve. Values for f0 include the negative stiffness introduced
by the electronic readout system, which has the most impact on the fully compressed
state, lowering f0 from 27.1Hz further to 17.1Hz. All spectra were separately calib-
rated through comparisonwith an L22E geophone below 3Hz and divided by theMEMS
transfer function to refer the noise spectra to the input over the entire frequency band.
Some residual of the high-Q resonance is visible at f0, and the feature at 4.3Hz is most
likely some electronic pick-up from the environment.

4.3.2 Loop-architecture

The MEMS sensor together with the capacitive bridge readout already consti-

tutes a low-noise acceleration sensor. Because of the limited mechanical mo-

tion (±5µm) and the poor linearity of the capacitive bridge over this range, the

useful dynamic range will be severely limited. Moreover, as the sensor needs

to be operated at highQ to push the Brownian noise down, the sensor transfer

function is all but flat in the frequency band of interest, and the sensor is con-

stantly ringing at f0. Operating the sensor in a closed-loop force-feedback con-

figuration can solve these issues. The control loop can damp the resonance at

f0without raising theBrowniannoise, andboth the linearity anddynamic range

requirement are moved from the sensing bridge to the feedback actuator.
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Figure 4.10 – (a) SEM image of part of the MEMS actuation capacitors. The edge of
the proof mass is visible at the left of the image, and can move along the indicated
y-direction. The corresponding dimensions and parameters are listed in (b).

The feedback force on theMEMS sensor is generated through a second set

of capacitors, of which a part is shown in Fig. 4.10a. Again, half the fingers are

connected to the proofmass on the left that canmove in the y-direction, while

the right half of the fingers is fixed to the substrate. This time when the proof

massmoves, the overlap between the fingers is modulated, changing the total

capacitance. Using the same parallel plate approximation as before together

with the parameters listed in the table in Fig. 4.10b, the capacitance per side

as a function of proof mass displacement can be estimated as

Ca (y ) ≈ 2ϵ0(La + y )t Na

da
, (4.23)

which is approximately 2.5 pF when the proof mass is centred (i.e. at y = 0).

Taking thederivativeof this expressionwith respect to theproofmassdisplace-

ment y gives
∂Ca

∂y
≈ 2ϵ0tNa

da
≈ 6.2 × 10−8 F/m. (4.24)

The total potential energy of a system that consists of a capacitor C (y )
driven by a voltage source that puts a voltageV across its terminals is given by

U (y ) = −C (y )V 2/2. Because this is a function of y , the applied voltage gives

rise to a force between the capacitor electrodes of

Fel = −∂U

∂y
=

∂C

∂y

V 2

2
. (4.25)

Note that because the force depends onV 2, the sign of Fel never changes with

V , i.e. capacitive actuators can only pull. To overcome this limitation, there are

two actuation capacitors, one on each side of the proof mass.
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Figure 4.11 – Basic circuit to linearise the MEMS actuation force. The force generated
on the proof mass by this circuit is linear inVact . The actuation strength can be set by
changing the biasVb between 0V and 5V.

As mentioned above, operating the MEMS sensor in force-feedback mode

moves the linearity requirement to the feedback actuator. The result given

in Eq. (4.25) seems to be incompatible with that, as the force exerted on the

proof mass through an actuation capacitor is quadratic inV , and thus far from

linear. Luckily, the force response can readily be linearised by biasing both the

actuation capacitors to a voltageVb . The basic circuit used to do this is shown

in Fig. 4.11. The proof mass is kept at 0V by the charge-amplifier, so the top

capacitor will be pulling up with ∂Ca/∂y · (Vb +Vact )2/2, and similarly, the bot-

tom capacitor will be pulling down with ∂Ca/∂y · (Vb −Vact )2/2. This gives a
resulting force of

Ff b =
1

2

∂Ca

∂y

(
(Vb +Vact )2 − (Vb −Vact )2

)
= 2Vb

∂Ca

∂y
·Vact , (4.26)

which is linear in the actuation voltageVact supplied to the circuit. Combining

this with the estimate from Eq. (4.24), the closed-loop clipping level can be

estimated to be ±0.025g for a device with a 12.7mg proof mass withVb set to

its maximum value of 5V.

Having both an error signal and an actuation port available through the cir-

cuits described in Figs. 4.7 and 4.11, the MEMS sensor can be embedded in a

control loop. Fig. 4.12 schematically depicts the system architecture. An input

acceleration displaces the proofmass, and the capacitive readout bridge, mod-
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N 28

Figure 4.12 – Schematic representation of the control loop around the MEMS sensor.
The entire readout circuit fromFig. 4.7 that producesVer r ismodelled here as a gainGel

with a lowpassfilter LPF1. The actuation circuit fromFig. 4.11 is representedby the gain
Gf b . The error voltage drives an analogue PID controller of which the parameters as
defined in Eq. (4.27) are listed. After another external lowpass filter LPF2 (SR560), the
resultingVact is used to generate a feedback force that keeps the proof mass centred.
The voltageVact is used as the sensor output, and is further digitised.

elled by a simple gain Gel followed by a lowpass filter1, converts this to the

error voltageVer r . The error signal is fed into an analogue PID controller that

has a transfer function approximated by

HP ID (s) ≈ Kp

(
1 +

ωi

s
+

s

ωd + s/N

)
, (4.27)

with the implemented PID parameters given in Fig. 4.12 as measured from the

transfer function in Fig. 4.13. After another lowpassfilter, the resulting control

voltage is sent to the actuator circuit, creating a force that counteracts the

effects of the input acceleration and keeps the proof mass centred. Since the

effect ofVact is to generate an acceleration equal to that at the input, its value

can be directly used as the sensor output, and is recorded by a digitiser.

The transfer functions of the two different halves of the loop betweenVer r

and Vact are shown in Fig. 4.13. From the data available, the MEMS transfer

1The lowpass filter LPF1 is internal to the lock-in amplifier used for the capacitive readout, but
is explicitly drawn because its phase response has significant impact on the loop transfer.
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Figure 4.13 – Transfer functions for the control loop shown in Fig. 4.12. HM denotes
theMEMS transfer functions asmeasured fromVact toVer r in open-loop, andHP ID was
measured fromVer r toVact in closed-loop. HMf is a secondorder transfer functionfit to
HM , and is used to obtain the open-loop gain, HOL = HMf ·HP ID . The closed-loop gain
HCL is obtained as in Eq. (4.28). The loop gain was optimised for noise performance,
resulting in a relatively poor phase margin of 8.1° at a unity gain bandwidth of 327Hz,
with a gain margin of 1.1 dB.

could not be obtained above 40Hz, so a standard second order function fit to

these data, HMf , was multiplied with the measured PID transfer to calculate

the open-loop gain, HOL . The closed-loop gain is then obtained as

HCL(s) = 1150 · HOL(s)
1 + HOL(s) , (4.28)

where the factor 1150 is a calibration factor obtained from comparison with a

signal from a Trillium T120s seismometer. The control loop was heavily optim-

ised for noise performance and not for stability, so the resulting phase mar-

gin at 8.1° leads to severe gain peaking around the unity gain frequency of
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Figure 4.14 – Voltage noise spectra that enter the control loop in Fig. 4.12. The PID
controller noise was obtained from SPICE simulations, the other noise spectra were
measured with the inputs terminated with 50Ω.

327Hz. Operating the sensor in this way, however, has removed the high Q

peak around theMEMS resonance at 17.1Hz, and for the frequency band of in-

terest to the noise measurement at frequencies below 50Hz, the closed-loop

transfer is flat to better than 5% with a maximum phase rotation of 5°.

4.3.3 Other electrical noise sources

All the additional electronics in the control loop in principle also add noise to

the system. For this specific setup, loop stability requirements dictate that the

lock-in amplifier gain be set to a low value, causing it to introduce a noise n l ck

comparable to that generated by the charge-amplifier. Most noises of elec-

tronic origin are modelled to enter the loop in Fig. 4.12 at the output of their

contributing block, because for most sources that is where their spectrum can

readily be measured. Figure 4.14 shows spectral data for the different noise

sources as indicated in Fig. 4.12 that were measured in open-loop. The PID

data shown in Fig. 4.14 (nP ID ) were obtained from a SPICE simulation, since

the integrator inside the PID circuitry immediately clips when the control loop

is opened, and its noise can therefore not be measured directly.

To get the effective contribution in terms of input acceleration, all noise

contributors should first be referred to the output by their individual closed-
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loop transfer functions, and the output contributions can then be referred to

the input by dividing by HCL . Because of this, all noise sources further down-

stream become less and less significant, leaving nca and n l ck as the dominant

electrical in-loop noise sources. The digitiser noise nADC is of course the fur-

thest down-stream, and furthermore it is over 2 orders of magnitude lower

than nca . However, since it enters outside of the loop, its value at the output

is not suppressed by the loop gain and is of similar order as nca noise at low

frequencies. The input referred noise spectra can be found in Fig. 4.18 in the

following section.

4.4 Closed-loop system performance

The mechanical noise sources have been accurately measured on the vibra-

tion attenuation platform for frequencies above 3Hz, but the band of interest

stretches to well below 100mHz. To get a measurement of the noise at lower

frequencies requires a correlation measurement as described in Section 4.1.2.

The vibration isolator lab in Amsterdam has a seismic background spectrum

that is about 3 orders of magnitude above the projected noise floor, exceed-

ing the commonmode rejection the correlationmethod can handle. To reduce

common mode input to the sensors, the measurement setup was moved to

the subterranean lab at Heimansgroeve. This lab, a permanent seismic station

operated by the Dutchmeteorological institute KNMI, is one of the seismically

quietest places in The Netherlands. Its seismic background spectrum is 1 to 2

orders of magnitude lower than that of the lab in Amsterdam, ideal for meas-

uring the low-frequency sensor noise through correlation methods.

4.4.1 Measurement setup at Heimansgroeve

A picture of the measurement setup at Heimansgroeve is shown in Fig. 4.15.

The sameMEMS sensor as was used for the measurements in Fig. 4.9 is placed

inside a portable vacuum tank connected to a small turbomolecular pump. This

sensor is measuring acceleration along the North axis in its fully compressed

state. The vacuum pump was turned off during all measurements because its

vibrations made low-noise measurements impossible. This does mean, how-

ever, that during a measurement the pressure inside the vacuum tank slowly

rises due to outgassing. This, in turn, limits the maximum measurement time

in low-noise condition to O(1) h before the Brownian noise starts masking the

internal friction noise. The MEMS sensor was operated in a closed-loop force-

feedback configuration with the parameters as described in Fig. 4.12 and 4.13.
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Figure 4.15 – Measurement setup at the Heimansgroeve (HGN) seismic station about
10mbelowground. AMEMS sensorwith a 12.7mgproofmass and fm of 128.2Hz inside
the vacuum tank measures acceleration along the North axis. During measurements,
the vacuum pump was turned off, and the Trillium Compact 120s seismometers were
covered by their thermal shields. The pressure was measured using a Pfeiffer TPR265
Pirani gauge.
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Figure 4.16 – Closed-loop correlation results for a MEMS sensor and one of the Trilli-
ums after virtual sensor alignment. The Trillium and theMEMSmeasure the same back-
ground spectrum between 0.1Hz and 20Hz. The estimated Trillium noise corresponds
well to its performance as specified in the data sheet [109]. A breakdown of the MEMS
noise floor is shown in Fig. 4.18.

Next to the MEMS sensor, there are three Trillium Compact 120s seismo-

meters, two of which are used to do the three-channel correlation with the

MEMS output. During measurements, the Trilliums are covered by thermal

shields to improve the stability at low frequencies. All signals are acquired

by two Nanometrics Centaur digitisers, which have their timing synchronised

through GPS. The Trillium channels are virtually aligned to the MEMS channel

as described in Section 4.1.2.

4.4.2 Correlation results

The correlationmeasurement results are shown in Fig. 4.16 for theMEMS chan-

nel and one of the Trilliums. The noise estimate for the Trillium seismometer

nicely lines up with the noise curve from its data sheet. Between 0.1Hz and

20Hz, the MEMS sensor and the Trilliums measure the same background spec-

trum. Below this frequency range, the two spectra start deviating because

the signal drops below the MEMS noise floor. Above 30Hz, the vacuum tank

has several mechanical modes that will be picked up by the MEMS sensor only.

126



4

4.4 Closed-loop system performance

10−2 10−1 100 101 102
0

0.2

0.4

0.6

0.8

1

Frequency (Hz)

C
o
he

re
nc
e
(-
)

Two virtual Trilliums
Virtual Trillium and MEMS

Figure4.17 – Themagnitude-squared coherencebetweendifferent sensors. TheMEMS
loses coherence with the Trillium below 0.15Hz because the background spectrum
drops below the MEMS noise floor. The Trilliums remain coherent down to 80mHz, be-
lowwhich the background spectrumdrops below the Trillium noise floor aswell. Above
20Hz, both the Trilliums and the MEMS lose coherence, and the sensors cannot be as-
sumed to be measuring the same signal.

Moreover, at these frequencies, the assumption that the sensors are measur-

ing the same signal breaks down in general. As shown in Fig. 4.17, the coher-

ence between sensors drops sharply above 20Hz. This is not only true for the

coherence between the MEMS and a Trillium, but also between the two Tril-

liumsensors. Noise estimates fromthis analysis can thereforeonly beassumed

to be accurate for frequencies below 20Hz. The estimated MEMS noise floor

is below 2ng/
√
Hz between 400mHz and 20Hz and remains below 10ng/

√
Hz

down to 50mHz. To the best of the author’s knowledge, such a good noise

performance is unprecedented with a proof mass of this order of magnitude.

The MEMS noise floor from Fig. 4.16 is also shown in Fig. 4.18 to compare

it to all the modelled noise contributions. During the measurement, the pres-

sure slowly rose from below 5 × 10−4mbar to 4.7 × 10−2mbar over the course

of 2 h. Assuming a linear increase, the average pressure is 1.9 × 10−2mbar for

the data stretch used in the correlations. This average value is used to estim-

ate the Brownian noise. The internal friction noise is calculated using Eq. (4.13)

with the value forϕ of 1.18 × 10−6 measured before. The charge-amplifier and

the lock-in noise is shaped by the MEMS transfer and becomes dominant only

above 40Hz, where the noise estimate is no longer accurate. Mechanical noise

dominates in the entire measured band from 10−2 Hz to 20Hz, matching the

models put forward in this chapter to better than 20% from 10−1 Hz to 20Hz.
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Figure 4.18 – The MEMS noise floor as obtained from the measurement in Fig. 4.16,
compared to the input referred noise entering the system as in Fig. 4.12. The meas-
ured noise floor follows the model in the entire measured band below 20Hz and is
completely dominated by mechanical noise due to the aggressive optimisation of the
loop to suppress electronic noise. This MEMS sensor has a proof mass of 12.7mg and
an uncompressed natural frequency of 128.2Hz.
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4.5 Modelling the gaseous damping

As seen in Section 4.2.1, the MEMS seismometer should be operated at a pres-

sure well below 10−1mbar to bring the Brownian noise below 1ng/
√
Hz. This

section presents a series of Q factor measurements from which a more accur-

ate number for the required pressure can be obtained. Next to this, we will

have a closer look atwhich parts of the device contributemost of theBrownian

noise. Usually, electronic noise requirements dictate the design of intricate

structures like the actuation and sensing capacitors, but as we will see, their

geometry can also significantly impact Brownian noise. A model is construc-

ted from which the Brownian noise as a function of device geometry can be

predicted.

4.5.1 Damping of a body in infinite rarefied gas

In a gas, the average distance travelled by individualmolecules before colliding

with another molecule is given by the mean free path,

λf r ee =
kBT√

2πpd 2
mol

, (4.29)

where dmol is the kinetic diameter of the individual gas molecules and p de-

notes the pressure. We already know the MEMS seismometer should be oper-

ated at pressures well below 10−1mbar. In this pressure range, the mean free

path of nitrogenmolecules (dmol = 364pm [116, p. 6]) is expected to be longer

than O (1)mm,much larger than the typical cavity surrounding the proofmass.

The Knudsen number is defined as the ratio Kn = λf r ee/Lc , with Lc the charac-

teristic length of the flow problem at hand. Situations such as this one with

Kn > 10 are said to be in the molecular flow regime. In this flow regime, inter-

actions between gas molecules can be neglected. When modelling the inter-

action between the proof mass and the gas that ultimately leads to damping,

we can therefore focus on individual collisions with the proof mass surfaces.

Assuming the velocities of the gas molecules follow a Maxwell-Boltzmann

distribution, the force on a unit area of a moving proof mass dA can be calcu-

lated from integrating themomentum transferred bymolecules colliding with

this surface. Assuming the interactions are diffuse (i.e. the outgoing velocity

vector is uncorrelated to the incoming velocity vector), and the velocity of the

proof mass, Ûy , is much smaller than the typical velocity of the gas molecules,
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Table 4.3 – Relevant surface areas in the MEMS device used to model Q factors.

Parameter Value Description

Ax 6.42 × 10−6m2 Total area with unit vector along x̂
Ay 1.26 × 10−5m2 Total area with unit vector along ŷ
Az 2.50 × 10−5m2 Total area with unit vector along ẑ
A8 9.51 × 10−6m2 Proof mass area facing 8µm gap
A20 9.51 × 10−6m2 Proof mass area facing 20µm gap
Abul k 1.23 × 10−6m2 Proof mass bulk area facing 52µm gap

this force can be calculated to be [117]

⟨F⊥⟩ = −p dA

(
1 + Ûy⊥

√
2m0

πkBT

(
1 +

π

4

))
, (4.30)

where F⊥ denotes the force normal to the surface dA, m0 is the mass of a gas

molecule, and Ûy⊥ is the component of the proof mass velocity normal to the

surface dA. The first term is just the force resulting from the average pressure

on the unit area, but the second term is proportional to the proofmass velocity

and thus corresponds to a viscousdrag force. Similarly, a drag force also results

from the force parallel to the unit area [117]

⟨
F ∥

⟩
= −p dA Ûy ∥

√
m0

2πkBT
(4.31)

where Ûy ∥ denotes the component of the motion parallel to the unit area.

Because in our case all the surfaces are oriented either parallel or perpen-

dicular to thedirectionofmotion, thenet forceon theproofmass canbe found

by adding the right contribution (perpendicular or parallel) for all its different

surfaces. If we defineAx as the total area of all surfaces that have their normal

vector n̂ alignedwith the x̂ unit vector (x̂ · n̂ = 1), and defineAy andAz similarly,

the net force on the proof mass moving along the y-axis is given by

⟨Fnet ⟩ = − Ûy 8p

πv̄

(
Az + Ax

2
+ Ay

(
1 +

π

4

))
= − Ûyγf with v̄ =

√
8kBT

πm0
, (4.32)

where a factor 2 was added to account for all the matching surfaces that have

their normals aligned with the negative axes. The contribution from the first

term in Eq. (4.30) cancels, because it is equal but oppositely oriented between

the upwind and downwind surfaces. The resulting force is proportional to

130



4

4.5 Modelling the gaseous damping

and in antiphase with the proof mass velocity and therefore corresponds to

a viscous drag force. Calculating the resulting quality factor Q = mω0/γf with
the parameters in Table 4.3 for nitrogen at 10−1mbar and 300K we find Q =

6.3 × 103 for the device in Fig. 4.3. The value actually measured is about a

factor 3.5 lower, at Q = 1.8 × 103. This discrepancy is due to the many nar-

row gaps around the proof mass that contribute additional damping that we

have ignored so far. This additional damping actually dominates the free drag

described in Eq. (4.32) and will be detailed upon in the next section.

4.5.2 Squeezed-film damping

The many narrow gaps surrounding the proof mass, mainly in the sensing ca-

pacitors, contribute additional damping. Because of the finite time it takes for

an average molecule to diffuse out of the gap, the proof mass motion modu-

lates the pressure inside the gap. To quantify this effect, we can use a model

proposed by Suijlen et al [118] that considers the density of molecules in such

a gap,

n =
N

V
=

N

A(d0 − y ) , (4.33)

where N is the total number of molecules present in a gap of total volume

V , and d0 and A are the equilibrium separation and the area of the gap walls,

respectively. Because the gap is open, the total number of particles is not con-

served, and a change in molecular density can generally be written as

∆n =
∂n

∂N
∆N +

∂n

∂V
∆V =

∆N

Ad0
+
n0
d0

y , (4.34)

where n0 is the equilibrium density of molecules inside the gap. If such a fluc-

tuation in molecule density exists, particles will diffuse into or out of the gap.

Defining τ to be the average time it takes for a molecule to diffuse out of the

gap, the net number of particles leaving the gap per second is given by

d

dt
(∆N ) = −∆N

τ
, (4.35)

Using this result together with the ideal gas law p = nkBT , we can take the

time derivative of Eq (4.34) to write a differential equation for the pressure

fluctuation inside the gap, ∆p , around the equilibrium pressure, p0, as

d

dt
(∆p) = −∆p

τ
+
p0
d0

dy

dt
. (4.36)
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This equation is readily solved in the Laplace domain and gives an expression

for the squeezed-film damping force on the moving wall as

∆F (s) = −A∆P (s) = −p0A

d0

sτ

1 + sτ
Y (s) ≈ −p0Aτ

d0
(sY (s)) for sτ ≪ 1. (4.37)

This approximation only holds in the sτ ≪ 1 limit, but this is justified aswe shall

shortly see that for this particular MEMS geometry, τ is of O(10−6) s. Equa-

tion (4.37) shows that the force acting on the wall due to the modulated pres-

sure in the gap is both proportional to and in antiphase with the wall velocity

sY (s), and therefore corresponds to a viscous drag force with a coefficient

γsq = p0Aτ/d0. All surface areas in the MEMS sensor and their corresponding

gapwidths are known fromthemaskdesignandcanbe found listed inTable4.3.

What is left to get an estimate for γsq is to find the correct value for τ .

MolFlow+ simulations

In the molecular flow regime all interactions between different gas molecules

can be neglected, hence problems in this regime are well suited for Monte-

Carlo simulation. A simulator tool developed at CERN,Molflow+ [119], is avail-

able that makes these simulations quick and convenient. Using this simulation

tool, the diffusion time τ can readily be obtained for different geometries.

Simulations were set up for a single gap as seen in the sensing capacitor,

and the narrowest gap after that which occurs between the silicon bulk part

of the proof mass and the device’s handle layer. A schematic top view of the

simulated sensing capacitor geometry is shown in Fig. 4.19b, where particles

are emitted from the bottomplate (blue dots). Themolecules are traced along

their randomwalk bouncing from all the different surfaces until they leave the

cavity (red dots). All surfaces were set to reflect diffusely with full thermal

accommodation, compatible with the model used [118]. A molecule was con-

sidered to have left the gap if it either moved out of the gap from the top, or

moved around or underneath the capacitor plate. As can be seen in Fig. 4.19b,

most particles leave the gap through the top opening.

A distribution for the flight time of all particles is recorded, fromwhich the

average diffusion time τ can be calculated. Simulations were performed for

a range of gap widths, both in air (m0 = 28.97 u) and helium (m0 = 4.00 u) at

300K, the results are summarised in Fig. 4.19a. Each data point was obtained

from a Monte-Carlo simulation with O(106 − 107) simulated particles.

Since the expected path a gas molecule takes does not depend on the gas

species, the average flight distance for all particles is the same. The diffusion

times for air and helium are therefore expected to differ only due to their dif-
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Figure 4.19 – (a) MolFlow+ simulation results for the diffusion time τ as a function of
gap size d0 for air and heliummolecules at 300K, escaping fromdifferent regions of the
MEMS device. A top view of a typical simulation result inside a capacitive sensing gap
is shown in (b). Particles spawn at one of the capacitive plate surfaces (blue dots) and
are tracked until they leave the cavity (red dots). The average τ in (a) can be calculated
from the stored flight time distribution.

ference in average particle velocity v̄ as defined in Eq. (4.32). The ratio of these

average velocities is simply given by
√
mai r /mHe ≈ 2.69, and indeed the results

shown in Fig. 4.19a for helium and air differ by this factor to well within 1%.

4.5.3 Agreement with quality factor measurements

Combining the contributions from free drag in Eq. (4.32) and squeezed-film

damping in Eq. (4.37) gives an estimate for the total viscous damping in the

MEMSdevice as a function of pressure. To see howwell this predicts the damp-

ing in an actual MEMS sensor, this estimate is plotted in Fig. 4.20 along with

measuredQ values of an uncompressedMEMS device with f0 = 183.3Hz, both

in air and helium atmospheres at different pressures. Q values were obtained

from measuring free exponential decays, and pressures were measured with

two capacitive membrane gauges (10−5mbar to 10−1mbar and 10−1mbar to

103mbar) to minimise the gas species dependence of the measurement.

At atmospheric pressure, we have Kn ≪ 10 and themolecular flow assump-

tion used to construct the damping model is invalid. Lowering the pressure to

belowO(1)mbar, wehaveKn > 10, and themeasuredQ values converge to the
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Figure 4.20 –Q factors for an uncompressedMEMSdevicewith a proofmass of 12.7mg
and a natural frequency of 183.3Hz asmeasured on the vibration attenuation platform
in air and helium atmospheres at different pressures. The expected Q factor from
the modelled free drag (γf ) and squeezed-film damping (γsq ) using the parameters in
Table 4.3 is plotted as a solid line. For Kn > 10 the measured Q values correspond to
the model to within 15%. From 10−4mbar to 103mbar, the pressure is measured by
capacitive gauges (Balzers ACR261 and Pfeiffer CMR365) to minimise the effect of the
gas species. Below 10−4mbar a Pfeiffer IKR251 cold cathode gauge was used.

modelled viscous damping within about 15%.2 Below O(10−3)mbar, gaseous

damping is no longer dominant and Q converges to 2.3 × 105, a value set by a

combination of internal friction (30%) and unmodelled viscous terms (70%).

We can draw important conclusions from Fig. 4.20 regarding the required

packaging atmosphere for the MEMS seismometers. If a noise level better

than 1ng/
√
Hz is required, inverting Eq. (4.12) immediately gives the require-

ment Qγ > 1.6 × 104 for the device in Fig. 4.20. Assuming an air equivalent

residual atmosphere, Fig. 4.20 tells us the package pressure should be below

1.2 × 10−2mbar. Cavity pressures in this range have been previously demon-

strated in wafer level scale encapsulation processes, both with and without a

getter material [120, 121, 122].

2Because the characteristic lengths differ between different regions in the MEMS device, they
all have their own slightly different Kn. All Kn values are calculated for the 8µm wide gap that
contributes the dominant damping term.
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Figure 4.21 – (a) Q factors as a function of proof mass displacement for an uncom-
pressedMEMS device with a proofmass of 12.7mg and a natural frequency of 164.0Hz
as measured on the vibration attenuation platform. The proof mass displacement was
modulated by tilting the MEMS on a motorised stage as shown in (b). The modelled
viscous damping (free drag and squeezed-film), corresponds to themeasured values to
better than 5%.

The factor
√
mai r /mHe ≈ 2.69 difference in damping behaviour between air

and helium tells us that it is not enough to know the residual cavity pressure to

predict the Brownian noise level. The average mass of the gas molecules also

plays a role due to the difference in velocity distribution between different

gas species. Especially when using a getter material, the average gas mass will

not resemble air, as the getter is mainly ineffective for noble gases. However,

the influence of gas species on Brownian noise is secondary, as the total noise

level only scales asm1/4
0 . Nevertheless, it is important to avoid common micro-

fabrication processes that involve sputtering with noble gas ions, as these will

eventually outgas and not be removed by the getter.

4.5.4 Damping considerations of capacitor geometry

Next to a dependence on pressure, the squeezed-film damping as modelled

in Eq. (4.37) also shows a direct dependence on the capacitor gap. Since the

proof mass in our MEMS sensor has a movement range of ±5µm, all gaps can

be modulated by this amount. Measuring the device’s quality factor as a func-
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tion of proofmass displacement, we can verify thismodelled dependence. The

MEMS sensor was mounted on a rotation stage as shown in Fig. 4.21b, allow-

ing modulation of the proof mass DC position by tilting the sensor. The proof

mass displacement can then directly be obtained from ∆y = g sin (θ)/ω2
0 , with

θ = 0 indicating the position in which the sensitive axis is oriented orthogonal

to local gravity.

Figure 4.21a shows three series of quality factor measurements as a func-

tion of proof mass displacement for different vacuum levels of which Fig. 4.20

tells us that the damping is dominated by gaseous effects in the freemolecular

regime. Additionally, the expected Qγ from the total modelled viscous damp-

ing, γf and γsq , is plotted as a function of the proofmass displacement∆y . The

model curve for Qγ was obtained by replacing d0 with d0 ± ∆y for the relevant

gaps. Thegeometry dependenceofτ from the simulations in Fig. 4.19a is taken

into account when plotting themodel, and the resulting curve agrees with the

measured data to within 5%.

The results in Fig. 4.21a verify that the modelled squeezed-film damping,

which is the dominant source of Brownian noise in the MEMS device, scales

likeA/d0. This happens to be the same scaling as the total sensing capacitance

Cs = ϵ0A/d0. Normalising by Cs , we get a squeezed-film damping per unit of

sensing capacitance as
γsq

Cs
=

p0Aτ

d0

d0
ϵ0A

=
p0
ϵ0

τ . (4.38)

This quantity depends on the capacitor geometry only through τ , meaning that

for a given capacitance, the capacitor geometry can be optimised for electrical

performance with minimal impact on Brownian noise as long as τ remains con-

stant. The curves in Fig. 4.19a show that in the standard sensing combs, τ

changes by less than 10% for values of d0 ranging from 4µm to 30µm. Using

any value for d0 in this range will provide approximately the same Brownian

noise level for a given sensing capacitance. The result in Eq. (4.38) also ex-

poses one of the downsides of using a thicker device layer. The simulations in

Fig. 4.19a show that the values for τ are 1.95 to 2.61 times larger for a 100µm

thick device layer as compared to a 50µm thick one, meaning that for the same

sensing capacitance, the formerwill have roughly twice asmuch squeezed-film

damping.
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