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Abstract

In two-sided assignment markets with transferable utility, we first introduce two weak monotonicity 
properties that are compatible with stability. We show that for a fixed population, the sellers-optimal (respec-
tively the buyers-optimal) stable rules are the only stable rules that satisfy object-valuation antimonotonicity
(respectively buyer-valuation monotonicity). Essential in these properties is that, after a change in valua-
tions, monotonicity is required only for buyers that stay matched with the same seller. Using Owen’s derived 
consistency, the two optimal rules are characterized among all allocation rules for two-sided assignment 
markets with a variable population, without explicitly requiring stability.

Whereas these two monotonicity properties suggest an asymmetric treatment of the two sides of the 
market, valuation fairness axioms require a more balanced effect on the payoffs of buyers and sellers when 
the valuation of buyers for the objects owned by the sellers change. For assignment markets with a variable 
population, we introduce grand valuation fairness requiring that, if all valuations decrease by the same 
amount, as long as all optimal matchings still remain optimal, this leads to equal changes in the payoff of 
all agents. We show that the fair division rules are the only rules that satisfy this grand valuation fairness 
and a weak derived consistency property.
© 2021 Elsevier Inc. All rights reserved.
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1. Introduction

An assignment problem consists of a finite set of buyers and a finite set of objects that are 
to be allocated among the buyers. We assume that each object is owned by a different seller, 
and also that each buyer wants to acquire at most one object. Buyers have valuations over each 
available object, and utility is quasi-linear in money. Given these valuations, an allocation rule
determines an outcome: who gets what and at what price. Once an object is allocated to a buyer, 
this buyer transfers part of its utility to the corresponding seller by means of the price paid. 
Hence, equivalently, an allocation rule determines a matching between buyers and objects/sellers 
and the resulting payoff for each agent.

We focus on those allocation rules that produce (pairwise) stable outcomes, that is, outcomes 
that are not blocked by any pair of a buyer and a seller who are not matched to each other, but 
would be better off if they were.

With such a buyer-seller allocation problem with transferable utility, Shapley and Shubik 
(1972) associates a coalitional game, called the assignment game. These authors show that the 
core of this game coincides with the set of stable payoff vectors, i.e. payoff vectors belonging 
to stable outcomes. As a consequence of the lattice structure of the core, there exist two optimal 
stable payoff vectors: one that is optimal for all buyers, and one that is optimal for all sellers. 
These two payoff vectors, together with a compatible matching, define the buyers-optimal stable 
rules, respectively, the sellers-optimal stable rules. It is well known that, in these buyer-seller 
markets, any buyers-optimal stable rule produces the minimum competitive prices and coincides 
with the outcome in the Vickrey multi-item auction. Hence, it is of relevance both in theory and 
practice.

This paper has three goals. First, we provide axiomatic characterizations of the optimal stable 
rules for each side of the market. Specifically, we prove that in our buyer-seller market, among 
the set of stable rules, the sellers-optimal stable rules are the only stable rules that satisfy object-
valuation antimonotonicity, and the buyers-optimal stable rules are the only stable rules that 
satisfy buyer-valuation monotonicity. Object-valuation antimonotonicity requires that, when the 
valuation of all buyers for a given object weakly decreases in such a way that this does not change 
which buyer receives that object, then the payoff assigned to this buyer does not decrease. Buyer-
valuation monotonicity requires that, when the valuations of one buyer for all objects weakly 
decrease and this does not change which object he receives, then the payoff assigned to this 
buyer does not increase.

The second goal of the paper is to broaden the scope of our characterizations by including the 
general domain of allocation rules for buyer-seller markets, that is, without restriction to the sub-
class of stable rules. We allow for a variable population and make use of Owen (1992)’s derived 
consistency, which considers the effect on payoffs when the population varies. In this setting, we 
prove that the buyers optimal stable rules are the only rules that satisfy derived consistency and 
buyer-valuation monotonicity, while the sellers optimal stable rules are the only rules that satisfy 
derived consistency and object-valuation antimonotonicity.

Our third and final goal is to look for an axiomatization of the fair division rules (Thomp-

son, 1981), being well-known stable rules, where the payoff assigned to an agent is the average 
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between his/her maximum and minimum payoff in any stable payoff vector. We look for some 
valuation fairness properties that suggest to treat the buyers and sellers in a more balanced way 
than the monotonicity properties mentioned above. Valuation fairness (van den Brink and Pintér, 
2015) is an equal treatment axiom which requires that, if a buyer’s valuation for the object of 
one of the sellers changes, this has the same effect on the payoffs of this buyer and the seller that 
owns the object, irrespective of whether this buyer and seller are matched to each other or not. 
Valuation fairness turns out to be incompatible with stability.

Therefore, we introduce a global valuation fairness axiom, called grand valuation fairness, 
which requires that, if all valuations decrease by the same amount, as long as each optimal 
matching remains optimal, then the payoff of all agents change by the same amount. In order to 
avoid negative values, null valuations are not decreased further, that is, they are fixed at zero. We 
show that the fair division rules are the only stable rules that satisfy grand valuation fairness and 
a weak version of Owen’s derived consistency. In this weak consistency axiom, we only consider 
the departure of those agents with a fixed core payoff, i.e. agents whose payoff is the same in 
every core payoff vector.

The paper is organized as follows. The buyer-seller assignment model is described in Section 
2. Axiomatizations of the buyers-optimal and sellers-optimal stable rules among the set of all 
stable allocation rules on a fixed population are provided in Section 3. Section 4 provides axiom-
atizations of the buyers and sellers optimal stable rules on the class of all allocation rules on a 
variable population. Finally, Section 5 contains a characterization of the fair division rules.

1.1. Literature review

The first part (Sections 3 and 4) of the paper is devoted to the study of the compatibility of 
stability and monotonicity in two-sided assignment markets with transferable utility. In the class 
of all coalitional games, Young (1985) proves that core stability is incompatible with coalitional 
monotonicity, which states that if the worth of only one coalition increases, no agent in this coali-
tion receives a lower payoff. For assignment games, coalitional monotonicity is not an appealing 
property because, when one buyer in an assignment market raises only one of his valuations, 
several coalitions increase their worth in the corresponding game. A more suitable monotonicity 
requirement for these buyer-seller markets is pairwise monotonicity, which is an axiom specific 
for assignment markets which requires that, if the valuation of one buyer for an object weakly 
decreases, neither the buyer nor the owner of the object can receive a higher payoff. It is shown 
in Núñez and Rafels (2002a) that pairwise monotonicity is compatible with stability, since the 
optimal stable rules, as well as the fair division rules, are pairwise monotonic.

Young (1985) also introduces strong monotonicity for coalitional games with transferable util-
ity, which requires that the payoff for a player does not decrease if the game changes in such a 
way that none of this player’s marginal contributions decrease. In van den Brink et al. (2013), 
Young’s monotonicity is weakened by requiring the payoffs of a player only to be nondecreas-
ing if this player’s marginal contributions do not decrease and, moreover, also the worth of the 
‘grand coalition’ consisting of all agents, does not decrease. Considering assignment games, it is 
interesting to observe that buyer-valuation monotonicity and pairwise monotonicity are weaker 
than weak monotonicity, since only one buyer increasing his value for the good of one or more 
sellers, does not decrease his marginal contributions and also does not decrease the worth of the 
grand coalition in an assignment game. This makes buyer-valuation monotonicity and pairwise 

monotonicity even nicer axioms for assignment games.
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In the companion two-sided matching model, where each agent has a preference list on the 
agents on the opposite side of the market and monetary transfers are not allowed, the stable allo-
cation rule that is optimal for one side of the market (a deferred acceptance rule) is characterized 
in Kojima and Manea (2010) as the only stable rule that satisfies weak Maskin monotonicity.1

This result motivates our search for a monotonicity property that characterizes the buyers-optimal 
stable rules (or the sellers-optimal stable rules) among the set of stable rules in two-sided markets 
with transferable utility.

In the literature, buyers-optimal stable rules have been studied from the perspective of ma-
nipulability or strategy-proofness. That is, can a buyer manipulate the rule by reporting a false 
valuation profile? For more general preferences, not necessarily quasi-linear, and allowing for 
budget constraints, Miyake (1998) proves that the buyers-optimal auction is the only rule that 
is (individually) strategy-proof among the stable rules. We show that, as a straightforward con-
sequence of a result in Pérez-Castrillo and Sotomayor (2017), in our buyer-seller markets, the 
buyers-optimal stable rules are the only stable rules that cannot be manipulated by any group of 
buyers. Strategy-proofness also has been widely considered in two-sided situations where mone-
tary compensations are not allowed. For example, Ergin (2002) analyzes efficiency, consistency 
and coalitional strategy-proofness in the college admission problem. Also, in the Shapley-Scarf 
housing market with strict preferences, Takamiya (2001) shows that a single-valued rule is mono-
tonic if and only if it is coalition strategy-proof.

Another well-known property for solutions of coalitional games with variable population is 
population monotonicity (Sprumont, 1990). It requires that, when the player set is enlarged, none 
of the existing agents receives a lower payoff. However, in the two-sided assignment game, agents 
of the same side are complements while agents of opposite sides are substitutes (Shapley, 1962). 
In this setting, we say that an allocation rule is population monotonic if, whenever a new agent 
enters the market, the payoff of existing agents of his/her same side do not increase, while the 
payoff of agents on the opposite side do not decrease. It is shown in Mo (1988) that the optimal 
stable rules are population monotonic, and hence also the fair-division rules have this property.

Sasaki (1995) axiomatizes the core of the assignment game by means of a set of six axioms, 
that includes a consistency and weak pairwise monotonicity. The last axiom requires that, when 
one buyer weakly decreases his valuation of an object, the joint payoff of this buyer and the seller 
who owns the object cannot increase. The model considered in Toda (2005) allows for individual 
reservation values of the agents, which represent the payoffs of those agents that remain un-
matched. Roughly speaking, the consistency property used in this axiomatization requires that for 
each solution outcome, the same outcome should be recommended for each subgame that results 
when some players leave with the payoff the rule assigns to them. One of Toda’s axiomatizations 
of the core of the assignment game combines consistency with weak pairwise monotonicity and 
individual monotonicity, that is monotonicity with respect to the individual reservation values. A 
second axiomatization replaces individual monotonicity with population monotonicity.

In the current paper, we use Owen (1992)’s derived consistency, which is another well-known 
consistency property for assignment games with individual reservation values. The nucleolus, 
which is another stable allocation rule for the assignment game, is characterized in Llerena et al. 
(2015) by means of derived consistency and symmetry of maximum complaints of the two sides, 

1 We do not formally define weak Maskin monotonicity, since it refers to a model different than ours. Roughly speaking, 
an allocation rule ϕ satisfies weak Maskin monotonicity if, whenever agents change from a preference profile R to R′
in such a way that, for any agent i, any object preferred to ϕi(R) under R′

i
is also preferred under Ri , then it holds that 
ϕi(R
′) is preferred to ϕi(R) under R′

i
.
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the second property requiring that the payoff of the most disadvantaged buyer equals the payoff 
of the most disadvantaged seller.

Our characterization results imply that, similar as pairwise-monotonicity and population 
monotonicity, also object-valuation anti-monotonicity and buyer-valuation monotonicity are 
compatible with stability and also with derived consistency.

2. The model

For ease of explanation, we first describe an assignment market with a fixed set of buyers 
and sellers with no reservation values. Concepts for markets with a variable population with 
reservation values are modifications of concepts introduced in this section, and will be discussed 
in Section 4.

Consider a market situation with two disjoint finite sets of agents: buyers and sellers.2 The 
set of buyers is denoted by B and the set of sellers is denoted by S with B ∩ S = ∅. In this 
market, each seller owns one and only one indivisible object for sale. On the other side of the 
market, each buyer is interested in acquiring at most one object. Moreover, each buyer i ∈ B

has a non-negative valuation in terms of money, aij ∈ R+, for the object owned by seller j ∈ S. 
We assume for the moment that the reservation value of each seller for the object she owns is 
null. Hence, for each buyer-seller pair {i, j}, i ∈ B, j ∈ S, the valuation aij ∈ R+ is the joint 
potential monetary gain that agents i and j can achieve by trading with each other. A valuation 
profile is a matrix a ∈ R|B|×|S|

+ with aij ∈ R+ the nonnegative valuation of buyer i ∈ B for the 
object owned by seller j ∈ S. We denote by AB×S the set of all possible valuation profiles on 
a set B of buyers and a set S of sellers. We denote by ai = (aij )j∈S the vector of valuations of 
buyer i. With some abuse of notation, for any non-empty coalition of buyers T ⊆ B , aT and a−T

stand for (ai)i∈T and (ai)i∈B\T , respectively. By AT ×S we denote the set of all valuation profiles 
for buyers in T ⊆ B . A buyer-seller assignment market is denoted by a triplet (B, S, a) with B
the set of buyers, S the set of sellers and a ∈AB×S the valuation profile.

Given a non-empty set of buyers B ′ ⊆ B and a non-empty set of sellers S′ ⊆ S, a matching
of the set of buyers B ′ to the set of sellers S′ is denoted by μ, and it consists of a subset of 
buyer-seller pairs μ ⊆ {{i, j} | i ∈ B, j ∈ S} such that

1. {i, j} ∈ μ and {i, j ′} ∈ μ implies j = j ′, and
2. {i, j} ∈ μ and {i′, j} ∈ μ implies i = i′.

We denote by M(B ′, S′) the set of all such matchings. Given a matching μ ∈ M(B, S), 
Sμ denotes the set of sellers matched to some buyer, i.e., Sμ = {j ∈ S | there is some i ∈
B such that {i, j} ∈ μ}. Similarly, Bμ denotes the set of buyers that are matched with some seller, 
i.e. Bμ = {i ∈ B | there is some j ∈ S such that {i, j} ∈ μ}.

An outcome consists of a matching of B to S, and a payoff for each agent.

Definition 2.1. Consider a buyer-seller assignment market (B, S, a). A payoff vector (u, v) ∈
RB ×RS , is called a feasible payoff vector for (B, S, a) if there exists a matching μ ∈M(B, S)

such that

2 This model could be interpreted in alternative ways, for example, as a labor market in which the set of agents consists 

of firms and workers.
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(i) ui + vj = aij for all {i, j} ∈ μ

(ii) ui = 0 for all i ∈ B \ Bμ, and vj = 0 for all j ∈ S \ Sμ.

In that case, we say that (u, v; μ) is a feasible outcome for (B, S, a) and μ is compatible with 
(u, v).

An outcome of a market specifies which agents are bilaterally trading and at which price. We 
interpret an outcome of a particular market as follows. If a buyer i is matched to some seller j , 
then this buyer is paying the price vj to the seller for the object that seller j has for sale. Thus, 
point (i) in Definition 2.1, reflects that ui is the payoff of buyer i when he acquires the object 
owned by seller j and pays vj to seller j . Agents who do not trade receive zero payoff in any 
feasible outcome (see (ii) in Definition 2.1), since, for the moment, we assume reservation values 
to be null. Notice that transfers between nonmatched pairs are not allowed.

A matching is optimal if the sum of the valuations in this matching is maximal under all 
possible matchings in the market.

Definition 2.2. Consider a buyer-seller assignment market (B, S, a). A matching μ ∈M(B, S)

is optimal for (B, S, a) if∑
{i,j}∈μ

aij ≥
∑

{i,j}∈μ′
aij for all μ′ ∈ M(B,S).

We denote by Ma(B, S) the set of optimal matchings for (B, S, a).
In the sequel, we introduce the notion of stable outcomes in order to capture the idea of stable 

transactions among the agents.

Definition 2.3. Consider a buyer-seller assignment market (B, S, a). A feasible outcome 
(u, v; μ) for (B, S, a) is stable for (B, S, a) if

(i) ui + vj ≥ aij for all {i, j} with i ∈ B, j ∈ S,

(ii) ui ≥ 0 for all i ∈ B, and vj ≥ 0 for all j ∈ S.

In that case, we say that (u, v) is a stable payoff vector for (B, S, a).

We call an outcome that satisfies condition (ii) of Definition 2.3 an individually rational 
outcome. If an individually rational outcome (u, v; μ) is not stable in a market (B, S, a) (i.e. 
condition (i) is not satisfied), then there is a buyer i ∈ B and a seller j ∈ S who are not matched 
to each other at μ, but who can share aij in such a way that both are better of. Then, we say 
that this pair of agents can block (u, v; μ). The underlying idea is that both of them can obtain 
a higher payoff by leaving his/her current situation and splitting their potential gain aij among 
themselves. It follows easily, see for instance Roth and Sotomayor (1990), that

if (u, v;μ) is a stable outcome for a market (B,S, a), then
μ ∈ M(B,S) is an optimal matching for (B,S, a)

(1)

Consider a buyer-seller assignment market (B, S, a). The assignment game associated with 
(B, S, a) is the coalitional game with transferable utility (TU-game)3 (B ∪S, wa) with player set 

3 A coalitional game with transferable utility (N, w) is a pair consisting of a finite set of players N and a characteristic 

function w that assigns a real number w(T ) to each coalition T ⊆ N , with w(∅) = 0.
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B ∪ S, and the worth of any coalition of agents T ⊆ B ∪ S given as follows. First, since we need 
at least one buyer and at least one seller to create a value by trading, every coalition that contains 
only buyers or only sellers has zero worth, i.e. wa(T ) = 0 if T ∩B = ∅ or T ∩S = ∅. Otherwise, 
if a coalition contains at least one buyer and at least one seller, then the worth of the coalition is 
the maximal trade surplus (i.e. sum of the valuations) that can be generated by matching buyers 
and sellers in this coalition, i.e.

wa(T ) = max
μ∈M(T ∩B,T ∩S)

⎧⎨
⎩

∑
{i,j}∈μ

aij

⎫⎬
⎭ if T ∩ B 
= ∅ and T ∩ S 
= ∅. (2)

A prominent solution concept for TU-games, that captures a notion of stability, is the core. 
More precisely, the core of a TU-game (N, w) is the set of payoff vectors C(w) = {x ∈ RN |∑

i∈N xi = w(N) and 
∑

i∈S xi ≥ w(S) for all S ⊂ N}, consisting of all payoff vectors such that 
every coalition of agents earns at least the maximal trade surplus the agents in the coalition can 
generate among themselves (with equality for the ‘grand coalition’ N ). It is shown in Shapley 
and Shubik (1972) that the core of any assignment game is non-empty, and coincides with the 
set of stable payoff vectors. With respect to the structure of stable outcomes, Shapley and Shubik 
(1972) show that

if (u, v;μ) and (u′, v′;μ′) are stable outcomes for (B,S, a),

then (u, v;μ′) and (u′, v′;μ) are both stable for (B,S, a). (3)

The set of stable payoff vectors endowed with the usual partial order on the set of buyers’ 
stable payoff vectors ≥B , has a complete lattice structure (dual to the lattice associated with 
order ≥S on the set of sellers’ stable payoff vectors). As an immediate consequence, there is 
a unique buyers-optimal stable payoff vector, denoted by (u(a), v(a)) ∈ RB × RS such that 
u(a) ≥ u and v ≥ v(a) for every other stable payoff vector (u, v) ∈RB ×RS of market (B, S, a). 
Similarly, there is a unique sellers-optimal stable payoff vector (u(a), v(a)) satisfying u(a) ≤ u

and v ≤ v(a) for every other stable payoff vector (u, v) ∈RB ×RS . There is a simple expression 
for the maximum stable payoff for any agent in the market, see for instance Roth and Sotomayor 
(1990). Consider a market (B, S, a), and let k ∈ S be a seller. Then her maximum stable payoff 
in (B, S, a) is given by

vk(a) = max
μ∈M(B,S)

⎧⎨
⎩

∑
{i,j}∈μ

aij

⎫⎬
⎭ − max

μ∈M(B,S\{k})

⎧⎨
⎩

∑
{i,j}∈μ

aij

⎫⎬
⎭ , (4)

being the difference between the maximal total sum of valuations that can be achieved in the full 
market and the maximal total sum of valuations that can be achieved in the market without seller 
k. The maximum stable payoff ut (a) for any buyer t ∈ B is obtained analogously.

In the following, we will introduce allocation rules for buyer-seller assignment markets with 
a focus on those that always produce a stable outcome.

Definition 2.4. Fix a set B of buyers and a set S of sellers. An allocation rule ϕ consists of maps 
(u, v; μ) from valuation profiles a ∈ AB×S to feasible outcomes (u(a), v(a); μ(a)). That is, for 
each a ∈AB×S , ϕ(a) ≡ (u(a), v(a); μ(a)) is a feasible outcome for (B, S, a).
An allocation rule is a stable rule if it always selects a stable outcome.

7
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Definition 2.5. Fix a set B of buyers and a set S of sellers. An allocation rule ϕ ≡ (u, v; μ) is a 
stable rule if for each valuation profile a ∈AB×S , ϕ(a) = (u(a), v(a); μ(a)) is a stable outcome 
for (B, S, a).

3. Axiomatization of optimal stable rules

In this section, we introduce two monotonicity properties in order to study two types of 
outstanding stable rules: (i) the buyers-optimal stable rules, that for each valuation profile se-
lect the buyers-optimal stable payoff vector together with a compatible matching, and (ii) the 
sellers-optimal stable rules, that select the sellers-optimal stable payoff vector with a compatible 
matching. Notice that, for each of these two type of rules, the associated payoff vector is uniquely 
determined, but the compatible matching may not be unique.

The first axiom is called object-valuation antimonotonicity, and reflects the behavior of an 
allocation rule when the valuation of all buyers for a single object weakly decreases. Suppose 
that in a market (B, S, a), a rule assigns the object owned by seller k ∈ S to buyer t ∈ B . Now, 
assume that the valuation of every buyer for the object owned by this seller k weakly decreases. 
This could be explained by a loss of the quality or desirability of the good. Object-valuation 
antimonotonicity requires that the payoff of buyer t does not decrease after this decrease of 
valuations, whenever the rule still assigns object k to buyer t after the change. Notice that this 
property suggests an asymmetric treatment between buyers and sellers, since, as long as the rule 
assigns object4 k to the same buyer t , all the loss of value of buyer t for this object k is subtracted 
from seller k’s payoff.

Definition 3.1. Fix a set B of buyers and a set S of sellers. An allocation rule ϕ ≡ (u, v; μ)

satisfies object-valuation antimonotonicity (OVA) if for all a, a′ ∈ AB×S for which there is a 
k ∈ S such that a′

ij = aij for all i ∈ B, j ∈ S \ {k}, and a′
ik ≤ aik for all i ∈ B ,

{t, k} ∈ μ(a′) ∩ μ(a) ⇒ ut (a
′) ≥ ut (a).

Notice that this is a weak form of antimonotonicity since it only applies if the object is 
assigned again to the same buyer.5 Although, as explained above, object-valuation antimono-
tonicity suggests an asymmetric treatment in favor of the buyers, it turns out that among the 
stable rules, the sellers-optimal stable rules are the only ones satisfying this property. Before we 
prove this in general, we give an example that illustrates this fact.

Example 3.2. The following assignment market (B, S, a) is taken from Shapley and Shubik 
(1972) and it consists of three buyers, B = {1, 2, 3}, three sellers, S = {1′, 2′, 3′}, and the valua-
tion profile

a =
⎛
⎝ 5 8 2

7 9 6
2 3 0

⎞
⎠ .

4 In the sequel, we will often identify an object with the label of the seller who owns the object.
5 We should warn the reader of the conceptual difficulty when comparing the outcomes before and after a change in a 

valuation, since this means that the agent’s preferences have changed. However, the TU assumption implies that there is 

a standard measure of welfare, which mitigates this problem.
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There is only one optimal matching μ = {(1, 2′), (2, 3′), (3, 1′)} (with a total sum of valuations 
equal to 16). The maximum and minimum stable payoffs for buyer 1 are u1(a) = 16 − 11 = 5
and u1(a) = 8 − (16 − 11) = 3. Hence, according to any stable rule ϕ ≡ (u, v; μ), we have 
u1(a) ∈ [3, 5].

Assume now that the valuation of every buyer for the object owned by seller 2′ weakly de-
creases (and all other valuations stay the same), as in the next valuation profile,

a1 =
⎛
⎝ 5 7 2

7 9 6
2 1 0

⎞
⎠ .

Notice that the market (B, S, a1) also has a unique optimal matching (the same as in valuation 
profile a, but with a total sum of valuations equal to 15). Since (1, 2′) ∈ μ(a) = μ(a1), if ϕ
satisfies OVA, we have

u1(a
1) ≥ u1(a). (5)

If we compute the maximum and minimum stable payoffs of buyer 1 in (B, S, a1), we get 
u1(a

1) = 15 − 11 = 4 and u1(a
1) = 7 − (15 − 11) = 3, which means that u1(a

1) ∈ [3, 4]. Taking 
(5) into account, u1(a) ≤ u1(a

1) = 4 < 5 = u1(a), and thus ϕ cannot be a buyers-optimal stable 
rule.

Let us now consider, for n ≥ 2, the sequence of valuation profiles

an =
⎛
⎝ 5 6 + 1

n
2

7 9 6
2 1 0

⎞
⎠ .

Notice that for all n ≥ 2, the only optimal matching is μ(an) = μ(a1) = μ(a), and thus (1, 2′) ∈
μ(an) for all n ≥ 2. Moreover, the maximum stable payoff of agent 1 in the market (B, S, an)

is u1(a
n) = 14 + 1

n
− 11 = 3 + 1

n
. Then, if the stable rule ϕ satisfies OVA, we have that, for all 

n ≥ 2,

u1(a) ≤ u1(a
1) ≤ · · · ≤ u1(a

n−1) ≤ u1(a
n) ≤ 3 + 1

n
,

and this implies u1(a) = 3 = u1(a). Notice that, if we reach the valuation profile

ã =
⎛
⎝ 5 6 2

7 9 6
2 1 0

⎞
⎠ ,

then besides the original optimal matching μ, now also μ′ = {(1, 1′), (2, 2′), (3, 3′)} is optimal. 
A stable rule ϕ will choose one of the two optimal matchings, but OVA only applies if (1, 2′) ∈
μ(ã), that is to say, if μ(ã) = μ(a). Finally, if the value ã12′ is further decreased, then buyer 1 is 
no longer matched to 2′ according to a stable rule, and OVA does not apply. In fact, in this last 
market the minimum stable payoff to buyer 1 strictly decreases.

In the example above, as long as the decrease of the valuations of object 2′ does not change its 
assignment to buyer 1, the range of stable payoffs to buyer 1 narrows, making OVA incompatible 
with any stable rule other than a sellers-optimal stable rule. Next, we show that uniqueness holds 

in general, and that the sellers-optimal stable rules indeed satisfy OVA.
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Theorem 3.3. On the domain of assignment markets with set B of buyers and set S of sellers, the 
sellers-optimal stable rules are the only stable rules that satisfy OVA.

Proof. (i) We first prove that, if a stable rule ϕ ≡ (u, v; μ) satisfies OVA, then for each valuation 
profile a ∈ AB×S , the payoff vector (u(a), v(a)) is the sellers-optimal stable payoff vector for 
the market (B, S, a). Assume, by contradiction, that for some valuation profile a ∈ AB×S and for 
some seller k ∈ S, we have that vk(a) < vk(a), where vk(a) is seller k’s maximum stable payoff 
in (B, S, a). Since ϕ is a stable rule, and because of the lattice structure of the set of stable payoff 
vectors, we have that 0 ≤ vk(a) ≤ vk(a) < vk(a). Notice that μ(a) is an optimal matching for 
(B, S, a), see (1). Moreover, because of (3), (u(a), v(a); μ(a)) is a stable outcome for (B, S, a). 
Since vk(a) > 0, feasibility implies that k is matched to some buyer by μ(a). Let t ∈ B be the 
buyer such that {t, k} ∈ μ(a).

Now, define the valuation profile a′ ∈ AB×S such that a′
ij = aij for all i ∈ B, j ∈ S \ {k}, 

a′
ik = 0 for all i ∈ B \ {t}, and atk − vk(a) < a′

tk < atk − vk(a). Notice that 0 ≤ a′
tk < atk . Now, 

we prove the following claim:

Claim: {t, k} ∈ μ for every μ ∈ M(B, S) that is optimal for (B, S, a′).
First, define the set of matchings M− ⊆ M(B, S) by M− = {μ ∈ M(B, S) | {t, k} /∈ μ} be-

ing the set of matchings such that buyer t is not matched with seller k. We show that every 
optimal matching for (B, S, a) must belong to M(B, S) \ M−, i.e. buyer t is matched with 
seller k. Notice that μ(a) ∈M(B, S) \M−, where μ(a) is the matching assigned by the rule ϕ
considered at the beginning of this proof. For all μ′ ∈ M−, we have∑

{i,j}∈μ(a)

a′
ij =

∑
{i,j}∈μ(a)\{{t,k}}

aij + a′
tk >

∑
{i,j}∈μ(a)

aij − vk(a)

=
∑

{i,j}∈μ(a)

aij −
( ∑

{i,j}∈μ(a)

aij − max
μ∈M(B,S\{k})

⎧⎨
⎩

∑
{i,j}∈μ

aij

⎫⎬
⎭

)

= max
μ∈M−

⎧⎨
⎩

∑
{i,j}∈μ

a′
ij

⎫⎬
⎭ , (6)

where the first equality follows by definition of a′, the first inequality follows from a′
tk > atk −

vk(a), the second equality comes from expression (4) for the maximum stable payoff and the 
third one again from definition of a′. Therefore, as a consequence of expression (6), we can 
guarantee that there is no optimal matching in M−, and thus, if μ ∈ M(B, S) is an optimal 
matching for (B, S, a′), then it must hold that {t, k} ∈ μ. Thus, the claim is proved.

Now, since ϕ is a stable rule, if we apply ϕ to a′ ∈ AB×S , we know that μ(a′) is optimal for 
(B, S, a′). Hence, as a consequence of the previous claim, we have that {t, k} ∈ μ(a) ∩μ(a′) and 
by OVA, we obtain

ut (a
′) ≥ ut (a). (7)

Making use of the fact that ϕ is a stable rule and stable outcomes are feasible outcomes, we have

′ ′ ′
ut (a ) = atk − vk(a ) and ut (a) = atk − vk(a).

10
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Hence, we obtain with (7) that a′
tk − vk(a

′) = ut (a
′) ≥ ut (a) = atk − vk(a), which implies that 

vk(a
′) ≤ a′

tk + vk(a) − atk < atk − vk(a) + vk(a) − atk = 0, where the second inequality follows 
by definition of a′ as stated just before the claim. This contradicts the fact that ϕ selects a stable 
outcome, because we should have vk(a

′) ≥ 0 by condition (ii) in Definition 2.3. We conclude 
that our assumption that vk(a) < vk(a) for some k ∈ S (see the beginning of the proof) does 
not hold, and thus, for each valuation profile a ∈ AB×S , the payoff vector (u(a), v(a)) is the 
sellers-optimal stable payoff vector for the market (B, S, a).

(ii) Second, we prove that, if ϕ ≡ (u, v; μ) is such that for each a ∈ AB×S , the payoff vector 
(u(a), v(a)) is the sellers-optimal stable payoff vector for (B, S, a), then ϕ satisfies OVA. Let 
a, a′ ∈ AB×S and k ∈ S be such that a′

ij = aij for all i ∈ B, j ∈ S \ {k}, and a′
ik ≤ aik for all 

i ∈ B . Moreover, assume that {t, k} ∈ μ(a′) ∩ μ(a). By expression (4) of the maximum stable 
payoff, we have

ut (a) = atk − vk(a) = atk − ∑
{i,j}∈μ(a) aij + maxμ∈M(B,S\{k})

{∑
{i,j}∈μ aij

}
= maxμ∈M(B,S\{k})

{∑
{i,j}∈μ aij

}
− maxμ∈M(B\{t},S\{k})

{∑
{i,j}∈μ aij

}
= maxμ∈M(B,S\{k})

{∑
{i,j}∈μ a′

ij

}
− maxμ∈M(B\{t},S\{k})

{∑
{i,j}∈μ a′

ij

}
= a′

tk − ∑
{i,j}∈μ(a′) a

′
ij + maxμ∈M(B,S\{k})

{∑
{i,j}∈μ a′

ij

}
=a′

tk − vk(a
′)=ut (a

′),

(8)

where the first equality comes from the feasibility of stable outcomes, the second equality from 
(4), the third one because

μ(a) \ {{t, k}} ∈ argmaxμ∈M(B\{t},S\{k})

⎧⎨
⎩

∑
{i,j}∈μ

aij

⎫⎬
⎭ ,

and the fifth, sixth and seventh follow from a similar reasoning with respect to a′. Therefore, ϕ
satisfies OVA and this completes the proof. �

The reader will easily see that we can obtain a sort of “dual” axiomatization for the buyers-
optimal stable rules. To this end, we introduce the axiom of buyer-valuation monotonicity which 
refers to the behavior of an allocation rule when the valuations of a single buyer for all objects 
weakly decreases.

Definition 3.4. Fix a set B of buyers and a set S of sellers. An allocation rule ϕ ≡ (u, v; μ)

satisfies buyer-valuation monotonicity (BVM) if for all a, a′ ∈ AB×S for which there is a t ∈ B

such that a′
ij = aij for all i ∈ B \ {t}, j ∈ S, and a′

tj ≤ atj for all j ∈ S,

{t, k} ∈ μ(a′) ∩ μ(a) ⇒ ut (a
′) ≤ ut (a).

Buyer-valuation monotonicity considers situations where the valuations of a buyer t for all 
objects in the market weakly decrease (for instance the market is a housing market and this 
buyer suddenly inherits a house). If an allocation rule satisfies buyer-valuation monotonicity, 
then the rule will not give that buyer a higher payoff, as long as this buyer is assigned the same 

object (house) in both situations.
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At first sight, BVM may not seem completely dual to OVA by simply interchanging the roles 
of buyers and sellers. This is because we have chosen to express both properties in terms of 
buyers’ valuations. But notice that, if we replicate the proof of Theorem 3.3, when valuations of 
a given buyer weakly decrease and this buyer remains matched to the same object, we will obtain 
that a buyers-optimal stable rule assigns the same payoff as before to the seller that owns that 
object, and as a consequence the buyer’s payoff weakly decreases.

Then, an immediate consequence of Theorem 3.3 is the following axiomatization of the 
buyers-optimal stable rule.

Theorem 3.5. On the domain of assignment markets with set B of buyers and set S of sellers, the 
buyers-optimal stable rules are the only stable rules that satisfy BVM.

The above monotonicity axioms, OVA and BVM, treat buyers and sellers asymmetrically. 
Therefore, they do not reflect any kind of fairness, but are merely descriptive properties of the 
buyers- and sellers-optimal stable rules. In Section 5, we introduce a fairness axiom and will 
show that this results in a more balanced treatment of buyers and sellers.

OVA and BVM refer to how payoffs of the rule react to the change of some valuation. This is 
different from manipulability axioms where some agents may report false valuations in search of 
a higher payoff. The following definition states a notion of manipulability by a group of buyers.

Definition 3.6. An allocation rule ϕ ≡ (u, v; μ) is manipulable by a non-empty group of buyers 
B ′ ⊆ B at valuation profile a ∈ AB×S if there is a profile a′

B ′ ∈ AB ′×S such that for each i ∈ B ′, 
there is a j ∈ S such that the following two conditions hold:

(i) {i, j} ∈ μ(a′
B ′ , a−B ′),

(ii) aij − vj (a
′
B ′ , a−B ′) > ui(a).

Definition 3.7. Fix a set B of buyers and a set S of sellers. A stable rule ϕ ≡ (u, v; μ) is buyers 
strategy-proof (BSP) if it is not manipulable by any group of buyers B ′ ⊆ B at any a ∈ AB×S .

It is known, from Pérez-Castrillo and Sotomayor (2017), that the property of buyers strategy-
proofness also characterizes the buyers-optimal competitive-equilibrium rule among the class of 
all competitive-equilibrium rules. Since in the Shapley and Shubik (1972) assignment game, the 
set of stable payoff vectors coincides with the set of competitive-equilibrium payoff vectors, the 
following characterization of the buyers-optimal stable rule in terms of buyers strategy-proofness 
is straightforward.

Theorem 3.8. (Pérez-Castrillo and Sotomayor, 2017) On the domain of assignment markets with 
set B of buyers and set S of sellers, the buyers-optimal stable rules are the only stable rules that 
satisfy BSP.

Along similar lines, Theorem 1 in Ergin (2002) shows that, for the college admission problem 
with given priorities and quotas for the colleges, among the rules that satisfy a weak form of 
stability, Pareto-efficiency is equivalent to group strategy-proofness.

Buyer-valuation monotonicity seems a rather weak axiom, but it turns out to be strong enough 
to characterize the buyers-optimal rule among the stable rules. On the other hand, buyers strategy-

proofness, requiring non manipulability by groups of buyers, seems rather strong, but it is weak 
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enough for existence of a stable rule that satisfies this property. The fact that the buyers-optimal 
stable rules satisfy buyers strategy-proofness can also be deduced from a result in Demange and 
Gale (1985) for a related model with more general preferences.

4. Axiomatization of optimal stable rules among all rules on a variable population

The characterization results presented in Section 3 for the optimal stable rules are obtained on 
the class of assignment markets with fixed sets B of buyers and S of sellers, and among the set 
of stable allocation rules for these markets. Next, we show that the previous results provide char-
acterizations of the optimal stable rules among the set of all allocation rules, without imposing 
stability. To this end, we will allow for a variable population and, instead of stability, use Owen 
(1992)’s derived consistency. This well-known consistency property considers reduced markets 
on subsets of buyers and sellers. Moreover, as in Owen (1992), in order to guarantee that the 
reduced market remains in the class of assignment markets, we enlarge this class by allowing 
for individual reservation values, which stand for the gain that an agent can achieve outside the 
market when he/she remains unassigned.

Let Ub and Us be finite sets of buyers and sellers, respectively. Given a set of buyers B ⊆ Ub

and a set of sellers S ⊆ Us , each buyer i ∈ B , besides having a non-negative valuation aij ∈ R for 
the object of seller j ∈ S, also has a nonnegative reservation value ai0 ≥ 0 of being unassigned. 
Similar, each seller j ∈ S has a nonnegative reservation value a0j ≥ 0 for her own object. By 
introducing a fictitious agent 0 on each side of the market, we summarize these valuations in 
a matrix a = (aij )i∈B0,j∈S0 , where B0 = B ∪ {0} and S0 = S ∪ {0} are the set of buyers and 
sellers, respectively, enlarged with the fictitious agent. By convention, a00 = 0. A triple (B, S, a)

as defined above is called a buyer-seller assignment market with reservation values.6

Given a non-empty subset of buyers B ′ ⊆ B and a non-empty subset of sellers S′ ⊆ S, a 
matching is now a partition of B ′ ∪ S′ in mixed pairs and singletons.7 With some abuse of 
notation, we continue denoting the set of matchings for B ′ and S′ by M(B ′, S′). Given a market 
(B, S, a), a matching μ is optimal if the sum of the values of the elements of partition μ is not 
less than that of any other matching μ′ ∈ M(B, S).

Now, the notions of feasible outcome and stable outcome follow easily for this setting.

Definition 4.1. Consider a buyer-seller assignment market with reservation values (B, S, a). A 
payoff vector (u, v) ∈ RB × RS , is called a feasible payoff vector for (B, S, a) if there exists a 
matching μ ∈M(B, S) such that

(i) ui + vj = aij for all i ∈ B, j ∈ S such that {i, j} ∈ μ and
(ii) uk = ak0 if k ∈ B, {k} ∈ μ, and vk = a0k if k ∈ S, {k} ∈ μ.

In that case, we say that (u, v; μ) is a feasible outcome for (B, S, a) and μ is compatible with 
payoff vector (u, v).

Definition 4.2. Consider a buyer-seller assignment market with reservation values (B, S, a). A 
feasible outcome (u, v; μ) for (B, S, a) is stable for (B, S, a) if

6 Since there is no confusion, when we consider an assignment market with fixed population (without reservation 
values), respectively variable population (with reservation values), we use the notation (B, S, a) for both types of market.

7 Unlike the model with a fixed population in Sections 2 and 3, here we explicitly model the unmatched agents as 

singletons, because they can have a positive reservation value.
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(i) ui + vj ≥ aij for all i ∈ B and j ∈ S, and

(ii) ui ≥ ai0 for all i ∈ B, and vj ≥ a0j for all j ∈ S.

In that case, we say that (u, v) is a stable payoff vector for (B, S, a).

The definition of an allocation rule is modified in a straightforward way for a market with a 
variable population.

Definition 4.3. On the domain of assignment markets with reservation values, an allocation rule
ϕ consists of maps (u, v; μ) that assign to each market (B, S, a) an outcome

ϕ(B,S, a) ≡ (u(B,S, a), v(B,S, a);μ(B,S, a))

that is feasible for this market.

To each buyer-seller assignment market with reservation values (B, S, a), we associate a TU 
game (B ∪ S, wa) in a way similar to (2). We first define wa({i}) = ai0 for all i ∈ B , wa({j}) =
a0j for all j ∈ S, and wa({i, j}) = aij for all i ∈ B, j ∈ S. Then, for all ∅ 
= T ⊆ B ∪ S,

wa(T ) = max
μ∈M(T ∩B,T ∩S)

∑
R∈μ

wa(R).

Similar as before, the core of this assignment game with reservation values coincides with the 
set of stable payoff vectors of (B, S, a), and also has a lattice structure with an optimal stable 
payoff vector for each side of the market.

The notions of stable allocation rule and, specifically, of buyers-optimal and sellers-optimal 
stable rules, are defined similar as for markets with a fixed population without reservation values, 
taking account of the reservation values as in the definitions above. Existence of optimal stable 
allocations in the model with reservation values follows since every assignment market with 
reservation values is strategically equivalent8 to a market with null reservation values (see for 
instance Llerena et al. (2015)).

Consistency is a standard property used to analyze the behavior of allocation rules with respect 
to a reduction of the population. It states that the payoffs for agents who remain in the market is 
not effected by the departure of some other agents, if we apply the allocation rule to the reduced 
market, where we take account of the fact that the departing agents leave with payoffs assigned 
to them by this rule in the original market. Question is how to define the reduced market. A well-
known notion of reduced market for assignment markets with reservation values is the derived 
market of Owen (1992). Consistency with respect to this reduced assignment market is used 
in Llerena et al. (2015) to characterize the nucleolus. In the derived assignment market relative 
to a coalition T , (i) only the buyers and sellers who belong to T are active, (ii) values for the 
objects ‘that are still in the market’ are the same as in the original market, and (iii) the individual 

8 It is well-known that each assignment game (B∪S, wa′ ) of a market with reservation values (B, S, a′), is strategically 
equivalent to an assignment game (B ∪ S, wa) of a market with null reservation values (B, S, a). Two games, (N, wa)

and (N, wa′ ) are strategically equivalent if there exists α > 0 and d ∈RB ×RS such that wa′ (T ) = αwa(T ) +∑
i∈T di , 

for all T ⊆ B ∪ S. More precisely, if α = 1, di = ui(a
′) for all i ∈ B and dj = vj (a′) for all j ∈ S, then (B, S, a) with 

aij = max{0, a′
ij

− di − dj } for all i ∈ B, j ∈ S, is strategically equivalent to (B, S, a′) and has null reservation values. 
The allocation rules we are considering in this paper, the optimal stable rules and the fair division rules, are covariant 

with respect to strategic equivalence. This is why we may sometimes assume null reservation values for simplicity.
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reservation values are modified taking into account the possibilities to trade with agents outside 
the derived market.

Definition 4.4. Let (B, S, a) be an assignment market, ∅ 
= T ⊆ B ∪S and z = (u, v) ∈ RB ×RS . 
The derived assignment market relative to T at z is (B ∩ T , S ∩ T , aT,z) where aT,z

ij = aij for all 
i ∈ B ∩ T , j ∈ S ∩ T , and

(i) a
T ,z
i0 = max

{
ai0,maxj∈S\T {aij − vj }

}
, for all i ∈ B ∩ T ,

(ii) a
T ,z
0j = max

{
a0j ,maxi∈B\T {aij − ui}

}
, for all j ∈ S ∩ T .

Derived consistency means that in a derived market, the payoffs for the buyers and sellers that 
remain in the market do not change.

Definition 4.5. On the domain of assignment markets with reservation values, an allocation rule 
ϕ ≡ (u, v; μ) is derived consistent (DC) if for all markets (B, S, a) and all coalitions ∅ 
= T ⊆
B ∪ S,

ui(B ∩ T ,S ∩ T ,aT,(u,v)) = ui for all i ∈ B ∩ T and

vj (B ∩ T ,S ∩ T ,aT,(u,v)) = vj for all j ∈ S ∩ T ,

where ϕ(B, S, a) = (u, v; μ).

The properties OVA and BVM for assignment markets with reservation values are defined as 
for markets with a fixed population without reservation values (see Definitions 3.1 and 3.4). It 
turns out that on these markets, the two optimal stable rules are characterized by OVA, respec-
tively BVM, without explicitly requiring stability.

Theorem 4.6. On the domain of assignment markets with reservation values,

1. the sellers-optimal stable rules are the only rules that satisfy DC and OVA,
2. the buyers-optimal stable rules are the only rules that satisfy DC and BVM.

Proof. We give the proof for the buyers-optimal stable rule. (The proof for the sellers-optimal 
stable rule is analogous.) From Proposition 2 in Llerena et al. (2015), on the class of assignment 
markets with reservation values, derived consistency implies core selection, i.e. stability of the 
rule. Together with Theorem 3.3 in the previous section,9 this guarantees uniqueness of the rule’s 
payoff vector if the rule satisfies DC and BVM. It only remains to prove that the buyers-optimal 
stable rules satisfy DC.

Take a buyer-seller assignment market (B, S, a), and apply a buyers-optimal stable rule 
ϕ(B, S, a) = (u(a), v(a); μ(a)). The derived market at ∅ 
= T ⊆ B ∪ S and (u(a), v(a)) is 
(B ∩ T , S ∩ T , aT,(u(a),v(a))) as in Definition 4.4. We denote the restriction of (u(a), v(a)) to 
agents in T by (u(a)|T , v(a)|T ). By Llerena et al. (2015), the core of the assignment game sat-
isfies derived consistency. Therefore, we have that (u(a)|T , v(a)|T ) is a stable payoff vector for 

9 Theorem 3.2 is stated and proved for buyer-seller assignment markets with null reservation values, but it is straight-

forward to see that it also holds if we allow for non-negative reservation values, see Footnote 8.

15



R. van den Brink, M. Núñez and F. Robles Journal of Economic Theory 195 (2021) 105277
the derived market. We are left to show that (u(a)|T , v(a)|T ) is the buyers-optimal stable payoff 
vector of the derived market (B ∩ T , S ∩ T , aT,(u(a),v(a))).

Assume on the contrary, that there exists a stable payoff vector (u′, v′) of (B ∩ T , S ∩
T , aT,(u(a),v(a))) and i0 ∈ B ∩ T such that u′

i0
> ui0(a). Define the following payoff vector: 

(u′′, v′′) ∈ RB ×RS with

u′′
i = u′

i for all i ∈ B ∩ T ; u′′
i = ui(a) for all i ∈ B \ T ,

v′′
j = v′

j for all j ∈ S ∩ T ; v′′
j = vj (a) for all j ∈ S \ T .

We show that this implies that (u′′, v′′) is a stable payoff vector for the initial market (B, S, a), 
which would be in contradiction with ϕ being a buyers-optimal stable rule. Indeed, notice first, 
taking Definition 4.4 into account, that u′′

i ≥ ai0 for all i ∈ B , and v′′
j ≥ a0j for all j ∈ S. Next, 

we prove that (u(a), v(a); μ(a)) being a stable outcome of (B, S, a), gives the following claims:

(a) a
T ,(u(a),v(a))

i0 = ui(a) for all i ∈ B ∩ T matched to some j ∈ S \ T by μ(a),

(a′) a
T ,(u(a),v(a))

i0 = ai0 for all i ∈ B ∩ T unmatched by μ(a),

(b) a
T ,(u(a),v(a))

0j = vj (a) for all j ∈ S ∩ T matched to some i ∈ B \ T by μ(a),

(b′) a
T ,(u(a),v(a))

0j = a0j for all j ∈ S ∩ T unmatched by μ(a), and

(c) the matching μ′ ∈M(B ∩ T ,S ∩ T ) such that {i, j} ∈ μ′ if and only if {i, j} ∈ μ(a)

and {i, j} ⊆ T , is optimal for (B ∩ T ,S ∩ T ,aT,(u(a),v(a))).

To prove (a), notice that, if {i, j} ∈ μ(a), i ∈ B ∩ T , j ∈ S \ T , then

aij − vj (a) = ui(a) ≥ aik − vk(a), for all k ∈ S \ T ,

where the inequality follows from the stability of (u(a), v(a)). Together with ui(a) ≥ ai0, this 
proves aT,(u(a),v(a))

i0 = ui(a) for all buyers in T that are matched to some seller outside T by 
μ(a). Similarly, if i ∈ B ∩ T is unmatched by μ(a), then ai0 = ui(a) ≥ aik − vk(a), for all k ∈
S \ T , which proves (a′). Parts (b) and (b′) are proved in an analogous way. Taking all these into 
account, we have for any matching μ′

∑
R∈μ′

a
T,(u(a),v(a))

R =
∑

{i,j }∈μ′
i∈B,j∈S

a
T ,(u(a),v(a))

ij +
∑

i∈(B∩T )\(Bμ′∩Bμ(a))

a
T ,(u(a),v(a))

i0

+
∑

i∈(Bμ(a)∩T )\Bμ′
a

T,(u(a),v(a))

i0 +
∑

j∈(S∩T )\(Sμ′∩Sμ(a))

a
T ,(u(a),v(a))

0j

+
∑

j∈(Sμ(a)∩T )\Sμ′
a

T,(u(a),v(a))

0j

=
∑

{i,j}∈μ
{i,j}⊆T

aij +
∑

i∈(B∩T )\Bμ

ai0 +
∑

i∈(Bμ∩T )\Bμ′
ui(a)

+
∑

j∈(S∩T )\Sμ

a0j +
∑

j∈(Sμ∩T )\Sμ′
vj (a)

=
∑

ui(a) +
∑

vj (a).
i∈B∩T j∈S∩T
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Since the core of assignment games is derived consistent, (u(a)|T , v(a)|T ) belongs to the core 
of (B ∩ T , S ∩ T , aT,(u(a),v(a))). Therefore, the equality 

∑
i∈B∩T ui(a) + ∑

j∈S∩T vj (a) =∑
R∈μ′ a

T,(u(a),v(a))

R implies that μ′ is optimal for this market, and thus (c) is proved.

The above five properties say that in a derived market at a stable payoff vector, buyers are 
matched to the same sellers as in the original market if both buyer and seller belong to the derived 
market, and buyers (respectively sellers) who originally are matched to a seller (respectively 
buyer) outside the market, stay unassigned in the derived market but with a modified reservation 
value. As a consequence, (u′′, v′′; μ(a)) is a feasible outcome for (B, S, a). Moreover,

(a′′) For all pairs {i, j} with, i ∈ B ∩ T , j ∈ S ∩ T , and all pairs {i, j} with i ∈ B \ T ,

j ∈ S \ T , we have u′′
i + v′′

j ≥ aij .

(b′′) For all pairs {i, j} with i ∈ B ∩ T , j ∈ S \ T , we have

u′′
i + v′′

j = u′
i + vj (a) ≥ max

k∈S\T {aik − vk(a)} + vj (a) ≥ aij − vj (a) + vj (a) = aij ,

where the first inequality follows since, by stability of (u′, v′) in

(B ∩ T ,S ∩ T ,aT,(u(a),v(a))), it holds that u′
i ≥ a

T,(u(a),v(a))

i0
≥ max

k∈S\T {aik − vk(a)}.

(c′′) For all pairs {i, j}, i ∈ B \ T , j ∈ S ∩ T , we have

u′′
i + v′′

j = ui(a) + v′
j ≥ ui(a) + max

k∈B\T {akj − uk(a)} ≥ aij ,

which follows similar as under (b′′).

Thus, (u′′, v′′) is a stable allocation for (B, S, a). But then, u′′
i0

= u′
i0

> ui0(a) (where the 
equality follows by definition of u′′), contradicts that ϕ(B, S, a) = (u(a), v(a); μ(a)) is the 
buyers-optimal stable rule (as assumed in the beginning of the proof). Hence, ui(a

T ,(u(a),v(a))) =
ui(a) for all i ∈ B ∩ T , showing that the buyers-optimal stable rule ϕ is derived consistent. �

The axioms in the above characterizations are independent. The rule that assigns the nucleolus 
payoff vector (with a compatible matching) to each assignment market satisfies DC but neither 
OVA nor BVM. In order to show that there exists a rule that satisfies OVA but not DC, tag, with-
out loss of generality, the agents in the following way: B = {1, 2, 3, ...} and S = {1′, 2′, 3′, ...}. 
Consider the rule that assigns to each assignment market (i) the diagonal matching ({i, i′} ∈ μ(a)

for i ∈ {1, 2, ..., n} where n = min{|B|, |S|}) and all other agents stay unmatched as singletons, 
and (ii) the payoff vector (u, v) with ui = 0 for all i ∈ B , vj = aij for all j ∈ S such that there 
exists i ∈ B with {i, j} ∈ μ(a), and vj = 0 otherwise. This rule satisfies OVA, since the sellers 
fully extract all the valuations in an optimal matching. It is not DC. A similar rule can be defined 
that satisfies BVM but not DC.

Comparing Theorems 3.3 and 3.5 on one hand, and parts 1 and 2 of Theorem 4.6 on the other 
hand, we see that Theorems 3.3 and 3.5 characterize the sellers-optimal and buyers-optimal rules 
among the stable rules, while Theorem 4.6 characterizes these rules among all rules. To this end, 
we allow for a variable population and we introduce reservation values which capture the gains 
the agents can make with agents outside the reduced market. It is then sufficient to use derived 

consistency, which is a well-known property for variable populations.
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5. Axioms for the fair division rules

Apart from the optimal stable rules analyzed until now, other outstanding stable rules for 
assignment markets are the rules that produce the fair division point (Thompson, 1981). An 
allocation rule ϕτ is a fair division rule if the associated payoff vector is the midpoint between 
the payoff vectors according to the buyers-optimal and the sellers-optimal stable rules, i.e. ϕτ ≡
(uτ , vτ ; μ) with uτ (a) = 1

2 (u(a) + u(a)), vτ (a) = 1
2 (v(a) + v(a)) and μ being a compatible 

matching. The stability of a fair division rule follows straightforwardly since its payoff vector is 
the midpoint of two stable payoff vectors. Núñez and Rafels (2002a) proves that the fair division 
payoff vector of an assignment market (B, S, a) equals the τ -value (Tijs, 1981) of the related 
assignment game (B ∪ S, wa).

Whereas the two monotonicity properties (OVM and BVM) discussed in the previous sections 
suggest an asymmetric treatment of the two sides of the market, valuation fairness axioms require 
a more balanced effect on the payoffs of buyers and sellers when the valuations of buyers for the 
objects owned by the sellers change. An example of such a valuation fairness axiom is introduced 
in van den Brink and Pintér (2015) which requires that, when the valuation of one buyer for the 
object owned by one seller is modified, then both this buyer and the seller that owns the object 
see their payoff changed by the same amount.10 Together with a property that is weaker than 
stability, called submarket efficiency,11 valuation fairness characterizes the Shapley value on the 
class of assignment games. Since the Shapley value is not core stable for assignment games, this 
shows that this valuation fairness axiom is incompatible with stability for assignment games.

Therefore, we look for a valuation fairness axiom that is compatible with stability. The main 
result in this section characterizes the fair division rules on the domain of assignment markets 
with reservation values as the only stable rules satisfying an alternative type of valuation fairness 
and a weaker form of derived consistency.

First, we introduce grand valuation fairness, which considers the effect of a decrease in all
valuations by the same amount. To avoid negative valuations, null valuations are not decreased.

For a set B of buyers, a set S of sellers, valuation profile a ∈ AB×S and constant c ≥ 0, let the 
valuation profile ac be defined by

ac
ij = max{aij − c,0} for all i ∈ B, j ∈ S. (9)

If aij − c < 0, then we say that the entry of {i, j} is truncated in ac. (Notice that ac
ij = 0 in 

that case.)
Grand valuation fairness requires that, if all valuations are decreased by the same amount 

(except when truncated), as long as no entry in an optimal matching is truncated and all optimal 
matchings are still optimal, then the payoff of all agents is decreased by the same amount.

Definition 5.1. On the domain of assignment markets with reservation values, an allocation rule 
ϕ ≡ (u, v; μ) satisfies grand valuation fairness (GVF) if for every set B of buyers, set S of 
sellers, valuation profile a ∈ AB×S and constant c ≥ 0 such that

10 This is based on the fairness axiom for communication graph games of Myerson (1977) and the fairness property for 
coalitional games in van den Brink (2002).
11 A submarket (B ′, S′) is defined as a subset of buyers B ′ ⊆ B and a subset of sellers S′ ⊆ S such that every buyer 
in B ′ has null value for the objects that are owned by sellers in S \ S′ , and every buyer in B \ B ′ has value zero for the 
objects that are owned by sellers in S′ . Submarket efficiency requires that the buyers and sellers in a submarket allocate 
the maximal sum of valuations they can generate among themselves. Obviously, this must be satisfied by any core payoff 

vector.
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• Ma(B, S) ⊆ Mac (B, S) and
• c ≤ aij whenever {i, j} ∈ μ for some μ ∈Ma(B, S),

it holds that

ui(B,S, a) − ui(B,S, ac) = vj (B,S, a) − vj (B,S, ac), for all i ∈ B and j ∈ S.

GVF can be interpreted in the following way. Assume that a fixed fee is imposed on all pos-
sible transactions in the market. Then, GVF says that all agents should pay the same amount of 
this fee, which means that each buyer and seller pay one half of it. Notice that, if c ≥ 0 satis-
fies the conditions of Definition 5.1, no entry in an optimal matching of (B, S, a) is truncated in 
(B, S, ac) since c ≤ aij implies that ac

ij = aij − c. Moreover, as c increases (and thus the valua-
tions decrease), another optimal matching for (B, S, ac) may emerge. Whenever this occurs, this 
new optimal matching will have some null entry, and then c cannot be increased further under the 
conditions of Definition 5.1, since the initial optimal matchings would not be optimal anymore.

The following lemma, which is an interesting result on its own, will be used to prove that the 
fair division rules satisfy GVF (Proposition 5.3). It states that, in any assignment market with as 
many buyers as sellers, and null reservation values, the ‘minmax’ payoff among the buyers (i.e. 
the smallest payoff assigned to a buyer according to any buyers-optimal stable rule) is equal to the 
‘minmax’ payoff among the sellers. Moreover, the buyer (or buyers) who attains the minimum 
payoff according to the buyers optimal stable rules, obtain their reservation value according to 
the sellers optimal stable rules. Similarly for the sellers.12

Lemma 5.2. For any assignment market with null reservation values (B, S, a) such that |B| =
|S|,

min
i∈B

ui(a) = min
j∈S

vj (a). (10)

Moreover, if mini∈B ui(a) = ui1(a) = vj2(a) = minj∈S vj (a), then ui1
(a) = vj2

(a) = 0.

Proof. Let us consider the buyers-optimal stable payoff vector (u(a), v(a)), and let i1 ∈ B be 
such that ui1(a) = mini∈B ui(a). Define the payoff vector (u′, v′) by

u′
i = ui(a) − ui1(a) for all i ∈ B,

v′
j = vj (a) + ui1(a) for all j ∈ S.

It is straightforward to see that (u′, v′) is a stable payoff vector for (B, S, a), and moreover 
u′

i1
= 0, and thus ui1

(a) = 0.
On the other hand, it is well known that in any assignment market with as many buyers as 

sellers and null reservation values, there exists j2 ∈ S such that vj2
(a) = 0 (see for instance 

supplementary material in Núñez and Rafels (2013)). Notice that v′
j2

= vj2
(a) + ui1(a) = 0 +

ui1(a) ≤ vj (a) + ui1(a) = v′
j ≤ vj (a) for all j ∈ S, where the second inequality follows since 

(u′, v′) is a stable payoff vector. As a consequence

12 As far as we know, it is already known that the buyers with the lowest payoff in a sellers-optimal stable rule earn 
their reservation value, but it is not yet known that these buyers are the ones with the lowest payoff in any buyers-optimal 
stable rule (assuming null reservation values). The same happens with the sellers: when reservation values are null, those 
sellers who get their reservation value in a buyers-optimal stable rule, are also the sellers with the lowest payoff in any 

sellers-optimal stable rule. Moreover, these lowest payoffs of the “minmax” buyers and sellers are equal.
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min
i∈B

ui(a) = ui1(a) = v′
j2

≤ min
j∈S

vj (a).

The converse inequality is obtained analogously taking a “minmax” seller, that is j ′ ∈ S such that 
vj ′(a) = minj∈S vj (a). We find that vj ′(a) = 0 and minj∈S vj (a) = vj ′(a) ≤ mini∈B ui(a). �

From covariance with respect to strategic equivalence of the core and of the optimal stable 
rules, if (B, S, a) is an assignment market with reservation values, then Lemma 5.2 implies that

min
i∈B

(ui(a) − ui(a)) = min
j∈S

(vj (a) − vj (a)).

The above lemma plays a role in the proof of the next result.

Proposition 5.3. Any fair division rule satisfies GVF.

Proof. Let (B, S, a) be a buyer-seller assignment market. Again, we can assume without loss of 
generality that all reservation values are null (see Footnote 8) and that there are as many buyers 
as sellers (otherwise we only need to add dummy agents with null valuations in the short side 
of the market). If aij = 0 for some μ ∈ Ma(B, S) and {i, j} ∈ μ, then we only need to consider 
c = 0 in Definition 5.1 (since this is the only c that satisfies the conditions in Definition 5.1), 
and the requirement of GVF is obviously satisfied in this case. So, assume that aij > 0 for every 
{i, j} ∈ μ ∈ Ma(B, S).

Let c ≥ 0 be a constant under the conditions of Definition 5.1, that is, c is such that c ≤ aij

(and thus ac
ij = aij − c) if {i, j} ∈ μ for some μ ∈Ma(B, S), and moreover any matching μ that 

is optimal for (B, S, a) is also optimal for (B, S, ac).
Consider the two optimal stable payoff vectors (u(a), v(a)) and (u(a), v(a)) for (B, S, a). 

Let (uc(a), v(a)) and (u(a), vc(a)) be given by

uc
i (a) = ui(a) − c for all i ∈ B, and vc

j (a) = vj (a) − c for all j ∈ S.

We show that (uc(a), v(a)) is stable for (B, S, ac), i.e. we show individual rationality for each 
seller and buyer, and the stability requirements for each buyer-seller pair.

(i) Individual rationality for the sellers (i.e. vj (a) ≥ 0 for all j ∈ S) follows trivially from the 
stability of (u(a), v(a)).

(ii) The stability requirements for every buyer-seller pair (i.e. uc(a)i + v(a)j ≥ ac
ij for all 

i ∈ B, j ∈ S) follows trivially from the stability of (u(a), v(a)) (under the assumption that 
uc

i (a) ≥ 0 for all i ∈ B , which we show next under (iii)).

(iii) We are only left to show the individual rationality for the buyers, i.e. uc
i (a) ≥ 0 for all 

i ∈ B . This means that we must show that c ≤ ui1(a) = vj2(a), where i1 ∈ B and j2 ∈ S are as in 
Lemma 5.2. Notice that this implies that vj2

= 0.
We do this in three steps:
Step 1: If c′ = ui1(a), then uc′

i1
(a) + vj2

(a) = ui1(a) − c′ + vj2
(a) = 0. Since, we have that 

uc′
i1
(a) + vj2

(a) ≥ ai1j2 − c′ (by stability of (u(a), v(a))), we obtain ac′
i1j2

= 0.

Step 2: Second, we show that {i1, j2} belongs to an optimal matching of (B, S, ac′
). To 

′

prove this, take any optimal matching μ for (B, S, ac ). If {i1, j2} ∈ μ, we are done. Otherwise, 
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if {i1, j2} /∈ μ, then we can write without loss of generality μ = {{i1, j1}, {i2, j2}, {i3, j3} . . . ,
{it , jt }}. We distinguish two cases.

(a) If there exists a stable payoff vector (u, v) for (B, S, ac′
) such that ui2 + vj1 = ac′

i2j1
, then

ac′
i2j1

= ui2 + vj2 + ui1 + vj1 − ui1 − vj2 = ac′
i2j2

+ ac′
i1j1

− ac′
i1j2

,

and thus μ′ = {{i1, j2}, {i2, j1}, {i3, j3} . . . , {it , jt }} is also an optimal matching for (B, S, ac′
).

(b) Otherwise, if ui2 + vj1 
= ac′
i2j1

for every stable payoff vector (u, v) for market (B, S, ac′
), 

then, given the core lower bounds for each pairwise coalition in Núñez and Rafels (2002b),13

there exists a stable payoff vector (u, v) for (B, S, ac′
) such that

ui2 + vj1 = ac′
i2jk1

+ ac′
ik1 jk2

+ ac′
ik2 jk3

+ · · · + ac′
ikr j1

− ac′
ik1 jk1

− ac′
ik2 jk2

− · · · − ac′
ikr jkr

,

where k1, k2, . . . , kr ∈ {3, 4 . . . , t} are all different. This implies that

μ′ = (μ \ {{i1, j1}, {i2, j2}, {ik1 , jk1}, . . . {ikr , jkr }})
∪ {{i1, j2}, {i2, jk1}, {ik1 , jk2}, . . . , {ikr , j1}}

is optimal for (B, S, ac′
).

Step 3: We finally show that c ≤ ui1(a). On the contrary, suppose that c > ui1(a) = c′. In 
both cases in Step 2, since ac′

i1j2
= 0 (as shown in Step 1), we have ai1j2 − c < 0. Then, {i1, j2}

belonging to an optimal matching of (B, S, ac′
) and c > c′ implies that the optimal matchings 

of (B, S, a), which entries have not been truncated, are no longer optimal in (B, S, ac). This 
contradicts that c satisfies the conditions of Definition 5.1. So, we have proved that c ≤ ui1(a), 
and as a consequence individual rationality for the buyers is satisfied.

Since we showed individual rationality for the sellers and the buyers ((i) and (iii) above), and 
the stability requirements for all buyer-seller pairs ((ii) above), we have that (uc(a), v(a)) is a 
stable payoff vector for (B, S, ac). Analogously, it can be shown that (u(a), vc(a)) is a stable 
payoff vector for (B, S, ac).

Notice that, by (uc(a), v(a)) and (u(a), vc(a)) being stable payoff vectors of (B, S, ac), the 
payoff vectors (uc(a), v(a)) and (u(a), vc(a)) are the optimal stable payoff vectors of (B, S, ac). 
Otherwise, one can derive a contradiction with (u(a), v(a)) and (u(a), v(a)) being the optimal 
stable payoff vectors of (B, S, a). As a consequence, the fair division payoff vector satisfies

uτ
i (a

c) = 1

2

(
uc

i (a) + ui(a)
) = 1

2

(
ui(a) − c + ui(a)

) = uτ
i (a) − 1

2
c for all i ∈ B, (11)

and, similarly

vτ
j (ac) = vτ

j (a) − 1

2
c for all j ∈ S, (12)

which proves that the fair division rules satisfy GVF. �
13 The exact lower bound of the joint payoff of buyer i1 and seller j2 in the core of the assignment game (B, S, a), 
where |B| = |S| = t and μ = {({i1, j1}, {i2, j2}, . . . , {it , jt }} is an optimal matching, is min{ai1j2 , ̃ai1j2 }, where

ãi1j2 = max
k1,k2,...,kr∈B\{1,2} ai2jk1

+ aik1
jk2

+ aik2
jk3

+ · · · + aikr j1 − aik1
jk1

− aik2
jk2

− · · · − aikr jkr
.

diff erent
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The proof of Proposition 5.3 suggests that, to obtain the fair division payoff vector, we may 
decrease all valuations by the same amount until we reach an optimal matching with a null entry 
(and apply GVF). Notice that, in that case the payoffs for the buyer-seller pairs with a zero 
entry in an optimal matching are fixed to be zero. Therefore, if the rule would satisfy derived 
consistency, then we could reduce the problem by deleting that buyer-seller pair which value 
cannot be further decreased. However, the fair division rules are not derived consistent, as the 
next example illustrates.

Example 5.4. Let (B, S, a) be the buyer-seller assignment market where B = {1, 2}, S = {1′, 2′}
and the valuation profile is

a =
(

4 5
1 3

)
.

It is easy to check that (u(a), v(a)) = (4, 2; 0, 1),14 (u(a), v(a)) = (2, 0; 2, 3) and hence the 
fair division payoff is τ(a) = (uτ (a); vτ (a)) = (3, 1; 1, 2), where τ(a) denotes the payoff vector 
assigned to the market according to any fair division rule.

In the derived market with agents T = {1, 2, 1′}, after seller 2′ leaves with a payoff of 
τ2′(a) = 2, buyers 1 and 2 have reservation values aT,τ(a)

10 = max{0, 5 − 2} = 3 and aT,τ(a)
20 =

max{0, 3 − 2} = 1, respectively. The two optimal stable payoff vectors in this derived market are 
(u(aT,τ(a)), v(aT,τ(a))) = (4, 1; 0) and (u(aT,τ(a)), v(aT,τ(a))) = (3, 1; 1). As a consequence, in 
the fair-division payoff vector τ(aT ,τ(a)) = (3.5, 1; 0.5), agents 1 and 1′ do not receive the same 
payoff as in τ(a), showing that the fair division rules do not satisfy DC.

It turns out that the fair division rules do satisfy a weaker version of derived consistency, 
where we only consider reductions of the game with respect to players who have a fixed core 
payoff, i.e. agents whose payoff is the same in every core payoff vector. For every assignment 
market with reservation values (B, S, a), define

F(B,S, a) = {k ∈ B ∪ S | xk = yk for every x, y ∈ C(wa)}, (13)

as the set of agents who have a fixed payoff in C(wa).

Definition 5.5. On the domain of assignment markets with reservation values, an allocation rule 
ϕ ≡ (u, v; μ) is weak derived consistent (WDC) if, for all markets (B, S, a) and all coalitions 
∅ 
= T ′ ⊆ F(B, S, a),

ui(B ∩ T ,S ∩ T ,aT,(u,v)) = ui for all i ∈ B ∩ T and

vj (B ∩ T ,S ∩ T ,aT,(u,v)) = vj for all j ∈ S ∩ T ,

where T = (B ∪ S) \ T ′ and ϕ(B, S, a) = (u, v; μ).

WDC only requires the rule to be consistent when all agents that leave the game have their 
payoff fixed in the core. When this happens, there is a one-to-one map between core elements of 
the initial game and core elements of the reduced game. As a consequence of that, it is straight-
forward to see that the fair division rules satisfy WDC.

14 For transparency, in examples we write a semicolon to separate the payoffs of the buyers from the payoffs of the 

sellers.
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Proposition 5.6. Any fair division rule satisfies WDC.

Notice that this is a considerable weakening of derived consistency, since there is no ambiguity 
about the core payoffs of the leaving agents. In contrast with DC, WDC does not imply stability.

It turns out that the combination of GVF and WDC determines the fair division rules among 
all stable rules. Before giving the proof that this holds in general, we illustrate it with the next 
example.

Example 5.7. Suppose that ϕ is a stable allocation rule that satisfies GVF and WDC. Consider the 
following assignment market with four buyers, B = {1, 2, 3, 4}, four sellers, S = {1′, 2′, 3′, 4′}, 
null reservation values and the valuation profile

a =

⎛
⎜⎜⎝

7 6 1 7
2 3 5 1
0 2 4 0
6 2 7 7

⎞
⎟⎟⎠ .

This market has {{1, 1′}, {2, 2′}, {3, 3′}, {4, 4′}} and {{1, 1′}, {2, 3′}, {3, 2′}, {4, 4′}} as its two op-
timal matchings, with a total maximal sum of valuations equal to 21. Take c1 = 2 to obtain the 
valuation profile (the underlined zero’s are truncated)

ac1 =

⎛
⎜⎜⎝

5 4 0 5
0 1 3 0
0 0 2 0
4 0 5 5

⎞
⎟⎟⎠ .

Notice that the two optimal matchings in a are still optimal in ac1 (but now with a total maximal 
sum of valuations equal to 13), and no value of a pair in an optimal matching has been truncated. 
In ac1 , the payoff of agents 2, 2′, 3 and 3′ is fixed in any stable allocation, and equals u3 = v2′ = 0, 
u2 = 1 and v3′ = 2. Hence, these are the payoffs to these agents according to any stable rule, in 
particular both in ϕ(ac1) and in ϕτ (ac1).

We now reduce the market ac1 at coalition {1, 1′, 4, 4′} (i.e. the agents with a fixed core payoff 
in ac1 leave the market), assuming that the leaving agents are paid according to the above payoffs. 
To this end, we compute the new reservation values for the remaining agents ai0 and a0j , that we 
place in the first row and column of the valuation profile of the reduced market15:

a1 =
⎛
⎝ 0 0

4 5 5
3 4 5

⎞
⎠ .

Now, we subtract c2 = 1 from the valuation of each pair, to reach

a
c2
1 =

⎛
⎝ 0 0

4 4 4
3 3 4

⎞
⎠ .

Now, the payoff of agents 1 and 1’ is fixed in any stable allocation: u1 = 4, v1′ = 0. This implies 
that these are the payoffs to these agents both in ϕ(a

c2
1 ) and ϕτ (a

c2
1 ).
15 In this table, for example a10 = max(0, 4 − 0, 0 − 2) = 4 and a40 = max(0, 0 − 0, 5 − 2) = 3.

23



R. van den Brink, M. Núñez and F. Robles Journal of Economic Theory 195 (2021) 105277
Finally, after 1 and 1′ leave (with their fixed core payoff), the market is reduced to coalition 
{4, 4′} making use of the payoffs that have already been determined for the agents that left. In 

this last stage, a2 =
(

0
3 4

)
, and if we subtract c3 = 1 to the valuation of the only remaining 

pair, we get ac3
2 =

(
0

3 3

)
. For this market, u4 = 3 and v4′ = 0 in any stable payoff vector, and 

hence in both ϕ(a
c3
2 ) and ϕτ (a

c3
2 ).

Now, by repeatedly applying GVF and WDC to ϕ, we get:

(. . . , . . . , . . . ,3; . . . , . . . , . . . ,0)

+ c3
2 = +0.5 ↓

(4, . . . , . . . ,3.5;0, . . . , . . . ,0.5)

+ c2
2 = +0.5 ↓

( 4.5, 1, 0, 4; 0.5, 0, 2, 1)

+ c1
2 = +1 ↓

( 5.5, 2, 1, 5; 1.5, 1, 3, 2)

where, (i) the first payoff vector is obtained as the unique core payoff vector of the one buyer-one 
seller market ac3

2 , (ii) the second payoff vector is obtained by applying GVF to obtain the payoffs 
of buyer 4 and seller 4′, and applying WDC and stability to determine the payoffs for buyer 1
and seller 1′ in market ac2

1 , (iii) the third payoff vector is obtained by applying GVF to obtain 
the payoffs of buyers 1, 4 and sellers 1′, 4′ in market a1, and WDC and stability to obtain the 
payoffs for buyers 2, 3 and sellers 2′, 3′ in market ac1 , and (iv) finally the fourth payoff vector 
is obtained by applying GVF to obtain all payoffs in the original market a. This shows that the 
payoff vector in ϕ(a) is (5.5, 2, 1, 5; 1.5, 1, 3, 2), which is also the fair division payoff vector.

We generalize the procedure described in the above example to prove the following general 
characterization result.

Theorem 5.8. On the domain of assignment markets with reservation values, the fair division 
rules are the only stable rules that satisfy GVF and WDC.

Proof. We have already seen that the fair division rules satisfy GVF (see Proposition 5.3) and 
WDC (see Proposition 5.6). So, we are left to prove uniqueness.

Let ϕ be a stable rule that satisfies GVF and WDC, and take a buyer-seller assignment market 
with reservation values (B, S, a). Let c1 ≥ 0 be the maximum c ≥ 0 such that Ma(B, S) ⊆
Mac (B, S), and c ≤ aij (and thus ac

ij = aij − c) for all {i, j} ∈ μ for some μ ∈Ma(B, S). Then, 
there is some {i1, j1} in an optimal matching of (B, S, ac1) such that ac1

i1j1
= ai10 + a0j1 , which 

means that ui1 = ai10 and vj1 = a0j1 for each stable payoff vector (u, v) of (B, S, ac1). Therefore, 
the set of agents with a fixed core payoff T1 = F(B, S, ac1) is nonempty.

Let zϕ(a) and zϕ(ac1) be the payoff vectors selected by the rule ϕ when applied to (B, S, a)

and (B, S, ac1) respectively, and zτ (a) and zτ (ac1) the payoff vectors selected by any fair divi-
sion rule in these markets. Trivially, by the definition of T1, zϕ

k (ac1) = zτ
k (ac1) for all k ∈ T1.

If T1 = B ∪ S, we are done since by GVF of ϕ and ϕτ , we get zϕ(a) = zτ (a) and hence ϕ
assigns payoffs according to a fair division rule.

If T1 
= B ∪ S, then we proceed recursively as follows, until we have an assignment market 

where all agents have a fixed core payoff.
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Step 1 Let B0 = B , S0 = S and ac1
0 = a, and set k = 1. Goto Step 2.

Step 2 Let Bk = Bk−1 \Tk , Sk = Sk−1 \Tk and (Bk, Sk, ak) the derived market of (Bk−1, Sk−1,

a
ck

k−1) at coalition Bk ∪ Sk and allocation zϕ(a
ck

k−1). That is, ak = aBk∪Sk,z
ϕ(a

ck
k−1) as in 

Definition 4.4. By WDC of ϕ, zϕ
h(ak) = z

ϕ
h(a

ck

k−1) for all h ∈ Bk ∪ Sk .
Let ck+1 ≥ 0 be the maximum c ≥ 0 such that Mak

(Bk, Sk) ⊆ M
a

ck+1
k

(Bk, Sk), 

and c ≤ aij (and thus (ak)
c
ij = (ak)ij − c) if {i, j} ∈ μ for some μ ∈ Mak

(Bk, Sk). 

Then, there is some {ik+1, jk+1} in an optimal matching of (Bk, Sk, a
ck+1
k ) such that 

(ak)
ck+1
ik+1jk+1

= (ak)ik+10 + (ak)0jk+1 , i.e. for this pair the sum of the reservation val-
ues equals the valuation of buyer ik+1 for the object owned by seller jk+1. This 
means that uik+1 = (ak)ik+10 and vjk+1 = (ak)0jk+1 for each stable payoff vector (u, v)

of (Bk, Sk, a
ck+1
k ). Therefore, the set of agents with a fixed core payoff Tk+1 =

F(Bk, Sk, a
ck+1
k ) is nonempty.

Let zϕ(ak) and zϕ(a
ck+1
k ) be the payoff vectors selected by the rule ϕ when applied 

to (Bk, Sk, ak) and (Bk, Sk, a
ck+1
k ) respectively, and zτ (ak) and zτ (a

ck+1
k ) the payoff 

vectors selected by any fair division rule in these two markets. Trivially, by stability 
and the definition of Tk+1, zϕ

h(a
ck+1
k ) = zτ

h(a
ck+1
k ) for all h ∈ Tk+1. Since both ϕ and ϕτ

satisfy GVF, we then have zϕ
h(ak) = zτ

h(ak) for all h ∈ Tk+1.
Goto Step 3.

Step 3 If Tk+1 = Bk ∪ Sk , then Stop.
Otherwise, if Tk+1 
= Bk ∪ Sk , set k = k + 1 and Goto Step 2.

In the procedure above, we continue reducing the assignment market step by step. Since the 
number of agents is finite, in a finite number of steps we will reach a derived assignment market 
where all remaining agents have a fixed stable payoff: Tk+1 = Bk ∪ Sk . For this market, the 
stable allocation rule ϕ will select the same stable payoff vector as any fair division rule. Then, 
repeatedly applying GVF and WDC, we obtain that ϕ also selects the fair division payoff vector 
in the initial market (B, S, a). Specifically, if Tk+1 = Bk ∪ Sk , then zϕ

h(a
ck+1
k ) = zτ

h(a
ck+1
k ) for 

all h ∈ Tk+1 = Bk ∪ Sk and, since both ϕ and ϕτ satisfy GVF, we get zϕ
h(ak) = zτ

h(ak) for all 
h ∈ Tk+1. Then, by WDC of both solutions, zϕ

h(a
ck

k−1) = z
ϕ
h(ak) and zτ

h(a
ck

k−1) = zτ
h(ak), and thus 

z
ϕ
h(a

ck

k−1) = zτ
h(a

ck

k−1), for all h ∈ Tk+1. Also, zϕ
h(a

ck

k−1) = zτ
h(a

ck

k−1) for all h ∈ Tk since their core 
payoff is fixed. Hence, zϕ

h(a
ck

k−1) = zτ
h(a

ck

k−1) for all h ∈ Tk ∪ Tk+1 = Bk−1 ∪ Sk−1. Repeatedly 
applying this argument, we obtain zϕ

h(a) = zτ
h(a) for all h ∈ B ∪ S, and hence ϕ is a fair division 

rule. �
The axioms in the above theorem are independent. First, the rule assigning the nucleolus of 

the associated assignment game is stable and satisfies DC, and hence also satisfies WDC. It does 
not satisfy GVF.

Secondly, define the following allocation rule ϕ. For markets (B, S, a) with |B| = |S| = 2, 
consider the maximum c ≥ 0 such that (i) Ma(B, S) ⊆ Mac (B, S) and (ii) c ≤ aij for all {i, j} ∈
μ for some μ ∈Ma(B, S). Then (with some abuse of notation), we define ϕ(a)k = ϕB(ac)k + c

2
for all k ∈ B ∪ S, where ϕB is a buyers-optimal stable rule. Otherwise, that is, if the market has 
more than two buyers or more than two sellers, let ϕ coincide with a fair division rule. This rule 
ϕ is stable (take into account the description of ϕB(ac) obtained in the proof of Proposition 5.3) 

and it satisfies GVF, but does not satisfy WDC.
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6. Concluding remarks

In this paper, we have first proved that stability is compatible with new monotonicity prop-
erties such as object-valuation antimonotonicity and buyer-valuation monotonicity. These two 
monotonicity properties allow to discriminate between the two types of optimal stable rules: 
the sellers-optimal stable rules, respectively, the buyers-optimal stable rules. This result paral-
lels Kojima and Manea (2010)’s findings for matching markets. Adding derived consistency, we 
obtain characterizations of the two optimal stable rules in the class of assignment markets with 
reservation values and variable population, without explicitly requiring stability. It is interesting 
to notice that, for assignment markets, derived consistency is satisfied by the optimal stable rules 
and also by the nucleolus, see Llerena et al. (2015).

Although, in two-sided markets where one side represents an institution, it may be of social 
interest to choose the stable allocation rule that favors the weak side of the market (students, res-
ident doctors or bidders in an auction), in a buyer-seller assignment market where both sides are 
equally important, a more balanced payoff distribution between the two sides of the market, such 
as the fair division rules, could be a more reasonable way of sharing the profits of trading. On the 
domain of assignment markets with reservation values, the fair division rules are characterized 
as the only stable rules that satisfy grand valuation fairness and weak derived consistency. Since 
the nucleolus is derived consistent, grand valuation fairness is a property that differentiates the 
fair division rules from the nucleolus.
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