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Laser-cooling simulation based on the
semiclassical approach

Bart Smeets, Rudolf W. Herfst, Edwin te Sligte, Peter van der Straten,
Herman C. W. Beijerinck, and Karel A. H. van Leeuwen

Eindhoven University of Technology, P.O. Box 513, 5600 MB Eindhoven, The Netherlands

Received May 2, 2005; accepted June 2, 2005

We investigate the region of validity of the semiclassical approach to simulating laser cooling. We conclude that
for the commonly used �x�y polarization-gradient configuration, the semiclassical approach is valid only for
transitions with recoil parameters �r on the order of 10−4 or less. For the standard laser-cooling transitions only
the transitions in Rb and Cs satisfy this condition. For the Doppler and �+�− polarization-gradient configura-
tion the semiclassical approach is valid for most of the commonly used transitions; however, the expected gain
in execution speed compared with quantum Monte Carlo calculations has been realized only in part. A drastic
reduction in calculation time is to be expected by implementing an analytical approach to the long-term con-
tribution of the diffusion coefficient. © 2005 Optical Society of America
OCIS codes: 020.1670, 020.7010, 140.3320.
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. INTRODUCTION
aser cooling is a widely used technique in atomic phys-

cs. Many new fields of fundamental and applied physics,
ike Bose–Einstein condensation, atom interferometry,
nd nanofabrication by atom lithography could be ex-
lored using laser cooling to manipulate the motion of at-
ms, slowing and cooling them down to a few microde-
rees Kelvin. To investigate atom lithography with Fe,1,2

e want to simulate laser collimation of an Fe atomic
eam.
For simulating laser cooling, a variety of approaches

an be used. The most rigorous fully quantum-mechanical
pproaches take into account the quantum-mechanical
ature of the center of mass motion as well as the random
ature of spontaneous emission. These approaches are
ased either on the density matrix or on the Monte Carlo
ave function formalism. In general, these approaches re-

ult in excellent agreement with experiments; however,
hey are computationally very intensive.

Simple semiclassical approaches in which the atoms
re treated as classical point particles subject to averaged
ipole and radiation forces derived from rate equations al-
ow for quick calculations.3 However, these models lack
he ability to calculate more-complex laser-cooling
chemes, depending on coherence between atomic states,
ike the �+�− polarization-gradient configuration.

Nienhuis et al.4 developed a semiclassical (SC) model
ased on an operator description in which the motion of
he atoms is treated classically, but the evolution of the
tomic states is governed by the optical Bloch equations
OBEs). In this approach, the motion of the atom is de-
cribed by a Brownian motion due to force fluctuations re-
ulting from the random nature of the photon recoil. For
elocities v�vrec, with vrec=�k /m as the recoil velocity,
hese jumps can be neglected. The atomic velocity distri-
ution is then governed by the Fokker–Planck equation.
n the other hand, for velocities on the order of the recoil
elocity, the motion of the atoms is strongly influenced by
0740-3224/05/112372-6/$15.00 © 2
hese velocity jumps. The velocity dependence of the dis-
ipative force scales with the Doppler velocity vD=� /k,
ith � as the natural linewidth and k=2� /� as the
avevector of the light. If k and � are such that the re-

ulting velocity distribution is on the same order as the
ecoil velocity vrec=�k /m, the semiclassical approach
oses its validity. The recoil parameter �r=vrec/2vD
�k2 /2m�, which includes all the relevant atomic proper-

ies, is thus a measure of the validity of the semiclassical
pproach. In Table 1, a list with the commonly used atom
pecies on which laser cooling is applied is shown. Since
he recoil parameter is inversely proportional with the
ass m, lighter elements can be expected to have a

maller range in which the SC model is valid. Also, ele-
ents with long-lived excited states or more energetic op-

ical transitions are less suitable to simulate with the SC
odel.
A simulation was developed by Hoogerland et al.5 in

hich atomic trajectories were calculated and the opera-
or description of Nienhuis et al.4 was used to calculate
he force at each point. In this paper we describe a newly
eveloped simulation program based on the SC approach
n which the atomic motion is governed by the Fokker–
lanck equation, and we investigate the influence of the
ecoil parameter. An existing quantum Monte Carlo
QMC) model is used to validate the resulting velocity dis-
ributions calculated with the SC model. In Section 2 the
heory of both models is described. Section 3 describes the
mplementation of the SC model. Results are given in Sec-
ion 4, followed by the conclusions in Section 5.

. THEORY
. Semiclassical Model
he semiclassical approach is based on the operator de-
cription of laser cooling by Nienhuis et al.4 Interaction of
he atoms with the light field is treated quantum me-
hanically and the motion of the atoms classically. During
005 Optical Society of America
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he cooling process the atoms undergo small velocity
umps �k /M, where k is the wave number of the radiation
nd M is the atomic mass. When the final velocity distri-
ution is much broader than such a velocity jump, the
volution of the velocity distribution W�v� is governed by
he Fokker–Planck equation:

�

�t
W�v� = −

1

M

�

�v
· F�v�W�v� +

1

M2

�2

�v�v
:DJ �v�W�v�, �1�

ere

F�v� = �f�v�� �2�

s the velocity-dependent force on the atoms and DI is the
omentum diffusion tensor, which can be expressed as

he integrated autocorrelation function of the force:

2DI �v� =�
0

�

d	��f�t�f�t + 	�� − �f�t���f�t + 	�� + �f�t + 	�f�t��

− �f�t + 	���f�t���. �3�

he radiation field is described by the classical electric
eld

E�r,t� = E+�r�exp�− i
t� + E−�r�exp�i
t�. �4�

n the rotating-wave approximation the atom-field cou-
ling is governed by the Rabi operator

R = �eg · E+/�, �5�

hich generalizes the Rabi frequency. The internal state
f the atom is described by the density matrix ��t� in the
otating frame. The evolution of � is given by the OBEs:

d�gg

dt
= ��

�

Q�
†�eeQ� + iR†�eg − i�geR,

d�ee

dt
= − ��ee + iR�ge − i�egR†,

d�ge

dt
= − 	�

2
+ i
�ge + iR†�ee − i�ggR†,

Table 1. Recoil Parameters of the Transitions of
Some of the Commonly Used Atomic Species in

Experiments with Laser-Cooling Techniques

Atom Transition I � (nm) � �2�� MHz �r�10−3�

1H 1 2S1/2–2 2P3/2 1 /2 121.57 99.58 134.5
4He* 2 3S1–2 3P2 1083.33 1.62 26.2
4He* 2 3S1–3 3P2 388.98 1.49 221
7Li 2 2S1/2–2 2P3/2 3 /2 670.96 5.92 10.7

23Na 3 2S1/2–3 2P3/2 3 /2 589.16 10.01 2.5
39K 4 2S1/2–4 2P3/2 3 /2 766.70 6.09 1.43
52Cr a 7S3–z 7P4 425.55 5.01 4.23
56Fe a 5D4–z 5F5 371.99 2.58 9.98
85Rb 5 2S1/2–5 2P3/2 5 /2 780.24 5.98 0.65
133Cs 6 2S1/2–6 2P3/2 7 /2 852.35 5.18 0.4
d�eg

dt
= − 	�

2
− i
�eg + iR�gg − i�eeR, �6�

here � is the spontaneous emission rate and =
−
0 is
he detuning of the light frequency 
 from the atomic
esonance frequency 
0. The operators Q� are the dimen-
ionless dipole operators of which the matrix elements are
qual to the Clebsch–Gordan coefficients:

�eJemJe
�Q��gJgmJg

� = Ci. �7�

he electric field and thus the Rabi operators R and R†

re taken at the time-dependent position r�t�=r0+vt.
his approach is justified when �v� is much larger than

he recoil velocity �k /M.
The velocity-dependent diffusion tensor DI has two com-

onents, one due to fluctuations of the force from the driv-
ng field (stimulated term DI st) and another due to cou-
ling of the atom to the vacuum field (spontaneous term
I

sp). The spontaneous term is equal to

DJ sp =
1

2
� dn̂g�n̂���k�2n̂n̂, �8�

here

g�n̂� =
3�

8�
�
û�n̂

Trû* · Q†�̄eeQ · û �9�

s the rate of spontaneous emission per unit solid angle in
he direction of the unit vector n̂. The summation in Eq.
9) runs over two independent polarization directions û
rthogonal to the emission direction n̂. The bar above �ee
efers to a steady-state situation. The vector operator Q
as three components that in Cartesian coordinates are

Qx =
− 1

�2
�Q1 − Q−1�, Qy =

− 1

i�2
�Q1 + Q−1�, Qz = Q0.

�10�

he force operator resulting from the driving field is given
y fst=���R+�R†�. To calculate the stimulated term �DJ st�
t is convenient to introduce the evolution operator U�t
	 , t�, which is defined by

��t + 	� = U�t + 	,t���t�. �11�

his means that at a given time t the operator U�t+	 , t�
akes the argument and uses the OBE to calculate its
alue of it at t+	. With this convention the correlation
unctions are equal to

�fst�t�fst�t + 	�� = TrU�t + 	���̄�t�fst�t��fst�t + 	�, �12�

�fst�t + 	�fst�t�� = Trfst�t + 	�U�t + 	��fst�t��̄�t��. �13�

rom Eq. (3) the stimulated diffusion can be calculated
sing these correlation functions.

. Quantum Monte-Carlo Model
he QMC model is based on Mollow’s treatment of reso-
ant light scattering.6 A detailed description of the model

or arbitrary light fields is given by Dum et al.7 What fol-
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ows is a summary of the important features. The numeri-
al implementation of the QMC model is described by
oogerland et al.5 In contrast with the SC model the ki-
etic energy is included in the Hamiltonian, which im-
lies that the wave function describes not only the inter-
al states of the atom but also its center-of-mass motion.
or an atom in a light field, the total Hamiltonian Ĥ is
iven by

Ĥ =
p̂2

2M
+ Ĥ0A + Ĥ0F + ĤI�t�, �14�

here p̂ is the momentum of the atom and M is the mass.
he operator Ĥ0A=�
egâ†â is the Hamiltonian of the free
tom, where â= �g��e� and â†= �e��g� are the atomic lower-
ng and raising operators, respectively. The kets �g� and
e� are the time-independent ground and excited states,
espectively. The operator Ĥ0F represents the Hamil-
onian of the radiation field. In the dipole approximation
he interaction Hamiltonian ĤI is given by

ĤI�t� = − �eg
* · Ê†â + H.C. �15�

here �eg is the atomic dipole matrix, Ê is the electric
eld operator, and H.C. is the Hermitian conjugate. The

aser light field can be represented by a complex vector
c�r , t�, which is for a plane wave in the z direction
c�z , t�=�0 exp�i�kz−
t��. At the start �t=0� we assume all
odes of the light field are empty except the laser mode.
e expand the full wave function of atoms and light field
�r , t� in partial wave functions �n�r , t� each with n spon-

aneously emitted photons:

��r,t� = �0�r,t� + �
n=1

�

�n�r,t�. �16�

or the partial wave function �0�r , t�=Cg
0�r , t��g , 0��

Ce
0�r , t��e , 0�� a set of Schrödinger-like equations can be

erived. The modulus ��0�t��2= �Cg
0�t��2+ �Ce

0�t��2 is the
robability that no spontaneous emissions have occurred
ntil time t. The loss of probability 1− ��0�t��2 is equal to
he photon waiting-time distribution W�t�, which is given
y

1 − ��0�t��2 =�
0

t

W�t��dt� = ��
0

t

�Ce
0�t���2dt�. �17�

n a Monte Carlo simulation this photon waiting-time dis-
ribution can be used to calculate the time at which a pho-
on is spontaneously emitted by picking a random num-
er �� �0,1� and solving the equation

1 − ��0�t��2 = �. �18�

t this moment the model assumes no further interaction
ith the spontaneously emitted photon, and the atom

tarts over in the zero-photon ground state with Cg
0 nor-

alized to 1 and all other C terms are zero. In the case of
two-level atom in a traveling-wave laser field, the com-

lete time evolution of the coefficients Cg
0 and Ce

0 is as
iven by Mollow6; it has been applied to a Monte Carlo
imulation of cooling processes8,9 and generalized by Dum
t al.7 and Dalibard et al.10 to an arbitrary light field and
agnetic atomic substructure.
The momentum in the direction of the laser field is

reated quantum mechanically with operator p̂ and eigen-
tates �p�. The motion perpendicular to the laser field is
reated classically. To include magnetic substructure, the
artial wave function �0 is expanded in time-independent
tates �� ,m��, and the product wave function is repre-
ented by �� ,m� ,p�, with �=e ,g. If there is no spontane-
us emission, the atomic momentum is quantized as �p0
j�k� with p0=�k0 as the initial momentum and j as an

nteger, with j even or odd for the ground states or excited
tates, respectively. We now have a family Fp0

of states
hat are internally coupled only by stimulated processes.
he states of this family are denoted by �� ,m� , j� and have
oefficients C�m�

j . Spontaneous emission will transfer an
tom to another family Fp0�

.
The equations of motion for the coefficients C�m�

j �t� for
family with initial momentum p0=�k0 are in a one-

imensional laser configuration in the z direction given by

i�
d

dt
Cgmg

j �t� = � �2

2M
�jk + k0�2�Cgmg

j �t�

+ �
q=±1

��eg
*

2
�jgmg1q�je�mg − q����q

+*Ce�mg−q�
j+1 �t�

+ �q
−*Ce�mg−q�

j−1 �t��, �19�

i�
d

dt
Ceme

j �t� = � �2

2M
�jk + k0�2 − ��� + i�/2��Ceme

j �t�

+ �
q=±1

��eg

2
�jg�me + q�1q�je�me����q

+Cg�me+q�
j−1 �t�

+ �q
−Cg�me+q�

j+1 �t��. �20�

he Rabi frequency �eg=�eg�I / �2I0��1/2 with I0 as the
aturation intensity. The relative strengths of the or-

ig. 1. Sub-Doppler force for different J values in the crossed
inear-polarization configuration, calculated with the SC method.
he saturation parameter is s=2, and detuning is =−2�.
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hogonal circular polarization components +1 and −1 of
he individual laser beams in the � and � directions are
enoted by �±1

± .

. IMPLEMENTATION OF THE
EMICLASSICAL MODEL
he velocity dependent force is calculated by first assum-

ng a constant velocity. The density matrix evolves accord-
ng to Eq. (6), until steady state is reached. Then Tr��f� is
valuated and averaged while the atom moves over one
avelength. In Fig. 1 the calculated force is shown for dif-

erent J values in a crossed linear polarization configura-
ion ��x�y�. The maximum force increases with larger J
alues and the slope of the force becomes steeper, result-
ng in stronger damping, but it acts on a smaller velocity
ange compared with smaller J values.

The diffusion coefficient is calculated by evaluating the
ntegral of Eq. (3) for different velocities. The spontaneous
nd stimulated parts are calculated separately. The aver-
ging over a wavelength of the spontaneous part proceeds
n the same way as the force. For the stimulated part the
ntegrand is first evaluated with �fst�t+	��=Tr U�t+	�

���t��fst�t+	�. Since the evolution of the autocorrelation
ses the same differential equations as the density
atrix,4 the timescale on which the diffusion coefficient

onverges is the same as the timescale to reach a steady
tate for the density matrix. The integrand of the stimu-
ated part of the diffusion coefficient in a �x�y configura-
ion is shown in Fig. 2. The rapidly decaying part on the
imescale of �−1 is a result of the spontaneous decay of the
xcited state. The slowly decaying part is the contribution
rom the optical pumping rate i.e., the rate of transfer be-
ween the lower-level magnetic substates. This pumping
ate decreases with �J�J+1��−1, resulting in a proportion-
lly longer calculation time for higher J values and in de-

ig. 2. Integrand of the stimulated part of the diffusion coeffi-
ient for J=1→J�=2. The part due to a spontaneous decay of the
xcited state decays on a timescale of �−1. The part due to a
umping over the ground-state sublevels decays on a timescale of
00 �−1. The decay rate of the latter part will decrease with
J�J+1��−1. The transverse velocity in this particular case is �
� /k.
ay times longer than the interaction time when the laser
ooling of atomic beams is simulated. After integration
he stimulated part of the diffusion coefficient is averaged
ver a wavelength by choosing several transversal posi-
ions within a wavelength for �̄�t�. In Fig. 3 the stimu-
ated and spontaneous parts of the diffusion coefficient
re shown for a �x�y polarization configuration and for a
=1→J�=2 transition. Empirically, we observe that the
iffusion coefficient does not deviate more than 0.2% be-
ween calculations with different transverse positions
hen the number of positions over which the diffusion ef-
cient is averaged is at least 16.
The force and diffusion coefficient scale with �k� and

�k�2�, respectively. We can use the following transforma-
ion: t�=�t, v�=kvz /�, F=F� z / ��k��, and D=DJ zz / ��2k2��.
he dimensionless Fokker–Planck equation then becomes

�

�t�
W�v�,t�� = − 2�r

�

�v�
F�v��W�v�,t��

+ 4�r
2

�2

�v�2D�v��W�v�,t��. �21�

he Fokker–Planck equation now scales with �r. The
arger the recoil parameter is, the more dominant the dif-
usion will be in the cooling process. All the simulations
re initialized with a flat velocity distribution.

. RESULTS
n Fig. 1 the recoil velocity is indicated for different recoil
arameters �r. For most of the �x�y sub-Doppler force
rofiles, the capture velocity is on the same order as the
ecoil velocity. In that range the validity of the SC model
s questionable. To investigate this effect the velocity dis-
ributions obtained with the SC calculations are com-
ared with the distributions resulting from the QMC
odel. All distributions are calculated with a J=1→J�
2 transition to limit the calculation time to approxi-
ately 3 h on a Pentium 4 2 GHz computer for both mod-

ig. 3. Stimulated (solid curve) and spontaneous (dotted curve)
art of the diffusion coefficient for crossed linear polarizations for
saturation parameter s=2 and a detuning =−2�.
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ls. The distributions are shown in Fig. 4. Each of the dis-
ributions consists of a broad background that is the
oppler-cooled part and a peak on top that is the sub-
oppler-cooled part. With decreasing recoil parameter the
istributions of both models show better resemblance.
he SC distributions show a dip in the middle of the dis-
ribution that becomes sharper and deeper when the re-
oil parameter is increased. With larger recoil param-
ters, the diffusion coefficient becomes dominant in the
okker–Planck equation. The sharp peak in the diffusion
oefficient near v=0 for a �x�y polarization configuration
s shown in Fig. 3 results in the dip in the middle of the
elocity distribution, where the force is smaller. One could
hink of expanding the Fokker–Planck equation to
igher-order terms. At these high recoil parameters, the
ontribution of a third-order term that scales with �r

3, will
ot be negligible and will balance the high diffusion near
=0. This would solve the problem of the dip in the veloc-

ty distribution. However, at these large recoil param-
ters, the recoil velocity becomes important, resulting in
ncorrect distributions even with the inclusion of higher-
rder terms, since the velocity range where the sub-
oppler force is active will then be on the order of the re-

oil velocity. Larger J values will further decrease the
alidity range, since the force acts on even smaller veloc-
ty ranges (Fig. 1). A small, very sharp feature is present
t recoil parameters �r=0.001 and 0.0005. This is due to a
umerical artifact of the calculation near v=0. At these

ow velocities the force is very weak, and even small nu-
erical errors in the calculation of the force near v=0

how up in the final distribution.
The Doppler-cooled part of both velocity distributions

hows striking resemblance. The velocity range on which
he Doppler force acts is much larger than the recoil ve-
ocity, and the corresponding diffusion coefficient is low
nough for the Fokker–Planck equation to be valid for all
he recoil parameters in Fig. 4.

ig. 4. Velocity distributions for different recoil parameters �r=
ion parameter s=2 and detuning =−2� for a J=1→J�=2 trans
ata.
For the elements in Table 1, only Cs and Rb have low-
nough recoil parameters to simulate a crossed linear po-
arization configuration without showing a dip in the

iddle of the resulting velocity distribution. However, for
hese alkali atoms hyperfine splitting should be included,
hich for Cs and Rb implies transitions with F values

arger than 1, reducing the allowed velocity range.
In Fig. 5 the velocity distributions for a �+�− configura-

ion with �r=0.005 of both models are shown. The match
etween both models is better than in the equivalent situ-
tion in the crossed linear polarization case. The dip in
he middle of the SC distributions due to imbalance be-
ween force and diffusion in the Fokker–Planck equation
s absent owing to a much-lower diffusion, as shown in

m�=0.01 down to 0.0005 as indicated in the figure, with satura-
he solid curves are the SC data; the dotted curves are the QMC

ig. 5. Velocity distribution for the �+�− configuration. Satura-
ion parameters is s=2, detuning is =−2�, and recoil parameter
s �=0.005.
�k2/2
ition. T
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ig. 6. Also, the damping is weaker and the capture veloc-
ty is larger at the same laser settings. The capture veloc-
ty of the �+�− force is much larger than the recoil veloc-
ty. For this situation, the SC distribution is much
moother than the QMC distribution for equal computa-
ion time. This implies that the QMC simulation should
e executed with more atoms to obtain better statistics,
hich puts the SC simulation in an advantage regarding

he computation time for the �+�− case.

. CONCLUDING REMARKS
aser cooling is simulated by a newly developed simula-
ion based on a SC approach. Intrinsically, this method
as the potential of being much faster than an existing
MC model. At this stage this potential is only realized

or the �+�− configuration. However, in order to save dras-
ically on calculation time for both �+�− and �x�y polar-
zation configurations, the slowly decaying part of the dif-
usion integrand can be very well approximated
nalytically by a decaying sine of the form A=exp�
�t�sin��t+��. This can be analytically integrated to

� cos �+� sin �� / ��2+�2�. The analytical approximation
ould be very useful especially for simulation of laser cool-
ng of transitions with large J values. We estimate a
wentyfold improvement in calculation time for a J=1

J�=2 transition and even a hundredfold improvement
or a J=4→J�=5 transition when this approximation is
sed.
For simulations of the �x�y configuration the SC model

ives comparable results with respect to the QMC model
nly for low recoil parameters. For high recoil parameters
here are two problems: The Fokker–Planck equation
hould be expanded to higher-order terms and the SC ap-
roach, which does not take the recoil velocity into ac-
ount, is not sufficient, since the velocity range on which
he sub-Doppler-cooling force acts, becomes on the order
f the recoil velocity.

ig. 6. Force and diffusion profile for �x�y and �+�− configura-
ions. The recoil velocity for this particular recoil parameter is

ndicated.
Of the most commonly used atomic species in laser
ooling experiments, only Rb and Cs have low-enough re-
oil parameters to be able to simulate a crossed linear po-
arization configuration ��x�y� with the SC approach.

Owing to the much-lower diffusion coefficient near v
0 for the �+�− polarization configuration compared with

he �x�y configuration, the SC model is valid for much
arger recoil parameters. In the �+�− configuration the SC

odel results in smoother distributions compared with
he QMC model for equal calculation times. For Doppler
ooling both models give equal results over a wide recoil
arameter range.
In conclusion, the simulation based on the SC approach

f Nienhuis et al.4 can be used to simulate laser cooling
or Doppler cooling and in the �+�− configuration over a
ide recoil parameter range, with a calculation time ad-
antage over a full QMC model. For the �x�y polarization
onfiguration this simulation gives comparable results
ith the QMC model only when recoil parameters are on

he order of 10−4 or less.
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