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Abstract

We consider the lattice realization of the Standard Model with an additional Z6 symmetry. Numerical simulations were performed on the
asymmetric lattice, which corresponds to the finite temperature theory. Our choice of parameters corresponds to large Higgs masses (MH >

90 GeV). The phase diagram was investigated and has been found to be different from that of the usual lattice realization of the Standard Model.
It has been found, that the confinement–deconfinement phase transition lines for the SU(2) and SU(3) fields coincide. The transition line between
Higgs and symmetric deconfinement parts of the phase diagram and the confinement–deconfinement transition line meet in a triple point. The
transition between Higgs and symmetric parts of the phase diagram corresponds to the finite temperature electroweak transition/crossover. We see
for the first time evidence that Nambu monopoles are condensed at T > Tc while at T < Tc their condensate vanishes.
© 2006 Elsevier B.V. All rights reserved.
Owing to the present triviality bound the perturbation ex-
pansion in the electroweak sector of the Standard Model is
considered to work perfectly at the energies of the electroweak
scale MZ for Higgs masses up to 1 TeV [1]. However, it was
shown [2], that the finite temperature perturbation expansion
breaks down at the temperatures above the electroweak transi-
tion/crossover already for Higgs masses above about 60 GeV.
Therefore the present lower bound on the Higgs mass, MH >

114 GeV, requires the use of nonperturbative techniques while
investigating electroweak physics at high temperature. Thus our
understanding of electroweak physics, which is based mainly
on perturbation theory could be changed drastically at temper-
atures close to and above the electroweak transition/crossover.

It was shown recently [3–5] that there is a hidden Z6 symme-
try in the Higgs and fermion sectors of the Standard Model. The
Standard Model on the lattice can be defined in such a way, that
the whole model is Z6 invariant. The resulting model has the
same perturbation expansion as the usual lattice realization of
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the Standard Model, which does not respect the Z6 symmetry.
On the other hand, it was argued, that nonperturbatively those
two lattice models may represent different physics due to their
different symmetry properties. In particular, it was supposed,
that these two models may describe the physics at temperatures
close to the electroweak crossover in different ways.

In this Letter we report results of our investigation of the
Z6 symmetric lattice version of the Standard Model at finite
temperature. We considered the model in the London limit, i.e.
with infinite bare Higgs mass. This does not mean, however,
that the renormalized mass of the Higgs boson is infinite [6].

The phase diagram of our lattice model (Fig. 1) differs dras-
tically from that of the usual lattice realization of the Standard
Model. Namely, in the latter only one phase is present, the phase
transition lines degenerate and become crossover lines [7]. Our
lattice model clearly contains three parts. The first one (I) is
the confinement phase, where the SU(3) fields confine quarks,
and confinement-like forces are observed between the leptons.
In the next one (II) there are no confinement-like forces at all
but the line-like objects which arise in the unitary gauge are
found to be condensed. We identify these objects with quantum
generalization of the well-known classical Nambu monopole
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Fig. 1. The phase diagram of the model in the (β, γ )-plane for the time extent
NT = 2.

configurations [8]. The last part of the phase diagram (III) corre-
sponds to the low temperature physics, where the Higgs field is
condensed. In this part of the phase diagram Nambu monopoles
are not condensed and their density is dropping rapidly when
moving away from the transition line. Further we refer to both
parts II and III of the diagram as to phases, taking in mind, how-
ever, that the transition line between them could be actually a
crossover line.

The increase of temperature corresponds to a shift from
phase III to phase II. The physical temperature is expressed
here as T = 1

aNT
, where NT is the time extent of the lattice

while a is the lattice spacing, which depends on the values of
the coupling constants. We denote the value of temperature at
the transition point as Tc . Here the monopole condensate plays
the role of an order parameter. We do not observe a vanishing
of the Nambu monopole condensate in phase III with increasing
lattice size. This result leads us to suggest the hypothesis, that
those monopoles survive and are condensed in the continuum
theory at T > Tc. This is in accordance with the supposition
which was made in the framework of the SU(2) Higgs model
in [11].1 It was argued in [7] that in the usual definition of
the lattice Standard Model the electroweak transition is actu-
ally a crossover at the allowed values of the Higgs mass. This
has led to the conclusion that the baryon asymmetry could not
be produced during the electroweak phase transition, as was
suggested in [12]. Our investigation shows, however, that the
vacuum structure below and above the transition is different.
Therefore, we do not exclude that there is a phase transition of a
high order at T = Tc , where the condensate of electromagnetic
monopoles vanishes. Although the high order phase transitions

1 In [11] it was shown that at a certain limit of the coupling constants the
SU(2) Higgs model becomes identical to the Georgi–Glashow model. Then,
’t Hooft–Polyakov monopoles were identified with Nambu monopoles. There-
fore, condensation of ’t Hooft–Polyakov monopoles in the symmetric phase of
the Georgi–Glashow model means that at least in the limit of coupling con-
stants considered the Nambu monopoles are condensed in the symmetric phase
of the SU(2) Higgs model.
are not well understood, they are known to exist in some lattice
and statistical systems [13]. The situation may also be similar
to that of the 3D compact U(1) lattice Higgs model [14], where
the phase boundary consists of a line of first-order phase transi-
tions at small Higgs self-coupling, ending at a critical point. The
phase boundary then continues as a Kertesz line across which
thermodynamic quantities are nonsingular. It is worth mention-
ing, that within the 3D SU(2) Higgs model [15] it was found
that the Z-vortices percolate at T > Tc while at T < Tc they do
not. For this reason in Ref. [15] this transition was called the
“percolation transition”. It is also in accordance with our obser-
vations, as in 4D Z-vortices are known to terminate at Nambu
monopoles.

We consider here the lattice model described in [5]. We use
asymmetric lattices with time extents 2 and 4 and of space sizes
from 83 up to 243. With the definitions of [5] the pure gauge part
of the action has the form

Sg = β
∑

plaquettes

{
2

(
1 − 1

2
TrUp cos θp

)
+ (1 − cos 2θp)

+ 6

[
1 − 1

6
Re TrΓp TrUp exp(iθp/3)

]

+ 3

[
1 − 1

3
Re TrΓp exp(−2iθp/3)

]

(1)+ 3

[
1 − 1

3
Re TrΓp exp(4iθp/3)

]}
,

where the sum runs over the elementary plaquettes of the lattice,
and

(2)Γ ∈ SU(3), U ∈ SU(2), eiθ ∈ U(1).

Each term of the action, Eq. (1), corresponds to a parallel trans-
porter along the boundary ∂p of a plaquette p.

The action for the scalar field is considered in its simplest
form [4] in the London limit, i.e., in the limit of infinite bare
Higgs mass. After fixing the unitary gauge we obtain:

(3)SH = γ
∑
xy

[
1 − Re

(
U11

xy eiθxy
)]

.

Here γ = v2, where v is the bare scalar field vacuum average.
We consider our model in quenched approximation, i.e., we ne-
glect the effect of virtual fermion loops. Thus the whole action
of the model is S = Sg + SH .

It is worth mentioning, that the action of the form (1) ac-
tually appears as a low energy approximation of the SU(5)

GUT [3]. Therefore, the bare coupling β (which is the same for
all terms of the action) could be considered at the GUT scale.
Then, owing to the renormalization group equations, the renor-
malized gauge couplings at the electroweak scale MZ come
close to the experimental ones and coincide with them up to
a few percents. Actually, their change is of logarithmic form
and is very slow. The physical scale (i.e. the value of the lattice
spacing in physical units) should be determined using a mea-
surement of the zero-temperature Z-boson mass in lattice units.
We did not perform extensive calculation of MZ in our model
within the considered ranges of bare couplings. However, our
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measurements of correlators in the vector channel allow us to
evaluate the lattice spacing in the considered region of phase III
(β ∈ (0.6,0.8), γ ∈ (1.0,1.5)) to be (130 ± 40 GeV)−1.

The renormalized αs (which stands for the strong interaction
of quarks) in our model can be calculated using certain correla-
tors of colored fields and should be expressed as a function of
bare couplings. In principle, if we start from the theory at the
GUT scale, such a calculation must give a reasonable result.
However, due to the technical problems in lattice simulations,
we expect direct calculations at the electroweak scale would
give unphysically small values of αs(MZ). This means that at
the energies of the order of 100 GeV color fields in our lattice
model appear to be suppressed. Thus we consider their influ-
ence on the electroweak dynamics only qualitatively. However,
if such an influence (which is due to the specific Z6 invariant
terms in the action) is found, it is reasonable to expect that it
also should take place for the realistic case of unsuppressed col-
ored fields.

In general all the renormalized gauge couplings should be
calculated using static quark and lepton potentials. Then the
lines of constant physics (LCP) in the space of bare parameters
(including time extent of the lattice) are defined as the lines,
where the zero-temperature renormalized couplings and the
temperature in physical units are constant [6,7]. In the present
Letter we do not consider LCP, which is needed for a proper
investigation of approaching continuum physics.2 The consid-
eration of LCP is also necessary for determining the correspon-
dence between the phase diagram in the β–γ plane and the con-
ventional phase diagram in the T –MH plane. However, we can
understand the emergence of temperature in the phase diagram
represented in Fig. 1 using naive expressions for the lattice
spacing and the Z-boson mass. Namely, in phase III at tree level
MZ = gzv/2 in lattice units. Here, gz = g/ cos θW , 8β = 4

g2 ,

and cos2 θW = 5
8 . Therefore MZ ∼

√
γ
5β

. Next, the lattice spac-

ing in physical units is equal to a = MZ/M
phys
Z , where M

phys
Z is

about 90 GeV. Therefore, say, at β = 0.6, γ = 1.5 the naive tree
level estimate for the lattice spacing is a ∼ (130 GeV)−1, while
at β = 0.8, γ = 1.0 it is a ∼ (180 GeV)−1. Finally, the temper-

ature is estimated as T = 1
NT a

∼
√

5β

γN2
T

90 GeV. Although the

last expression is to be modified using the lattice renormaliza-
tion group equations, it shows, that, in general, temperature is
increased with an increase of β and a decrease of γ and NT .

Physically interesting values of the coupling constants could
be evaluated following the naive estimates considered above. In
our model the bare electromagnetic charge is e2 = g2 sin2 θW =

3
16β

; the experimental value is e2(MZ)
4π

∼ 1
128 . Thus β ∼ 6

π
∼

1.9. Our estimate for the critical γ at β = 1.9 is γc ∼ 0.9.
Therefore, the critical temperature could be estimated as Tc ∼
150 GeV. Of course, this is a very rough estimate and it should

2 We must notice here that for the proper investigation of approaching the
continuum physics along the LCP it could become necessary to extend the space
of bare couplings and include there different gauge couplings for SU(2), SU(3),
U(1) fields as well as the bare Higgs boson mass.
be improved using direct lattice methods.3 For technical rea-
sons we did not perform extensive numerical simulations in
the vicinity of β ∼ 1.9. Instead we investigated the region
β ∈ (0.6,0.8) of phase III. This means that our results at the
present moment should be considered as qualitative only.

The following variables are considered as creating a Z boson
and a W boson, respectively:

Zxy = Zμ
x = sin

[
ArgU11

xy + θxy

]
,

(4)Wxy = Wμ
x = U12

xy eiθxy .

Here, μ represents the direction (xy).
After fixing the unitary gauge the electromagnetic U(1)

symmetry remains:

Uxy → g†
xUxygy,

(5)θxy → θxy − αy/2 + αx/2,

where gx = diag(eiαx/2, e−iαx/2).
In the unitary gauge there is also a U(1) lattice gauge field,

which is defined as

(6)Axy = Aμ
x = [−ArgU11

xy + θxy

]
mod 2π.

The fields A, Z, and W transform as follows:

Axy → Axy − αy + αx,

Zxy → Zxy,

(7)Wxy → Wxye
−iαx .

It should be mentioned that the field A cannot be treated
as a usual electromagnetic field as the set of variables A, Z,
and W do not diagonalize the kinetic part of the pure gauge
action (1) in its naive continuum limit. In our lattice model the
electromagnetic field Aem should be defined as

(8)Aem = A + Z′ − 2 sin2 θWZ′,

where Z′ = [ArgU11
xy + θxy] mod 2π . The naive value of the

Weinberg angle corresponds to sin2 θW = 3
8 . However, the

renormalized Weinberg angle is to be calculated through the
ratio of the lattice masses: cos θW = MW

MZ
.

In order to evaluate the zero temperature masses of the Z-
boson and Higgs boson we use the correlators:〈∑

μ

Zμ
x Zμ

y

〉
∼ 1

|x − y|2 e−MZ |x−y|,

(9)〈〈HxHy〉〉 = 〈HxHy〉 − 〈H 〉2 ∼ 1

|x − y|2 e−MH |x−y|,

where Hx = ∑
y |Wxy |2 or Hx = ∑

y Z2
xy .

The position of the transition lines on the phase diagram of
the finite temperature model almost coincide with that of the
lines on the phase diagram of the zero temperature model [5].
The only difference is that the transition line between phases

3 This value should be compared with the one calculated within the SU(2)

gauge Higgs model in [10]. There for MH = 120 GeV Tc was found to be of
the order of 210 GeV while for MH = 180 GeV Tc ∼ 250 GeV.
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Fig. 2. The expectation value of Polyakov lines as a function of β for a fixed
value γ = 0.5. (1) Corresponds to PR

lept; (2) corresponds to PL
lept; (3) corre-

sponds to PL
quarks.

II and III is shifted to higher values of γ . Our statistics does
not allow us to perform a precise calculation of the values
of MH and MZ . Therefore we have made a very rough esti-
mate of their ratio. Namely, in phase III of the zero temper-
ature model (on the lattice 164) for the considered values of
the couplings (β ∈ (0.5,0.8), and γ up to 1.5) our estimate is
MH /MZ ∼ 2.5 ± 0.5. This is in qualitative agreement with the
predictions made within the SU(2) Higgs model considered in
the London limit [6]. Thus in our model the estimate for the
Higgs mass could be MH ∼ 230 ± 50 GeV. However, as it was
mentioned above, the lattice spacing in the considered part of
the phase diagram is estimated to be (130 ± 40 GeV)−1. In
lattice theory the inverse lattice spacing plays the role of an ul-
traviolet cutoff. In general, quantum field theory does not work
at energies higher than the ultraviolet cutoff. Therefore, we feel
it necessary to weaken our estimate for MH . Namely, we eval-
uate it as MH > 90 GeV.

To understand the dynamics of external charged particles, we
consider the Polyakov lines defined on the asymmetric lattice in
the fermion representations listed in the table in [5]:

PL
lept = 〈

Re TrΠ(xy)∈lUxye
−iθxy

〉
,

PR
lept = 〈

ReΠ(xy)∈l e
−2iθxy

〉
,

PL
quarks = 〈

ReΠ(xy)∈lΓxyUxye
i
3 θxy

〉
,

PR
down quarks = 〈

ReΠ(xy)∈lΓxy e− 2i
3 θxy

〉
,

(10)PR
up quarks = 〈

ReΠ(xy)∈lΓxy e
4i
3 θxy

〉
.

Here l denotes a line on the lattice in the time direction, which
is closed due to the periodic boundary conditions.

It is found that to the left of the vertical line of the phase
diagram all Poliakov lines vanish while to the right of this line
all of them increase rapidly (Fig. 2).

In order to extract physical information from the SU(3)

fields themselves in a particularly simple way we use the so-
called indirect maximal center projection (see, for example, [16,
17]).
We investigated several types of monopoles. The monopoles,
which carry information about colored fields are extracted from
the composite fields Ci (for their definition see [5]) constructed
of the SU(2) and U(1) fields and of the center vortices appear-
ing in the maximal center projection of the color group:

(11)jCi = 1

2π

∗d
([

dCi
]

mod 2π
)
.

(Here we used the notations of differential forms on the
lattice. For a definition of those notations see, for exam-
ple, [18].) Pure U(1) monopoles, corresponding to the sec-
ond term in (1), are extracted in the same way from 2θ :
j2θ = 1

2π
∗d([d2θ ] mod 2π). We refer to them as hypercharge

monopoles.
The electromagnetic monopoles must be related to the field

Aem. However, Aem itself is not a usual lattice U(1) field
that should be periodic with the period 2π . Instead Aem is
constructed of the two U(1) variables: A and Z′. Therefore,
the electromagnetic monopoles should be constructed of ei-
ther A or Z′ fields, or, possibly both of them. Therefore, we
denote these monopoles by jA = 1

2π
∗d([dA] mod 2π) and

jZ = 1
2π

∗d([dZ′] mod 2π).
The worldsheet of the quantum Z-string may be defined as

σZ = 1
2π

{[dZ′] mod 2π − dZ′}. This is actually a Nielsen–
Olesen string embedded in the Standard Model.

On the classical level the singularity of the hypercharge field
2θ = [A + Z′] mod 2π is suppressed by the U(1) pure gauge
field action. Therefore, one would expect that jZ = −jA. This
situation corresponds to the appearance of the quantum Nambu
monopole with the worldline jA. From (8) it follows that its
magnetic charge is proportional to 4π sin2 θW as it should [8].

In lattice quantum theory, however, the singularities of the
hypercharge field may appear in the form of the corresponding
monopoles. This situation corresponds to the appearance of j2θ .
Then in the absence of a Z-string the magnetic charge of such
configurations appear to be proportional to 2π . This case of the
magnetic monopole for even jA seems to be corresponding to a
Cho–Maison monopole or dyon [9].4

Thus, we arrive at the following two possibilities:

1. In the absence of j2θ the A-monopoles jA represent Nambu
monopoles with the magnetic charge 4π sin2 θW .

2. If j2θ 	= 0 the A-monopoles may represent another type of
monopoles with the magnetic charge 2π . Such a mono-
pole with even jA corresponds to Cho–Maison monopole
or dyon.

The density of the monopoles is defined as follows:

(12)ρ =
〈∑

links |jlink|
4L4

〉
,

where L is the lattice size.

4 Another way to understand the appearance of a Cho–Maison monopole with
the magnetic charge 4π is to consider the monopole current extracted from the
field θ . Then, due to the identity Aem = 2θ − 2 sin2 θW Z′ the magnetic charge
of such a monopole current is 4π in the absence of the Z-string.
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Fig. 3. The density ρ(A) of Nambu monopoles and the percolation probability
Π(A) as a function of γ for a fixed value β = 0.6.

It is found that the densities of the color and hypercharge
monopoles decrease rapidly to the right of the vertical line in
the phase diagram and drop to zero soon after the phase tran-
sition. This, together with the behavior of the Polyakov lines
allows us to identify the vertical line of the phase diagram with
the confinement–deconfinement phase transition common for
U(1), SU(2), and SU(3) fields. The behavior of such quanti-
ties as the overall action and the monopole densities possess
hysteresis effects, which allow us to suppose that this phase
transition is of the first order. The position of the phase tran-
sition is localized using hysteresis of the action and is defined
as the point where the mentioned Polyakov lines vanish.

The monopole density ρ(A) constructed of jA is found to
be nonzero for all values of the couplings considered within
phase II. As the hypercharge monopoles disappear in this phase,
we identify here jA with Nambu monopoles. When going to
phase III the density decreases and vanishes soon after the tran-
sition. In order to investigate the condensation of the electro-
magnetic monopoles we use the percolation probability Π(A).
It is the probability that two infinitely distant points are con-
nected by a monopole cluster (for more details of the definition
see, for example, [17]). We found that this probability is an or-
der parameter, which feels the transition (Fig. 3). We define
the position of the transition using maximum of the suscepti-
bility χ = 〈H 2〉 − 〈H 〉2. It coincides with the point, where the
percolation probability vanishes. At the same time there is no
abrupt change of the action on the transition line. The corre-
lation lengths extracted from the space-like correlators (9) on
the asymmetric lattices do not increase when approaching the
transition line between the phases II and III. Let us remind here
again that in the conventional lattice Standard Model the similar
transition is found to be a crossover [7]. However, in [15] it was
found that the Z-strings are condensed at high temperatures in
the 3D SU(2) Higgs model, while at low temperatures they are
not. For this reason this transition was called in [15] “percola-
tion transition”. We did not investigate in detail the transition
between phases II and III in our model. Therefore, we cannot
draw a definite conclusion as to the nature of this transition.
However, the percolation properties of Nambu monopoles show
that the vacuum structure at T > Tc differs from the vacuum
structure at T < Tc. Therefore, we do not exclude, that this is
actually a phase transition of a high order.

Investigation of different sizes of the lattices (from 83 ×2 up
to 243 × 4) shows that neither the density nor the percolation of
Nambu monopoles decrease with increasing lattice size for the
values of the couplings considered (up to β = 2.0) in phase II of
the model. Therefore we suppose that those monopoles survive
in the continuum theory like the Abelian projected monopoles
of pure non-Abelian gauge models.

The properties of quantum Cho–Maison monopoles are suf-
ficiently different from those of the Nambu monopoles as the
hypercharge monopole density within the physical phases II
and III decrease rapidly when moving away from the vertical
phase transition line. For this reason we do not exclude that
Cho–Maison monopoles may completely disappear in the con-
tinuum theory.

To conclude, we have considered the Z6 symmetric lattice
version of the Standard Model on the lattice at finite temper-
ature. We must mention, that the considered lattice model is
obtained as a result of several simplifications. First of all, we
neglect dynamical fermions. Next, we froze radial fluctuations
of the scalar field. Finally, our choice of gauge couplings corre-
sponds to the SU(5) unified theory. As a result, strictly speak-
ing, the model may describe color fields quantitatively only at
the energies close to the GUT scale. However, we expect that
even at the electroweak scale this model may describe quali-
tatively the influence of the emergence of Z6 symmetry in the
lattice action on the phase diagram. We must remind here, that
without Z6 symmetry there is no influence of color fields on the
electroweak dynamics at all (if one neglects fermion loops).

We have found that at least the lattice model itself differs
from the usual realization of the Standard Model on the lattice.
Namely, there is a confinement–deconfinement phase transition
line common to SU(2), SU(3), and U(1) fields. This line and
the line of the transition which corresponds to the finite temper-
ature electroweak transition/crossover, meet together in a triple
point. However, we do not consider properly the limit of van-
ishing lattice spacing. Therefore at the present moment we do
not exclude that the mentioned new features of the Z6 invariant
lattice Standard Model may disappear in the continuum limit.

Nambu monopoles appeared to be condensed at T > Tc in
our lattice model. We suppose that at T > Tc they survive in
the continuum theory. Finally, if those monopoles are indeed
present at T > Tc it would be natural to suppose, that they may
appear at low temperatures in the form of ordinary particles.5

It is worth mentioning, that although we started from the Z6
invariant form of lattice Standard Model, our prediction of the
behavior of quantum Nambu monopoles could be unchanged

5 In the original paper by Nambu [8] the mass of the classical Nambu
monopoles was roughly estimated to be in the TeV region. Moreover, these
object were considered to be confined by the Z-string. Therefore, they actually
appear through the bound state composed of a monopole–antimonopole pair.
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even without taking care of Z6 symmetry. This should be, of
course, the subject of another research.
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