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Abstract: We present a detailed analysis of the structure of strongly
focused, radially polarized electromagnetic fields. The existence of phase
singularities of the two components of the electric field is demonstrated.
Two different mechanisms to obtain creation or annihilation of these phase
singularities are discussed. These are changing the aperture angle of the
lens and the width of the beam. Also, it is shown that in the focal plane the
handedness of the electric polarization ellipse is an alternating function of
the radial distance. Finally, the different contributionsto the electric energy
density are examined.
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1. Introduction

Recently, much research has been devoted to the focusing of radially polarized beams [1],[2].
Possible applications range from single molecule imaging [3, 4] to the trapping of metallic
particles [5]. Radially polarized beams differ significantly from linearly polarized beams. For
example, they can be focused to a narrower spot [6]–[8], witha field distribution that remains ro-
tationally symmetric. Also, the field in the focal region hasa stronger longitudinal component.
Finally, the recently discovered irregularities in the wavefront-spacing in the focal region [9]
are more pronounced for radially polarized fields than they are for linearly polarized fields [10].

The electric field in the focal region of a radially polarizedbeam has two non-zero parts,
namely a radial component and a longitudinal component. In the present paper we examine the
dependence of the electric energy density contributions ofthese two components on the angular
aperture angle of the focusing system. Also, the behavior ofthe electric polarization ellipse
in the focal plane is studied in detail. Finally, we demonstrate that the different components
of the electric field posses phase singularities. Two different mechanisms for the creation or
annihilation of these singularities are examined.

2. Focused, radially polarized fields

Consider an aplanatic focusing systemL, as depicted in Fig. 1. The system has a focal length
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Fig. 1. Illustration of a high numerical aperture focusing system. The radially polarized
incident beam propagates along thez-axis.

f and a semi-aperture angleα. The originO of a right-handed cartesian coordinate system is
taken to be at the geometrical focus. A monochromatic, radially polarized beam of frequency
ω is incident on the system. The electric and magnetic fields attime t at positionr are given by
the expressions

E(r , t) = Re[e(r)exp(−iωt)] , (1)

H(r , t) = Re[h(r)exp(−iωt)] , (2)

respectively, where Re denotes the real part. There are manyways to create a radially polarized
beam (see, for example, Refs. [1] and [2] and the references therein). One of them is to combine
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two, mutually orthogonally polarized, Hermite-Gaussian beams [3]. The longitudinal and radial
components of the electric field at a pointP = (ρP,zP) in the focal region are then given by the
formulae [10]

ez(ρP,zP) = −ik f
∫ α

0
l(θ)sin2 θ cos1/2 θ

×exp(ikzPcosθ)J0 (kρPsinθ) dθ , (3)

eρ(ρP,zP) = −k f
∫ α

0
l(θ)sinθ cos3/2 θ

×exp(ikzPcosθ)J1 (kρPsinθ) dθ , (4)

whereJi is the Bessel function of the first kind of orderi. Also, l(θ) denotes theangular
amplitude function

l(θ) = f sinθ exp[− f 2sin2 θ/w2
0], (5)

wherew0 is the spot size of the beam in the waist plane, which is assumed to coincide with the
entrance plane of the focusing system. On using the dimensionlessoptical coordinates

u = kzPsin2 α, (6)

v = kρPsinα, (7)

Eqs. (3) and (4) can be rewritten as

ez(u,v) = −ik f2
∫ α

0
sin3 θ cos1/2 θ exp(−β 2sin2 θ)

×exp(iucosθ/sin2 α)J0

(

vsinθ
sinα

)

dθ , (8)

eρ(u,v) = −k f2
∫ α

0
sin2 θ cos3/2 θ exp(−β 2sin2 θ)

×exp(iucosθ/sin2 α)J1

(

vsinθ
sinα

)

dθ , (9)

where the parameterβ = f/w0 denotes the ratio of the focal length of the system and the
spot size of the beam in the waist plane. It follows from Eqs. (8) and (9) that the field has the
following symmetry properties:

ez(−u,v) = −e∗z(u,v), (10)

eρ(−u,v) = e∗ρ(u,v), (11)

where the asterisk denotes complex conjugation. It is seen from Eqs. (10) and (11) that, in
addition to the rotational symmetry of the field components,the time-averaged electric energy
density we = ε0E2(u,v)/2 is symmetric about the focal plane. This quantity will be further
investigated in the next Section.

3. The electric energy density

The time-averaged electric energy density consists of the sum of two contributions, viz.

we =
ε0

2
E2(u,v) =

ε0

4

[

∣

∣eρ(u,v)
∣

∣

2
+ |ez(u,v)|2

]

, (12)
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whereε0 denotes the permittivity in vacuum. One expects the relative contribution of the lon-
gitudinal field component to increase when the semi-aperture angleα increases. It is found
that this is indeed the case. In Fig. 2 contours of the time-averaged electric energy densi-
ties |eρ(u,v)|2 and |ez(u,v)|2 are shown, both normalized to the same value. In this example
α = π/6, and it is seen that the contribution of the radial field component dominates at most
points. The reverse is true, however, for larger values ofα. This is illustrated in Fig. 3 in which
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Fig. 2. Contours of|eρ (u,v)|2 (a) and|ez(u,v)|2 (b). In this example the semi-aperture angle
α = π/6, and the beam parameterβ = 0.6.

contours for the same two energy density contributions are shown for the case that the semi-
aperture angleα = π/3. Now the contribution of the longitudinal field component is clearly
dominant at most points in the focal region. These results are in agreement with earlier obser-
vations [2, 3].

4. The state of polarization in the focal plane

It is seen from Eqs. (8) and (9) that in the focal plane(u = 0) the longitudinal electric field
componentez(0,v) is purely imaginary, whereas the radial electric field componenteρ(0,v) is
real-valued. Thus, for all points in the focal plane we can separate the real and imaginary part
of the electric field and write

e(0,v) = eρ(0,v)ρ̂ρρ + i Im [ez(0,v)] ẑ, (13)

with ρ̂ρρ and ẑ unit vectors in the radial and the longitudinal direction, respectively, and Im
denotes the imaginary part. Sinceeρ(0,v)ρ̂ρρ andez(0,v)ẑ are perpendicular to each other, they
constitute the conjugate semi-axes of the polarization ellipse. Moreover,ρ̂ρρ lies in the focal
plane, whereaŝz is perpendicular to it. Hence,the polarization ellipse of the electric field at
any point in the focal plane is at right angles to the focal plane.Also, the plane of polarization
(i.e., the plane formed by the polarization ellipse) at a point (x,y,0) = (vcosφ ,vsinφ ,0) makes
an angleφ with thexz-plane. The two axes of the polarization ellipse are in the ratio

R(v) =
|Im [ez(0,v)]|

∣

∣eρ(0,v)
∣

∣

. (14)
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Fig. 3. Contours of|eρ (u,v)|2 (a) and|ez(u,v)|2 (b). In this example the semi-aperture angle
α = π/3, and the beam parameterβ = 0.6.

The behavior of the two normalized electric field componentseρ(0,v)/Im[ez(0,0)] and
Im[ez(0,v)]/Im[ez(0,0)] and the ratioR(v) are both shown in Fig. 4. It is seen that at certain
circles in the focal plane (e.g.,v = 3.0,6.7) the electric field is purely radial, whereas at others
(e.g.,v= 0,5.2) the electric field is purely longitudinal. At the former points the field is linearly
polarized along the radial direction with the ratioR being zero; at the latter points the field
is linearly polarized along thez-direction withR being infinite. Both sets of circles constitute
so-calledL-lines in the focal plane [14]. We note that at points such asv = 1.4,4.4,5.9 where
R(v) equals unity (indicated by the dashed line in Fig. 4b), the polarization is circular. In other
words, the circlesv = 1.4,4.4,5.9 form so-calledC-linesin the focal plane.

The sense in which the electric polarization ellipse is traversed (i.e., its ’handedness’) can be
determined by noting from Eqs. (1) and (13) thatE(0,v, t = 0) = eρ(0,v)ρ̂ρρ, whereas a quarter
period later one hasE(0,v, t = π/2ω) = Im [ez(0,v)] ẑ. This implies that if, on varying the radial
distancev, one of the two electric field components changes sign, then so does the handedness
of the state of polarization. Stated differently,in the focal plane the L-lines (at which the polar-
ization is linear) separate rings in which the electric polarization ellipse is being traversed in
opposite directions.The electric polarization ellipse and its handedness are shown in Fig. 5 for
selected values of the radial positionv. As a side remark we note, as can be seen from Fig. 4(a),
that everywhere in the focal plane at least one of the two electric field components is non-zero.
Hence, in contrast to focused linearly polarized fields [12], nowhere in the focal plane does the
total electric energy density (given by Eq. (12)) vanish.

5. Phase singularities

In a previous paper we showed that the longitudinal electricfield component of strongly fo-
cused, linearly polarized beams exhibits phase singularities [11]. We also showed that these
singularities can be created or annihilated when the semi-aperture angle of the focusing system
is changed. We now examine the existence of phase singularities of the two field components
of the electric field in the focal region of focused, radiallypolarized beams. The presence of
singular points (i.e., points of zero amplitude) of bothez andeρ in the focal plane is evident
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Fig. 4. (a) Plot of the normalized electric field componentseρ (0,v)/Im[ez(0,0)] (dashed
curve) and Im[ez(0,v)]/Im[ez(0,0)] (solid curve). (b) Plot ofR(v), the ratio of the lengths of
the two conjugate semi-axes of the electric polarization ellipse. The different intersections
with the horizontal dashed line (at whichR(v) = 1) are points at which the polarization is
circular. In this example the semi-aperture angleα = π/4, and the beam parameterβ = 0.6.

from the zero-crossings of the field components depicted in Fig. 4(a). Additional singularities
of ez are seen in Figs. 6 and 7 in which the phase of the field component is indicated by color.
At points where different colors meet the field amplitude is zero and, consequently, the phase
of the field component is singular.

In the description of linearly polarized light there is onlya single free parameter, namely the
semi-aperture angleα [11]. However, in the model for radially polarized light, there is an addi-
tional free parameter, the beam parameterβ (See Eqs. (8) and (9)). One might therefore guess
that there are two different mechanisms for the creation or annihilation of phase singularities,
namely varying the semi-aperture angleα, and varying the beam parameterβ . This is found
to be indeed the case. In Figure/Movie 6 an example of annihilations of phase singularities of
the longitudinal field componentez caused by smoothly increasing the semi-aperture angleα is
presented. For, for example,α ≈ 51.7◦ an annihilation event can be seen near(u,v) = (22,10).

In Figure/Movie 7, the behavior of the same field component for varying values of the beam
parameterβ is shown. Again, several annihilation events can be observed.

#10246 - $15.00 USD Received 20 January 2006; revised 16 March 2006; accepted 17 March 2006

(C) 2006 OSA 3 April 2006 / Vol. 14,  No. 7 / OPTICS EXPRESS  3035



0 1 2 3 4 5

v

E

Ez

ρ

Fig. 5. The electric polarization ellipse in the focal plane for selected valuesof the radial
distance(v = 0.00,0.71,1.42,3.05,4.00,5.00). The arrow indicates the direction in which
the ellipse is being traversed. In this example the semi-aperture angleα = π/4, and the
beam parameterβ = 0.6.
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Fig. 6. Color-coded plot of the phase of the longitudinal electric field componentez for
different values of the semi-aperture angleα . In this exampleβ = 0.6.
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Fig. 7. Color-coded plot of the phase of the longitudinal electric field componentez for
different values of the beam-size parameterβ . In this exampleα = π/3.

As mentioned above, the radial field componenteρ also posseses phase singularities. In Fig-
ure/Movie 8 it is shown how an Airy ring-like singularity is created on thez-axis when the beam
parameterβ is varied. This is reminiscent of an experimental observation reported in [15].
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Fig. 8. Color-coded plot of the phase of the radial electric field component eρ for different
values of the beam-size parameterβ . Whenβ is decreased, an Airy ring-like singularity is
created. In this exampleα = π/4.

6. Conclusions

We have examined the structure of strongly focused, radially polarized fields. It was found that
the relative contribution to the time-averaged electric energy density of the longitudinal field
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component increases with increasing semi-aperture angle.
It was shown that in the focal plane there are circularL-lines at which the electric polariza-

tion is linear. TheseS-lines separate rings in which the electric polarization has an opposite
handedness.

The existence of phase singularities of both components of the electric field was demon-
strated. There are two different ways in which these singularities may be created or annihilated,
namely by variation of the semi-aperture angle, or by variation of the beam size parameter.
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