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Chapter 1

Introduction to gravitational waves

Gravitational waves (GWs) are predicted in the theory of general relativity (GR) published by

A. Einstein in 1915 [2]. The initial motivation to build gravitational wave detectors was to prove

the existence of GWs. After the first direct detection in 2015 [3] the aim of the research has

shifted to the exploration of our universe. Previously unavailable information for the study of black

holes [4], neutron stars [5], cosmology [6], nuclear physics [7] and general relativity itself [8, 9] has

enriched the field since. Future detectors are anticipated to open up this new window to our universe

even further [10, 11]. To understand the working principle of these detectors, their limitations and

potential improvements, one needs to have some understanding of GR. Here a short summary of

GR is given, GWs within GR are derived, binary black hole mergers are introduced as an example

of a gravitational wave source, and the fundamental idea behind gravitational wave interferometers

is discussed. If not indicated otherwise, the material is based on [12, 13, 14, 15, 16], and there are

no own contributions.

1.1 Brief introduction to general relativity

The work of A. Einstein leading to GR is based on the findings of I. Newton and G. Galilei. Already

in the 16th century G. Galilei demonstrated that objects of different mass experience the same

acceleration in a gravitational field [17]. His observation is known as the weak equivalence principle.

Shortly after his death, in the 17th century, I. Newton provided the mathematical framework calculus

to compute the acceleration felt by the objects. Additionally he formulated his laws of motion [18]:

• In inertial reference frames objects move at constant velocity, unless acted upon with a force.

• In inertial reference frames the vector sum of the forces �F on an object with mass m is related

to the acceleration of the object �̈r, as �F = m�̈r.

• Action is reaction: when a body exerts a force on a second body, the second body exerts a

force equal in magnitude with opposite sign on the first body.

These laws still hold locally in GR and define inertial reference frames. However, I. Newton also

found an empirical law of gravitation, which will be replaced in the coming sections by general
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1.1. BRIEF INTRODUCTION TO GENERAL RELATIVITY

relativity. The empirical law states that the two bodies with masses M and m experience an

attractive force �F , that scales with the directional distance between the two bodies �r as

�F = m�̈r = G
mM

r3
�r, (1.1)

where G is the constant of gravitation.

1.1.1 Einstein’s equivalence principle

The equivalence principle lies at the foundation of GR. The version put forward by A. Einstein

is: in any and every local inertial reference frame, anywhere and anytime in the universe, all the

(non–gravitational) laws of physics must take on their familiar special–relativistic form. Figure 1.1

gives some examples of non–inertial systems in GR to illustrate the equivalence principle.

Figure 1.1a shows Alice dropping a ball in a black box standing on Earth. The ball falls towards the

center of the Earth with an acceleration �g. Figure 1.1b shows Bob in a box which is accelerated by

�a through space. As a consequence his ball will fall towards the bottom of the box with acceleration

−�a. If −�a = �g the outcome of his test is the same as the observation by Alice. Thus by observing the

relative movement of the ball and the black box the gravitational field cannot be distinguished from

an accelerated reference system. Even if Alice and Bob were to repeat the test with different balls,

having different masses, they would always observe the same acceleration, as found by G. Galilei

four centuries ago.

Nonetheless, gravitational fields do exist and are not mere relics of accelerated reference systems. In

Fig. 1.1c an anonymous scientist is dropping two masses m at different locations in a gravitational

field caused by a mass M . The center of mass of the body of mass M is close to the black box,

such that the gravitational field inside the box cannot be considered homogeneous. Hence, the two

balls fall in different directions, an outcome that cannot be explained with an accelerated reference

frame. This is the reason the equivalence principle is based on local inertial reference systems, i.e.

systems small enough to consider the gravitational field in the box homogeneous.

As a consequence inertial systems in GR are systems that move freely in space, i.e. following

the curvature of spacetime caused by gravity. The inertial systems do not extend through all of

spacetime but are confined to suitably small volumes. The commonly used language to describe

such systems is Riemannian geometry; in the following some notions of Riemannian geometry are

introduced.

1.1.2 The language of general relativity - Riemannian geometry

Riemannian geometry is the mathematical basis for general relativity. It is used to describe the

trajectories particles follow in our universe, to assign distances between objects, indicate velocities,

etc. Therefore some useful concepts of Riemannian geometry are introduced, and their physical

interpretation in GR is given1.

1The emphasis is on the physical interpretation, therefore some mathematical rigor is dropped.
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CHAPTER 1. INTRODUCTION TO GRAVITATIONAL WAVES

Fig. 1.1. Examples of non–inertial systems in GR. Panel a) shows the familiar setting on Earth.

Alice is dropping a ball in a black box standing on Earth. The ball accelerates with �g with respect

to the box. Panel b) shows Bob in space dropping a similar ball. His black box is accelerated by �a;

therefore the ball is accelerated by −�a with respect to the box. If the acceleration of the box is chosen

such that −�a = �g, Bob cannot tell whether his box is standing on Earth or is accelerated in space.

Panel c) shows that gravitational effects can be distinguished from accelerated reference frames. To

test this, an unnamed scientist fixes his lab in spacetime close to a mass M . Then he drops two

similar balls at different locations in his lab. The balls will fall in different directions due to the

inhomogeneous gravitational field.

Manifold

A manifold is a structure that can be represented locally with a suitable part of Rn, with n denoting

the dimension of the manifold. This is exactly the type of structure we need for the description

of our universe – on large scales it can be curved while on small scales it looks like flat space,

respectively R4. Figure 1.2 gives an example of a manifold. A car is driving from the Netherlands

to Italy, each position on the road is represented by two spatial and one timelike coordinate. Locally

the surface of Earth can be represented by R3.

Coordinate transformations

For some itineraries one map is not enough. On the trip from the Netherlands to Italy each country

might be represented by its own map with some overlap at the boundaries. Or the map of the

same country might exist in miles and kilometer scales. Thus the same physical position can be

represented with different coordinates. The equations of general relativity are invariant under an

infinite number of coordinate transformations and one needs to be cautious with the interpretation

of coordinate dependent quantities.
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1.1. BRIEF INTRODUCTION TO GENERAL RELATIVITY

Fig. 1.2. The surface of Earth is an example of a three–dimensional manifold (two spatial and one

timelike dimension). Locally the surface looks like R3. For the itinerary from the Netherlands to

Italy each point can be indicated with the corresponding x, y and t coordinates.

Curves

Curves describe trajectories on the manifold, such as the itinerary in Fig. 1.2. The location in

spacetime of the car traveling from the Netherlands to Italy is given by (x(λ), y(λ), t(λ)). In GR

the time coordinate t is in general not a suitable parametrization, and instead the affine parameter

λ ∈ R is used.

Functions

A function on a manifold is a rule that assigns to each point of the manifold a real number. An

example of a function is the temperature T (P ) at some location P on Earth’s surface.

Vectors

In Euclidean geometry vectors are defined by a magnitude and a direction, i.e. they point in a

straight line from one point to another point. However, in curved space the direction from one

point on the manifold to another is not well defined. Hence, in GR vectors are represented by

directional derivatives. Each point P on a manifold is assigned its own tangent space TP in which

the directional derivatives reside. Thus a vector at point P of a manifold cannot be compared

directly to a vector at point O, as their tangent spaces are not the same spaces.

Figure 1.3a gives examples of two tangent spaces TP and TO at points P and O of a manifold. The

manifold is curved at point P and flat at point O. Euclidean geometry deals with flat space, such

as found in the neighborhood of point O. Vectors living in TO can be though of as objects pointing

from point O to some other point O� on the manifold (at least for small enough magnitudes). This

image needs to be given up in curved space. Reason is that point P � does not lie on the manifold.

Therefore, we define the direction of a vector as a directional derivative.

A convenient basis for the tangent space TP is constructed from the local coordinates at P . This

basis is known as coordinate basis and we will always use the coordinate basis for the tangent space.
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CHAPTER 1. INTRODUCTION TO GRAVITATIONAL WAVES

Fig. 1.3. Panel a) shows a one-dimensional manifold with Bob cycling as a higher dimensional

being. Two tangent spaces Tp and TO at points P and O are indicated in red. While the neighborhood

of point O is flat, the neighborhood of point P is curved. In flat space the notion of a vector pointing

from one point O on the manifold to another point O� on the same manifold makes sense. However,

in curved space there is no corresponding construction. Therefore, the vectors are thought of as

directional derivatives of curves. Panel b) shows Alice cycling past a speed meter. The speed meter

measures the magnitude of Alice’s velocity. This measurement is an example of a one–form.

A vector in the coordinate basis is given by

v̄ =
d

dλ
=

n�

i=1

dxi(λ)

dλ

∂

∂xi
≡

n�

i=1

v̄iēi, (1.2)

where v̄ = d
dλ

represents an arbitrary vector, v̄i = dxi(λ)
dλ

is the component of the vector for the basis

element ēi =
∂
∂xi . To remind us that we are dealing with vectors in curved space, the overhead arrow

is replaced with an overhead bar. The basis element of the tangent space is the directional derivative

– an operator – and hard to imagine physically. It helps to think of the directional derivatives as

vectors pointing in direction of the coordinate axes.

One–forms

One–forms are linear, real-valued functions of vectors. The space of all one–forms is called the dual

tangent space T ∗
P. A physical example of a one–form is given in Fig. 1.3b. Alice is cycling past a

speed control meter. Her speed is represented with a vector v̄(t), which is living for each time t in a

different vector space. One of these vector spaces has a tangent space in the form of a speed meter.

The speed meter measures the magnitude of Alice’s vector and displays the real valued outcome.

A convenient basis for the dual tangent space can be defined by the action of an element of the

one–form basis ẽj on an element of the vector basis ēi. A typical example is

ẽj(ēi) = δji , (1.3)
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1.1. BRIEF INTRODUCTION TO GENERAL RELATIVITY

where δji = 0 for i �= j and 1 if i = j. An arbitrary one–form w̃ is written in the basis ẽi as

w̃ =
n�

i=1

w̃iẽ
i. (1.4)

Note that this is not the basis commonly used in GR, which will be introduced later on.

Tensors

Tensors are linear, real-valued maps on vectors and one–forms. Tensors transform in a well–defined

manner under coordinate transformations. In particular, an equation made up of tensors will always

keep the same form under a coordinate transformation. Hence, most equations in general relativity

are tensor equations.

A tensor of type
�

L
M

�
takes M vectors and L one–forms as arguments. Vectors are therefore tensors

of type
�
0
1

�
and one–forms are tensors of type

�
1
0

�
. Consider a tensor of type

�
L
M

�
acting on the

tangent and dual tangent space of a manifold of dimension N at point P . The expansion in the

coordinate basis gives

T =
N�

µL=1

· · ·
N�

νM=1

T µ1···µL
ν1···νM ēµ1 ⊗ · · ·⊗ ēµL

⊗ ẽν1 ⊗ · · ·⊗ ẽνM� �� �
basis element

, (1.5)

where ⊗ denotes the tensor product. The summation is taken over the basis of vectors and one–

forms for each argument of the tensor. To see how the tensor acts on vectors and one–forms consider

L = M = 1. The tensor of type
�
1
1

�
acts on a vector v̄ and one a one–form w̃ in the following

manner

ē⊗ ẽ(w̃, v̄) = w̃(ē)ẽ(v̄). (1.6)

Tensors components transform under basis transformations as

T µ1···µM
ν1···νL =

N�

µ�
L=1

· · ·
N�

νM �=1

∂xµ1

∂xµ�
1
· · · ∂x

µL

∂xµ�
L

∂xν�1

∂xν1
· · · ∂x

ν�M

∂xνM
T

µ�
1···µ�

L

ν�1···ν�M
. (1.7)

Einstein summation convention

Tensors can have many indices, later on we will encounter up to four indices. Therefore we simplify

the notation. Instead of writing out all sums, it is convenient to use the Einstein summation

convention. With this convention identical indices that appear twice in a single term, once as

subscript and once a superscript, are summed over

�
xiy

i ≡ xiy
i. (1.8)

Furthermore, Greek indices will be used for space and time components; while Latin indices will

indicate only space components.
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CHAPTER 1. INTRODUCTION TO GRAVITATIONAL WAVES

The metric

The metric g is a symmetric tensor field of type
�
2
0

�
. It is a field because it can act on the vectors of

any tangent space at any point P . Symmetric means that the order of the indices of the components

does not matter gµν = gνµ.

As the name implies the metric is used to measure distances between points in spacetime. Take as

an example Alice and Bob traveling from the Netherlands to Italy to visit the Virgo detector. They

have a long journey ahead and plan to amuse themselves by measuring the travel distance. To keep

things simple they are interested in spatial distance, and their route can be parametrized with the

time on their watch.

On the route they pass a point P at time t. The directional derivative at this point is given by

the vector v̄(t) = v̄i(t)ēi(t). The magnitude v̄i depends on the coordinate system used, hence it is

not invariant under coordinate transformations and not a good distance measure. Acting with the

metric on the vector allows to define a coordinate independent distance

ds2 ≡ g(v̄(t), v̄(t)) = g(v̄i(t)ēi(t), v̄
j(t)ēj(t)) = v̄i(t)v̄j(t)g(ēi(t), ēj(t)) = v̄i(t)v̄j(t)gij. (1.9)

Integrating over the chosen route gives the total distance traveled

s =

� t=tend

t=tstart

∂s(t)

∂t
dt =

� t=tend

t=tstart

∂
�
v̄i(t)v̄j(t)gij

∂t
dt. (1.10)

As the distance has no indices, it is a scalar, and will remain the same under coordinate transfor-

mations. The metric has an inverse gνη, which is defined by

gµνg
νη = δ η

µ , (1.11)

where the right hand side represents the Kronecker delta.

Raising and lowering indices

Equation (1.3) gave a definition for the basis of one–forms. However, the metric allows to define a

more convenient basis

ẽi ≡ g(ēi, ·). (1.12)

With this definition one–forms are related to vectors by

w̃i = w̃(ēi) = g(w̄, ēi) = g(w̄jēj, ēi) = w̄jg(ēj, ēi) = w̄jgji. (1.13)

This is the basis generally used for one–forms. We see that the metric relates the one form w̃i with

lower index to the vector component w̄j with upper index. Hence, this relation is referred to as

raising/lowering indices with the metric.
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1.1. BRIEF INTRODUCTION TO GENERAL RELATIVITY

The local Lorentz frame

The equivalence principle in Einstein’s formulation is based on local inertial reference frames in

which all non-gravitational laws of physics take on their special–relativistic form. Here we show

that at any point P of the four dimensional manifold that represents spacetime, we can build a

local inertial reference frame, also known as local Lorentz frame (LLF).

The local Lorentz frame is defined by two conditions

• gµν(x(P )) = ηµν(x(P )) = diag(−1, 1, 1, 1), where x = (x0, x1, x2, x3) are the Cartesian space-

time coordinates and ηµν is the Minkowski metric,

• ∂ηgµν(x(P )) = 0, where we introduce the notation ∂η =
∂

∂xη .

For the second order derivatives ∂σ∂ρgµν(x(P )) 80 out of 100 can be coordinate transformed to zero.

The remaining 20 will be given by the Riemann curvature tensor later on.

Let’s assume we have some coordinates xα on our manifold and we want to change the basis to have

an LLF with coordinates yµ. First we write down the transformation for the metric evaluated at

point P

gµν(y(P )) =
∂xα

∂yµ
∂xβ

∂yν����
free parameters

gαβ(x(P )) = diag(−1, 1, 1, 1), (1.14)

where we inserted the first condition for an LLF. The tensor equation corresponds to 10 requirements

for the 10 independent components of gµν(y(P )). In total we have 16 free parameters, as both xα and

yµ are four–dimensional. For the first condition to hold we need only 10 of the 16 free parameters,

the remaining six parameters belong to the Lorentz transformations at point P .

Next we consider the transformation of the derivative

∂gµν(y(P ))

∂yσ
=

∂gαβ(x(P ))∂x
α

∂yµ
∂xβ

∂yν

∂yσ
=

∂gαβ(x(P ))

∂yσ
∂xα

∂yµ
∂xβ

∂yν
+ 2gαβ(x(P ))

∂xβ

∂yν
∂2xα

∂yσ∂yµ� �� �
free parameters

= 0. (1.15)

This equation corresponds to 40 requirements with 40 free parameters. Hence we can choose

coordinates such that the second condition holds.

For the second order derivative of the metric we have

∂2gµν(y(P ))

∂yσ∂yρ
=

∂2gαβ(x(P ))

∂yρ∂yσ
+ 2gαβ(x(P ))

∂2xβ

∂yρ∂yν
∂2xα

∂yσ∂yµ
+ 2gαβ(x(P ))

∂xβ

∂yν
∂3xα

∂yσ∂yµ∂yρ� �� �
free parameters

, (1.16)

which we cannot in general set to zero. The reason is that we have 100 requirements but only 80

free parameters. Hence, we can set the metric to equal the Minkowski metric at point P , let the first

order derivatives of the metric vanish and set 80 second order derivatives to zero with a suitable

coordinate transformation. However, 20 out of the 100 second order derivatives will in general

remain non–zero. They are given by the Riemann curvature tensor, which will be introduced later

on.
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CHAPTER 1. INTRODUCTION TO GRAVITATIONAL WAVES

The covariant derivative

The partial derivative on the components of a tensor with respect to a coordinate xµ indicates how

the tensor changes with respect to that coordinate. The partial derivative of a tensor is not a tensor.

However, one can define an operator known as covariant derivative, which is a tensor and reduces

to the partial derivative for the LLF. It’s this derivative that appears in the Einstein equations.

The covariant derivative on some tensor can be defined by first coordinate transforming to the

LLF, taking the partial derivative in the conventional manner, then transforming back to the initial

coordinates. Fortunately, it is not necessary to do the coordinate transformations every time we

want to take a covariant derivative. Instead, we can define the Christoffel symbols Γη
µν as

Γη
µν =

gρη

2
(∂µgνρ + ∂νgµρ − ∂ρgµν) . (1.17)

The covariant derivative of a vector is then given by

Dµv̄
ν = ∂µv̄

ν + Γν
µηv̄

η. (1.18)

Similarly for a one–form

Dµw̃ν = ∂µw̃ν − Γη
µνw̃η. (1.19)

For tensors of higher order the correction for the change in coordinates is performed for each

argument separately. For example the metric transforms as

Dηgµν = ∂ηgµν − Γρ
ηµgρν − Γρ

ηνgρµ = 0, (1.20)

where the equality with zero is the second condition of the LLF.

Parallel transport

Parallel transport of a tensor along a curve is a rule to move tensors along a curve on the manifold.

In Cartesian coordinates parallel transporting a tensor along a curve x(λ) is defined as

dxρ

dλ
∂ρT

µ1···µL
ν1···νM = 0. (1.21)

An example of a parallel transported vector is shown in Fig. 1.4a. Generalizing Eq. (1.21) to other

coordinates gives

dxρ

dλ
DρT

µ1···µL
ν1···νM = 0. (1.22)

While on flat manifolds the path taken from one point to another does not matter, this does not

hold for curved manifolds. Figure 1.4a shows that no matter what path is taken, the vector �V moved

from A to B along the red and blue curves in a flat space are the same. However, in Fig. 1.4b one

can see that for a curved space the final vector depends on the path taken.

9



1.1. BRIEF INTRODUCTION TO GENERAL RELATIVITY

The geodesic equation

The geodesic equation defines ”straight lines” on manifolds. In GR, it describes the trajectory of

objects that are too light to curve space around them and are not acted upon by forces (gravity is

not a force). The geodesic equation is obtained by parallel transporting a tangent vector along a

path x(λ)

d2xµ

dλ2
+ Γµ

νρ

dxν

dλ

dxρ

dλ
= 0, (1.23)

with the curve parametrized by an affine parameter λ = ατ +β. Here τ is often taken as the proper

time and α and β are two constants.

An example of a geodesic in a curved space is a road in a hilly landscape as encountered by Alice and

Bob in Tuscany, close to their destination. The hilly landscape is considered a three-dimensional

manifold with two space and one time dimension. For the road to be a geodesic it needs to be

built in such a way that Alice, who happens to be the driver, just needs to keep the steering wheel

straight.

Fig. 1.4. Panel a) shows a parallel transported vector in flat space with Cartesian coordinates.

The magnitude and direction of the parallel transported vector does not depend on the path taken.

Therefore vectors of different tangent spaces can be compared directly in flat space. Panel b) shows a

vector parallel transported in curved space. The direction of the parallel transported vector depends

on the path taken.

Riemann curvature tensor

In Fig. 1.1 we saw the difference between an accelerated inertial system and a frame subject to

gravity. Two test particles in flat space described in an accelerated frame will always lie on parallel

curves with a fixed distance between them. However, test particles subject to a gravitational

field experience a curved spacetime, hence the distance between them changes. The last piece of

Riemannian geometry needed to describe GR is the Riemann curvature tensor. The curvature

10



CHAPTER 1. INTRODUCTION TO GRAVITATIONAL WAVES

tensor measures the relative acceleration of two neighboring geodesics

dxα

dτ
Dα

�
dxβ

dτ
Dβn

µ

�
= Rµ

νρσ

dxν

dτ

dxρ

dτ
nσ, (1.24)

where nµ is the relative deviation between two neighboring geodesics and τ is the proper time. The

Riemann curvature tensor is given by

Rρ
σµν = ∂µΓ

ρ
νσ − ∂νΓ

ρ
µσ + Γρ

µλΓ
λ
νσ − Γρ

νλΓ
λ
µσ. (1.25)

1.1.3 Einstein field equations and gravitational waves

So far we have defined the inertial reference systems in GR and we have set up a mathematical

framework for curved spaces. Within this framework the geodesic equation tells particles how to

move in free fall. The missing part is an expression for the curvature, hence the metric. The metric

should depend on the mass as we want to describe curvature caused by gravity. The missing link

is provided by the Einstein field equations, which relate the energy momentum tensor Tµν to the

metric gµν by

Rµν −
1

2
Rgµν + Λgµν =

8πGTµν

c4
. (1.26)

The curvature is encapsulated in the Ricci tensor and the Ricci scalar,

Rµν ≡ Rρ
µρν and R ≡ Rρ

ρ, (1.27)

while the mass–energy per volume element is given by the energy momentum tensor, which will be

discussed next. The cosmological constant Λ = 1.1056× 10−52 m−2 takes the accelerated expansion

of the universe into account. In the remainder of the section the equations are simplified to facilitate

the introduction of gravitational waves.

Energy momentum tensor

The energy momentum tensor describes the flow of four–momentum in spacetime. The components

of the four–momentum in an LLF are given by pµ = (E/c, �p), where E represents the energy and

�p the momentum. In any frame, the component T µν describes the flux of the four–momentum

component pµ across a surface of constant xν . Energy and momentum conservation are expressed

as

DµT
νµ = 0, (1.28)

and the energy momentum tensor is symmetric T µν = T νµ.

11



1.1. BRIEF INTRODUCTION TO GENERAL RELATIVITY

Linearized GR

We are interested in the gravitational fields on Earth, where the gravitational wave detectors are sit-

uated. Here the fields are weak and hence the metric can be expanded locally around the Minkowski

metric ηµν

gµν ≈ ηµν + hµν with |hµν | � 1, (1.29)

where the term containing the cosmological constant is neglected. The condition |hµν | � 1 causes

the metric perturbation hµν not to be a tensor. However, there are still some coordinate transfor-

mations xµ → x�µ = xµ+ξµ(x) with |∂µξν | < |hµν | that will not change the form of Eq. (1.29); these

transformations are known as gauge transformations. The metric perturbation transforms under

gauge transformations as

hµν(x) → h�
µν(x

�) = hµν(x)− (∂µξν + ∂νξµ). (1.30)

It can be decomposed into individual pieces Φ, Ψ, wi and sij, that transform into themselves under

spatial rotations

h00 = −2Φ, (1.31)

h0i = wi, (1.32)

hij = 2sij − 2Ψδij with Ψ = −1

6
δlmhlm and sij =

1

2

�
hij −

1

3
δlmhlmδij

�
. (1.33)

We will see that the strain sij describes the effect of gravitational waves, while Φ takes the role of

the Newtonian potential for observers on Earth. These irreducible representations of the rotation

group transform under gauge transformations as

Φ → Φ+ ∂0ξ
0, wi → wi + ∂0ξ

i − ∂iξ
0, (1.34)

Ψ → Ψ− 1

3
∂iξ

i and sij → sij − ∂iξj − ∂jξi −
1

3
∂kξ

kδij,

which allows to choose coordinates such that ∂is
ij = 0 and ∂iw

i = 0. Coordinates that obey these

conditions are in the so called transverse gauge. In this gauge the Einstein field equations become

8πGT00

c4
= 2∇2Ψ, (1.35)

8πGT0j

c4
= −1

2
∇2wj + 2∂0∂jΨ, (1.36)

8πGTij

c4
= (δij∇2 − ∂i∂j)(Φ−Ψ)− ∂0∂iwj − ∂0∂jwi + 2δij∂

2
0Ψ−�sij, (1.37)

where � ≡ ηµν∂µ∂ν is the d’Alembertian in linearized theory.

The metric on the surface of the Earth

Gravitational wave detectors are at rest with respect to the Earth. The energy momentum tensor

in the rest frame of the Earth can be expresses as Tµν(x) = ρ(x)c2δ0µδ0ν , where ρ(x) describes

12
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the matter density in the rest frame coordinates x. The pressure term is neglected, because most

matter on Earth moves congruent. The rest frame coordinates can be chosen such that we work in

transverse gauge. Hence Eqs. (1.35)–(1.37) become

8πGρ

c2
= 2∇2Ψ, (1.38)

0 = −1

2
∇2wj + 2∂0∂jΨ, (1.39)

0 = (δij∇2 − ∂i∂j)(Φ−Ψ)− ∂0∂iwj − ∂0∂jwi + 2δij∂
2
0Ψ−�sij. (1.40)

In the rest frame ∂0ρ = 0 and therefore ∂0Ψ = 0. Hence, Eq. (1.39) implies that wj = 0. Taking

the trace of Eq. (1.40) shows that Φ = Ψ and therefore �sij = 0. Thus we are left with

∇2Φ =
4πGρ

c2
, �sij = 0, Ψ = Φ and wj = 0. (1.41)

The line element is given by

ds2 = ds2Newton + ds2GW, (1.42)

ds2Newton = −(1 + 2Φ)c2dt2 + (1− 2Φ)dx2 + (1− 2Φ)dy2 + (1− 2Φ)dz2

ds2GW = 2sxxdx
2 + 2syydy

2 + 2(sxy + syx)dxdy.

The line element is split into two parts. The first part is static and will give rise to Newton’s

equation, while the second part is dynamic, giving rise to gravitational waves (GWs). The Christoffel

symbols in the chosen coordinates are computed for reference as

Γ0
00 = 0, Γi

00 = Γ0
i0 = ∂iΦ, Γi

j0 = Γ0
ij =

1

2
∂0sij, (1.43)

Γi
jk = ∂jski + ∂ksji −

1

2
∂isjk − 2∂jΦδki − 2∂kΦδji − ∂iΦδjk.

Newton’s equations in linearized general relativity

The geodesic equation (1.23) describes the movement of test particles. For a static metric in

linearized general relativity and in the transverse gauge, the line element is given by dsNewton in

Eq. (1.42). Using the expressions for the Christoffel symbols in Eq. (1.43) gives the geodesic equation

for the time component

d2xµ

dτ 2
+ Γµ

00

�
c dt

dτ

�2

= 0. (1.44)

Inserting the Christoffel symbols for the time component yields

d2t

dτ 2
= 0 ⇒ t = aτ + b, (1.45)

where a and b are constants. Thus the time coordinate t is an affine parameter. The geodesic

equation for the spatial coordinates gives

d2xi

dt2
− ∂Φ

∂xi
= 0 ⇒ d2�r

dt2
+∇Φ = 0. (1.46)

13



1.2. GRAVITATIONAL WAVES – WHERE DO THEY COME FROM?

With ρ symmetric around the origin the Newtonian potential is Φ = GM/r. Here M represents the

mass inside the sphere with radius r around the origin. Hence the familiar acceleration r̈ = GM/r2

from Eq. (1.1) is recovered.

Gravitational waves and the TT gauge

Gravitational wave detectors measure the change in distance caused by a gravitational wave, i.e.

they measure ds2GW and not the absolute distance ds2 in Eq. (1.42). The distance change in time

does not depend on Φ as there are no terms containing both Φ and sij in the Christoffel symbols in

Eq. (1.43). Hence, the effect of a GW on a gravitational wave detector can be computed by only the

metric perturbation hij = sij and setting Φ = 0 for simplicity. By construction sij is traceless. As

we are working in the transverse gauge the resulting metric perturbation is transverse and traceless

and the description in these coordinates is known as TT gauge.

From Eq. (1.41) we know that the perturbation due to the strain tensor needs to obey �sij = 0.

Solutions of this equation can be expressed as plane waves sij(t, �x) = eij(ω,�k)e
i�k�x−iωt. The tensor

eij is called polarization tensor. In the transverse gauge ∂is
ij = 0 by definition, hence kieij = 0.

Therefore all non-zero components are in the plane transverse to �k. With the three conditions that

sij is transverse, traceless and symmetric, a wave propagating in z–direction is given by

sij =



h+ h× 0

h× −h+ 0

0 0 0


 cos

�
ω(t− z

c
)
�
. (1.47)

The wave has two polarizations with amplitudes h+ and h×. A GW passing by with an angular

frequency ω will stretch and squeeze distances along the axes given by its polarization, as shown

in Fig. 1.5. This change in distance is measured by gravitational wave interferometers using laser

light. The phase accumulated during propagation is affected by the GW, as discussed in the next

section.

1.2 Gravitational waves – where do they come from?

In the last section we have seen that gravitational waves can propagate in the spacetime surrounding

Earth. What we did not discuss is where they come from and what their magnitude is. From

Eq. (1.26) we see that the coupling factor between the energy momentum tensor and the metric is

8πG/c4 = 2 · 10−43s2m−1kg−1. This coupling factor is extremely small, i.e. massive and compact

objects moving at high relative speeds are required to produce a measurable strain on Earth.

Suitable known sources are mergers of black holes and/or neutron stars. All detected gravitational

waves so far originated from such events. Before discussing the design of gravitational wave detectors

in Section 1.3 and Chapter 2, some properties of this type of sources are highlighted.

Binary black hole mergers emit typical chirp signals. Consider as example the strain as a function

of time for the first direct detection of gravitational waves, shown in Fig. 1.6. Initially the two

black holes are well separated, orbiting their common center of mass. Due to the energy lost to

gravitational waves the distance between the two black holes decreases while their relative velocity

14
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Fig. 1.5. Gravitational waves can be described with two polarizations. For a gravitational wave

traveling in the z–direction in the plus polarization h+, the proper distance along the x–axis and

y–axis is periodically increased and decreased, such that an increase in x–direction corresponds to

a decrease in y–direction and vice versa. The cross polarization h× has a similar behavior, but the

axes are rotated by 45◦ with respect to those of the plus polarization.

increases. The wave amplitude increases as the gravitational wave frequency increases, giving rise

to a chirp signal. The chirp is stopped once the two black holes are close enough for their horizons

to touch; at this instant, during a split second, the two black holes merge. The newly formed black

hole sheds its remaining asymmetries during the ringdown phase, after which it becomes stationary

and ceases to emit gravitational waves.

Binary black hole signal models are used for two purposes. First we need to find interesting stretches

of data [19, 20], this corresponds to the triggers in particle physics [21]. Afterwards the preselected

data stretches are analyzed in detail [22, 23]. The data stretches of interest for compact binary

coalescence signals are determined using templates. The templates are matched with the data, if

a potential signal is found in at least two gravitational wave interferometers, an alert is sent out.

The alert contains the first estimate of the sky location, distance, masses and source type of the

system. This first estimate is typically available within a minute after the signal was recorded by

the detectors. However, it is not very precise. Therefore, dedicated parameter estimation pipelines2

are used to analyze the signals in more detail. These pipelines can run up to several months – which

explains the need of finding interesting data stretches before starting a dedicated analysis.

Figure 1.7 shows the typical strain signal of a black hole model. The inspiral is typically described

as an expansion of the strain signal in the relative velocity v/c, the merger signal is obtained by

numerically solving Einstein’s equations and the ringdown can be described by a perturbation of the

stationary black hole metric. The model takes as input parameters the masses of the black holes,

2Data analysis pipelines are essentially code which takes an input (e.g. the gravitational wave signal) and gives

an output (e.g. the posterior density of the parameters). The code is called pipeline because several processing steps

are chained together.
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the distance between the binary and the observer, the inclination of the binary with the line of sight,

the spins of the black holes, the sky position and a reference time/phase. The reference waveform

has masses m1 = m2 = 10 solar masses, distance to observer d = 1000 Mpc, inclination ι = 0 and

no spins. The frequency of this waveform lies in the range of 10–100 Hz. Increasing the masses

lowers the frequency of the waveform and increases the amplitude. The amplitude of the signal

is inversely proportional to the distance, without affecting the frequency content (cosmological red

shift is neglected in the discussion here). Similarly the inclination affects the amplitude. A binary

seen face on has maximum amplitude, with equal h+ and h× contributions, while a binary observed

from the side has only an h+ contribution with an amplitude reduced by half.

Fig. 1.6. The strain caused by a binary black hole merger is modeled in three separate regimes.

During the inspiral the two black holes are separated. The distance between the two black holes

decreases with time and their relative velocity increases. In the merger phase the horizons of the

two black holes are combined into a single black hole. The newly produced black hole is initially

slightly deformed, the deformations are radiated away during the ringdown. The now static black

hole will stop to produce any gravitational waves. The figure is taken from [3].

Typical strain amplitudes, as shown in Figs. 1.6 and 1.7, are of the order 10−22. This means that

we aim at measuring distance changes of the order L · 10−22, where L is the distance that the

gravitational wave is affecting. An example for what L is in practice, will be shown in the next

section, but typically L ≈ 1 km. Thus in the following we will explore how to measure absolute

distance changes of the order of 10−19 m. This number is unimaginable small – it is only a fraction

of the radius of a proton [25]. The frequency of the gravitational wave lies between 1–1000 Hz

for the study of neutron stars and black holes of several solar masses. The next section explains

the fundamental idea behind gravitational wave detectors, and the Chapter 2 discusses the more

practical implementation.
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Fig. 1.7. Black hole binaries emit characteristic gravitational wave signals. The waveform depends

on the masses m1 and m2 of the two companions, the distance d between the binary and the observer,

the sky position and the inclination angle ι of the binary with the observer. Not taken into account

here is the spin of the two black holes. The shown reference waveform is plotted by using an

approximation [24]. The parameters used are m2 = m2 = 10 solar masses, d = 1000 Mpc and

ι = 0. The signal strength and frequency content depend on the masses. Heavier systems have

larger amplitudes and lower frequencies. The signal shown for increased masses has m1 = m2 = 15

solar masses. Both distance and inclination affect the amplitude of the signal. The amplitude of

the shown h+ component scales with 1+cos2(ι) and is inversely proportional in d, the amplitude of

the not shown h× component scales with cos(ι). The signals shown are for an increased distance

d = 2000 Mpc and for an increased inclination ι = π/2.

1.3 Measuring gravitational waves

In the previous section we found that gravitational waves are emitted by unimaginably violent

events taking place in our universe. The ripples in space and time propagate through galaxies filled

with stars and planets without being distorted. Only the expansion of space itself causes the signal

to redshift. Hence, gravitational waves are wonderful messengers to study our universe – if one

manages to measure them. The currently most successful measurement principle uses laser light.

The photons emitted by the laser travel at the speed of light; by measuring the propagation time

between two fixed positions, gravitational waves can be observed [26].

In Section 1.1.3 the TT gauge was introduced. In this gauge the expansion for gravitational waves

assumes a simple form. The metric can be expressed as ηµν + sµν , where ηµν is the Minkowski

metric and sµν is the strain due to the gravitational wave. In TT gauge, the strain has only spatial

coordinates given by Eq. (1.47). Before deciding on a suitable way to measure sij, we need to
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understand what being in the TT gauge means.

The geodesic equation (Eq. 1.23) and the Christoffel symbols for linearized gravity (Eq. 1.43 with

Φ = 0 in the TT gauge) give

d2xi

dτ 2
= 0, (1.48)

for masses initially at rest. Thus the coordinates of free–falling test particles initially at rest in the

TT frame are not affected by a gravitational wave and stay at rest. However, the physical distance

between the two test particles is altered by the wave and can be detected as we will see next.

Alice and Bob have almost reached their destination in Italy. Now they are thinking about building

a gravitational wave detector in Cascina. For their first trial, they use the head light of their car

and their wrist watches. Alice stays at the car while Bob moves away by a distance L. Now Alice

starts to flash the head lights. She makes sure that she does so at a fixed rate with constant time

intervals ΔtA between the flashes. Bob notes down the time at which he observes the flashes. In

the absence of a gravitational wave the light will arrive at time intervals ΔtB = ΔtA. However, once

a gravitational wave passes by, the light suddenly has to travel a different distance between Alice

and Bob. Hence, the time intervals observed by Bob are altered ΔtB �= ΔtA.

Figure 1.8 shows the locations of Alice and Bob in the TT gauge while a gravitational wave passes

by. Their coordinates are xA = 0 and xB = L, and as long as they stand still, their coordinates will

not change. The line element for light is given by ds2 = −c2dt2 + (1 + h+(t))dx
2 = 0. Hence the

arrival time of the light tB depends on the time it was emitted tA by

� tB

tA

�
c2

1 + h+(t)
dt =

� L

0

dx. (1.49)

For different emitting times tA a different section of the gravitational wave h+(t) is probed, resulting

in different travel times tB − tA. This is the basic principle of gravitational wave detectors, which

is worked out in more detail in the next chapter.

The real detectors are not using Alice flashing the head lights as time stamp. Instead a laser is

used and the arrival time of the wave crests is measured. At times this causes confusion, because

the laser wavelength expands similarly to the distance we want to measure. However, gravitational

wave detectors are not able to measure the number of wave crests present in the distance L at a

fixed time t, instead they are sensitive to the arrival time of the wave crests.
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Fig. 1.8. Alice and Bob aim at measuring gravitational waves by timing the propagation time of

light. Alice flashes the head lights of their car at constant time intervals. The light propagates to

Bob. The time needed for the propagation depends on the proper distance between Alice and Bob.

Hence, it changes when a gravitational wave passes by.
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