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1
I N T R O D U C T I O N

I always have a quotation for everything: it saves original thinking.

—Dorothy L. Sayers[1]

The goal of Quantum Chemistry is the understanding and the predic-
tion of natural phenomena at the atomic and molecular scale.

The stage is set by the Laws of Quantum Mechanics, which requires
to solve the Schrödinger equation in order to extract the quantities of
interest about the system under study. Albeit simple, the Schrödinger
equation is nevertheless a formidable eigenvalue partial differential
equation, usually in 3 ⇥ N variables (N being the number of particles
that are present). Since the early days of the theory it quickly became
clear that, for any system different from the simplest cases, a brute-
force approach to the solution of this equation was not only inelegant,
but desperate. To put it in Dirac’s words:

The underlying physical laws necessary for the mathe-
matical theory of a large part of physics and the whole of
chemistry are thus completely known, and the difficulty
is only that the exact application of these laws leads to
equations much too complicated to be soluble. It therefore
becomes desirable that approximate practical methods of
applying quantum mechanics should be developed, which
can lead to an explanation of the main features of complex
atomic systems without too much computation. [2]

These simple considerations are at the roots of Quantum Chemistry as
an independent discipline. The backbone of the subject has two souls,
one being the so-called wavefunction-based methods and the other being
the density functional methods. The topic of this thesis fits within the
fold of the latter.

The idea of using the electron density is almost as old as Quantum
Mechanics itself: Thomas[3] and Fermi[4] already tried in the late
twenties to establish a quantum approximation to the Schrödinger
problem based on the electron density, but it was not until Hohenberg
and Kohn paved the way in 1964[5] that a Density Functional Theory
was set on more firm grounds.

Density Functional Theory aims to rephrase the quantum me-
chanical problem in terms of the electron density, which is three-
dimensional and hence, typically computationally easier to deal with
than most of wavefunction based methods.
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2 introduction

Since the advent of the Kohn-Sham scheme[6] , Density Functional
Theory has recast the many-electron problem into a simple and for-
mally exact fashion without giving up the computational feasibility,
right in the spirit of Dirac’s words.

Despite its humongous success in virtually every branch of natural
sciences, the applicability of Density Functional Theory in its Kohn
Sham formulation is hampered by its intrinsic difficulties in describing
strongly correlated systems. In fact, the (formally exact) Kohn-Sham
scheme resorts to the construction of a fictitious non-interacting system
by means of an effective one body potential which in practice needs to
be approximated. It turns out that the most common approximations,
which work for most molecules and solids, have proven to work poorly
in systems which substantially deviate from the non-interacting one.

In the last twenty years, following the pioneering works of Seidl[7,
8], a new class of functionals based on integrals of the density rather
than its derivatives – as it is customary according to Jacob’s ladder
paradigm[9–13] – has attracted increasing interest in Chemistry and
Physics.

Mirroring the Kohn Sham system, which suppresses the electrostatic
interaction, the so-called Strictly Correlated Electrons (SCE) theory
maps the physical system into one where kinetic energy is suppressed
by an infinite repulsion, proportional to a parameter l ! •. This
extreme physical regime provides exact pieces of information on
the real one by means of an asymptotic expansion in terms of the
coupling strength parameter of the electron-electron interaction of the
generalized Levy-Lieb functional:

Fl[$] ⇠ lVSCE
ee [$] +

p

lFZPE[$], l � 1. (1.1)

overview of the thesis and main contributions This the-
sis deals mainly with the kinetic effects hidden in the form of Zero
Point Energy (ZPE) at smaller asymptotic orders of the aforemen-
tioned expansion. In particular, we focus on the analytical structure
of the functional FZPE[$], analyzing its salient features and its possi-
ble implications for prototypical systems in Quantum Chemistry and
Physics.

Most of the thesis is concerned with the case of 2 electrons interact-
ing in one dimension. This is the situation where analytical properties
and exact computations can be carried out the easiest, while retaining
most of the salient features of the true, three-dimensional system. From
the mathematical point of view, the one-dimensional case is the one
where the SCE theory is more understood and solidly grounded on
exact proofs, making it easier to move on to understand the subleading
terms.

Nevertheless, the second and third chapter, which cover an overview
of the fundamentals of Density Functional Theory and its Strongly
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Correlated limit – with a particular focus on the Zero Point formalism –
are discussed for general number of particles and arbitrary dimension,
for the sake of generality and to lay down the basic concepts needed to
extend in the future the topic of this thesis to more physical systems.

Since it describes a state in which the electrons are kept separated
by an infinite repulsion, the SCE state is incapable of distinguish en-
ergetically bosons from fermions. This extends also to the original
formulation of the ZPE formalism, where the effect on the energy of
the spin was neglected. We discuss such effects in Chapter 4, where we
provide the first strong numerical confirmation that indeed the ZPE
term do enter to order O(

p
l) for a non uniform density, whereas

the fermionic statistics has an effect which is O(e�
p

l), as indeed first
conjectured in ref. [14]. Chapter 4 also present a discussion on the
role of convex interactions in determining the topology of the mini-
mizer of the SCE state, and discusses briefly some possible strategy to
approximate the ZPE functional.

In Chapter 5, we explicitly compute the functional derivative of the
ZPE functional and analyze its features in the view of employing it
as an approximation to the Hartree exchange correlation potential,
vHxc. We show how the divergences intrinsic to the SCE state transfer
to the approximation vHxc in the form of the oscillation frequency.
When applied to a one dimensional model for a homonuclear dimer,
vHxc – in its ZPE approximations – correctly displays a peak in the
mid-bond of purely kinetic nature, though at the expenses of intro-
ducing nonphysical divergences in every point where the density
integrates to an integer. We could trace back this behaviour to the in-
terplay between the density decay and the Coulomb tail of the effective
electron-electron interaction employed.

Despite being explicitly given in ref. [14], the construction of viable
approximations to FZPE[$] is still an open problem. In Chapter 6, by
means of a parameter t which regularizes the minimizer of the func-
tional VSCE

ee by adding an entropic term, we could establish analytically
in the case of repulsive harmonic interaction, and show numerically
for an effective one dimensional Coulomb interaction, a connection
between the minimizer of Fl[$] for high l, and the minimizer of the
regularized SCE functional, provided that t ⇠ l�1/2.

In Chapter 7, being the SCE approximation typically hard to con-
verge in virtue of the sparse nature of the SCE minimizer, we imple-
ment and experiment an algorithm popular in non-linear optics to
solve self-consistently the Kohn Sham equations for a model one di-
mensional quantum wire at various correlation regimes. We compare
our findings with the results appeared in refs. [15, 16]. Moreover, we
implement self consistently the approximation for vHxc discussed in
Chapter 5 and appeared for the first time in this work and published
in [17].
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Chapter 8 hosts a short set of considerations on the Strongly Corre-
lated Limit in Hartree-Fock Theory. Although not directly connected
with the main topic of this thesis, i.e. DFT, it does relate to its leitmotif,
the Zero Point Oscillations. In particular, it approaches the problem of
computing the subleading order in the expansion of the rs-dependent
energy per electron of the Jellium model at low densities. By computing
the energy of a Hartree product of Gaussian orbitals on a semiclassical
Hamiltonian when the Fock exchange operator is taken into account,
we find qualitative agreement with other calculations, in particular
the one by Carr[18] and Drummond et al.[19].

Finally, in Chapter 9 we tie up loose and draw our conclusions,
outlining future possible steps.

Unless otherwise specified, Hartree atomic units are used through-
out this thesis: a0 = h̄ = me = 4pe0 = 1.


