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4
F E R M I O N I C S TAT I S T I C S I N T H E S T R O N G LY
I N T E R A C T I N G L I M I T O F D E N S I T Y F U N C T I O N A L
T H E O RY

If there were no particles of spin 1
2 [. . .] there would be no physicists! The

desirability or undesirability of this we leave to the judgment of our reader.

— A. J. Coleman[54]

4.1 introduction

Although it has been very recently rigorously proved that the SCE
provides the exact strong-coupling (or low-density or semiclassical)
limit of the Levy-Lieb functional[44, 55], the validity of the expression
for the next leading term in the expansion at large l, first conjectured
in refs. [7, 14], has not been proved yet and remains for now only
a very plausible hypothesis. Moreover, the inclusion of the statistics
in the theory is a problem that has not been investigated at all: the
intrinsic semi-classical nature of SCE limit prevents one from taking
into account the difference between Bosons and Fermions (which is
suppressed, as electrons in the SCE limit are always far apart from
each other). Nevertheless, the effects due to the statistics of particles
or due to different spin states become important when the electron-
electron interaction is large but not infinite: the kinetic energy, which
is non zero as a consequence of zero point oscillations around the
equilibrium position, allows electrons to be subject to Pauli’s principle.
The aim of this Chapter is to address these two issues, namely, (i) to
probe the validity of the second term in the asymptotic expansion of
the adiabatic connection integrand at large l, and (ii) to study the
inclusion of the Fermionic statistics in the large-l limit. We focus on
the easiest case of N = 2 electrons confined in one dimension (d = 1)
because in this case we can also compute accurate numerical results
for the exact Levy functional at large l (see sec. 4.3), which allows
us to carefully validate our asymptotic analytic expansion. For the
sake of making it self contained, this Chapter starts with a wrap-up
of the essentials concepts described in the previous chapter. After
outlining in section 4.3 the numerical method used to calculate the
exact Levy functional for 2 electrons in 1D, we compare the theoretical
predictions with the numerical data in section 4.4 introduced via the
method described in section 4.3. In section 4.5 we describe how to
induce a Fermionic statistics in the ZPO wavefunction, comparing
the singlet-triplet splitting in the expectation of the electron-electron
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32 fermionic statistics in the sce limit

repulsion with the numerical data in section 4.6.1. Last, we outline
some perspective in 4.7.

4.2 wrap-up : again, sce+zpe in a nutshell

We shall restrict to the case of 2 electrons in 1D: this is the simplest
case to study both numerically and analytically, as most of quantities
of interest can be expressed in closed form. Moreover, mathematical
simplification of the concepts outlined so far shall suggest a clearer and
physically straightforward interpretation. For the general approach,
we refer the reader to Chapter 3 or see refs. [14, 50].

4.2.0.1 SCE for 2 electrons in 1D

For N = 2 eq. (3.17) reads

f (s) =

8
<

:
N�1

e (Ne(s) + 1) s < N�1
e (1)

N�1
e (Ne(s)� 1) s > N�1

e (1)
(4.1)

where Ne(s) is the cumulant function introduced in Chapter 3

Ne(s) =
Z s

�•
$(x)dx. (4.2)

Accordingly, eq. (3.5) reads

Epot(x1, x2) = vee(|x1 � x2|) + vSCE(x1) + vSCE(x2), (4.3)

where vSCE(x) can be obtained by integrating the last line of eq. (3.13).
In 1D, given the deterministic map in eq. (3.17), the support W0 of
the minimum of Epot(x1, x2) is just a parametric curve (s, f (s)) on the
(x1, x2) plane, W0 = {(s, f (s))|s 2 R}.
As an example, in fig.(4.1) we report Epot(x1, x2) as well as the struc-
ture of the degenerate minimizer W0 for a simple analytic density (a
Lorentzian, see the following for details).

4.2.0.2 On the convexity of interaction in 1D

In 1D it is not suitable to use the interaction 1/|x|, since some key
features of the physical model are lost: due to the divergence of
|x1 � x2|

�1 at x1 = x2, the Hartree energy UH [$] is not finite, and
both bosonic and fermionic wavefunctions are forced to have the
same nodal surface and thus the same energy. As a consequence, it
is customary to resort to an effective 1D interaction, which is finite at
the origin.
One of the most commonly used 1D interaction is the soft Coulomb
potential, i.e.

vso f t
ee (x) =

1
p

a + x2
, (4.4)
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Figure 4.1: The function Epot(x1, x2) as a 3D plot (top) and as a contour plot
(bottom) for the Lorentzian density. The 1D set W0 is shown as a
pair of red curves in the contour plot.
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which is not convex in the region x 2
⇥
�
p a

2 ,
p a

2
⇤
. However in 1D

convexity has been proven[47] to be a sufficient condition in order
for W0 to be determined by co-motion functions (in the mathematical
community known also as deterministic maps). Let’s clarify this via an
example. Referring to fig. (4.2), we shall briefly discuss a soft Coulomb
interaction with a = 4. In order to do so, we define

ESCE
pot (r) = Vee(r) +

N

Â
i

vSCE(ri),

Ekan
pot (r) = Vee(r)�

N

Â
i

u(ri),

(4.5)

vSCE(r) being obtained via eq. (3.13) with the use of eq. (3.17) and
u(r) being the numerically obtained Kantorovich potential, eq. (3.23),
associated to the optimal plan (see[56–58] for details on the imple-
mentation of the numerical dual Kantorovich formulation of the SCE
functional).

In inset (d) of fig. 4.2 we plot ESCE
pot (r) and Ekan

pot (r) along the neg-
ative diagonal x2 = �x1. While Ekan

pot (r) correctly provides a global
degenerate minimum, ESCE

pot (r) has a global minimum at (0, 0) and
the degenerate minimum described by eq. (3.17) is only a local one.
However, as can be seen also from inset (d), even the support of the
minimum of Ekan

pot , getting contribution also from the origin, is not
provided by a deterministic solution of the kind (3.17); indeed the
dimension of W0 is greater than d contrarily to what we claim in
eq. (3.6)1. On the other hand, an effective Coulomb interaction in 1D
of the form

vee(x) =
1

a + |x|
, (4.6)

being always convex, does not suffer from these problems: with this
interaction, as can be seen from fig. 4.2, there exist an optimal plan
parametrized by the co-motion functions of eq. (3.17). Hence vSCE(r),
from eq. (3.13), and the negative of the Kantorovich potential asso-
ciated with the dual problem coincide and the global degenerate
minimizer W0 is in the form of eq. (3.6). In order to work in this frame,
throughout the rest of our discussion we shall hence make use of
eq. (4.6) with a = 1.

1 We conjecture that the "fatness" of the solution represented in 4.2 might be a numerical
artifact, and that indeed in d = 1, for non convex interaction, the minimizer could
still be of Monge/SCE type, although not of the Seidl map form.



(a) Soft Coulomb interaction in
eq. (4.4) with a = 4. The
shaded area highlights the re-
gion where the second deriva-
tive of the interaction is nega-
tive.

(b) Effective interaction in eq. (4.6)
for a = 4.

(c) vSCE(x) from eq. (3.13) (blue)
and the one obtained as the
negative of the Kantorovich po-
tential (green).

(d) vSCE(x) from eq. (3.13) (blue)
and the negative of the Kan-
torovich potential (green).The
two functions show no appre-
ciable difference in the region
of interest.

(e) Plots of ESCE
pot (x1,�x1) in blue

and Ekan
pot (x1,�x1) in green.

(f) Plots of ESCE
pot (x1,�x1) in blue

and Ekan
pot (x1,�x1) in green.

(g) Support of the degenerate min-
imum of Ekan

pot (x1, x2). Notice
the contribution from the ori-
gin (0, 0) which is not pro-
vided by a Seidl’s map.

(h) Support of the degenerate
minimum, obtainable from
eq. (5.1)

Figure 4.2: SIL limit for a Lorentzian density with convex (right) and non-
convex (left) interaction
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4.2.0.3 Zero Point Oscillations

The harmonic expansion around the manifold W0 carried out in
eq. (3.28) reads

Epot(x1, x2) =
1

1 + |x1 � x2|
+

2

Â
i=1

vSCE(xi) ⇡

⇡ ESCE +
1
2

2

Â
µ,n=1

Hµn(s)(xµ � fµ(s))(xn � fn(s))
(4.7)

where f1(s) = s, f2(s) = f (s), ESCE = Epot(s, f (s)) and Hµn(s) is the
Hessian is explicitly given by:

Hµn(s) =

0

B@

∂2Epot(x1,x2)

∂x2
1

∂2Epot(x1,x2)
∂x2∂x1

∂2Epot(x1,x2)
∂x1∂x2

∂2Epot(x1,x2)

∂x2
2

1

CA
����

x1=s,x2= f (s)
. (4.8)

The (non-negative) eigenvalues wµ(s)2, which can be labeled in such
a way that

w1(s)2 = 0 (4.9)
w2(s)2 > 0 (4.10)

make eq. (4.7) diagonal in terms of the local normal modes:

Epot(s, q) = ESCE +
1
2

w2(s)2q2, (4.11)

the relation between the coordinates (s, q) and (x1, x2) being provided
by eq. (3.40) (see also fig. 4.3). The only non-zero frequency, which can
be associated with the zero-point vibrational frequency around the
SCE minimum, is simply given by[16]

w2(s) =

s

v00ee (|s � f (s)|)
✓

$(s)
$( f (s))

+
$( f (s))

$(s)

◆
. (4.12)

The correction due to the zero point oscillations to the adiabatic con-
nection can now be written as a weighted sum of harmonic oscillators’
energies, since the degeneracy with respect to s allows to weight the
energy of each configuration with the density $(s). W 0

•[$] reads

W 0
•[$] =

1
8

Z +•

�•
ds $(s)w2(s), (4.13)

which is a particular case of eq. (3.61). The corresponding W•[$] in
this case reads explicitly

W•[$] =
1
2

Z •

�•
$(x)vee(|s � f (x)|)ds � UH [$], (4.14)
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Figure 4.3: Coordinate transformation (x1, x2) 7! (s, q).
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4.3 constrained search method for two electrons in 1d

The Levy constrained-search functional for a N-representable density
is defined as[59]

Fl
Levy[$] = min

Y 7!$
hY|T̂ + lV̂ee|Yi. (4.15)

By restricting the search over spatially symmetric
�
YS� or anti-symmetric�

YT� wavefunctions, it is possible to define, respectively, Fl,S
Levy[$] and

Fl,T
Levy[$], finding the corresponding minimizing wavefunction for a

singlet and triplet state associated with the same physical density
$(x).

In previous work[60], the Levy constrained search was found for
the exact density-matrix functional of the two site Hubbard model
using an analytic formula. However, in this work, the constrained
search functional is carried out via a stochastic minimization of the
wavefunction as in ref. [61] to give the exact density functional of
eq. (4.15).

We will focus on the details to carry out a general optimization
for two electrons. First, construct an initial wavefunction that inte-
grates exactly to the density, $(x). For the singlet, this is trivial, as
YS

initial(x1, x2) =
p

$(x1)$(x2)/2. However, for the triplet, one route
is to find two orthonormal orbitals that sum up to the given den-
sity, $(x) = f2

1(x) + f2
2(x) and then an initial wavefunction can be

constructed, YT
initial(x1, x2) = [f1(x1)f2(x2)� f1(x2)f2(x1)] /

p
2. The

simplest way to find two orbitals is to use a division of space into two,
which is actually done by the inverse cumulant of eq. 4.2:

f1(x) =
q

$(x), f2(x) = 0, for x < N�1
e (1) (4.16)

f1(x) = 0, f2(x) =
q

$(x), for x > N�1
e (1). (4.17)

For practical calculations on a finite grid, the orbitals have to overlap
at the two grid points xi = L and xi+1 = R on the left and right
of the point in which the density integrates to 1, L < N�1

e (1) and
R > N�1

e (1), and satisfy the following equations

f2
1(L) + f2

1(R) = Nl = 1 �
L�1

Â
i=1

$(i) (4.18a)

f2
1(L) + f2

2(L) = $(L) (4.18b)
f2

1(R) + f2
2(R) = $(R) (4.18c)

f1(L)f2(L) + f1(R)f2(R) = 0 (4.18d)

for normalization, density constraint, and zero overlap. The solution
is given by

f1(L) =

s
N2

l � Nl$(R)
�$(L)� $(R) + 2Nl

(4.19)
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and the other points determined from eqs (4.18a)-(4.18c) with one
negative square root chosen to satisfy eq. (4.18d).

With these initial wavefunctions that integrate to $(x), the key to the
procedure is to define moves of the spatial part of the wavefunction
that maintain the density. When the density is represented on a grid
(we generally use 200 grid points), this can be done based on a move
of four points of the wavefunction at once as outlined in ref. [61].
These moves are attempted and accepted if they lower the energy of
eq. (4.15). This is then repeated many times to carry out a stochastic
optimization of the wavefunction, and convergence is typically found
in 20000 steps for all values of l.

4.4 adiabatic connection at large l: numerical and
asymptotic results

The main purpose of this section is to compare the data obtained via
the constrained search method outlined in Sec. 4.3 with eq. (3.61).
In order to probe the validity of the ZPO approach, we shall discuss a
set of three 1D densities which integrate to N = 2 particles in a box
interacting via the effective Coulomb interaction of eq. (4.6).
Our first two densities,

$1(x) = sech(x)
2 arctan(tanh(5)) x 2 [�10, 10],

$2(x) = 1
(1+x2) arctan(10) x 2 [�10, 10],

(4.20)

share the property of having both an analytical expression as well
as analytical co-motion functions, reported in Appendix C. Our third
one, $3(x), s a numerical density for the 1D He atom with the same
interaction (4.6)on the interval [�5, 5] and has no analytical form.

Using eqs. (4.14),(4.13),(4.12) we find for the different densities
the values of Table 4.1, where we also report the values extracted
from the numerical data obtained via the constrained search method.
The numerical W•[$] is the value of eq. (4.15) at l = •, W•[$] =
minY 7!$hY|V̂ee|$i � UH [$], and W 0

•[$] is calculated by finite differ-
ence, W 0

•[$] = (W500[$] � W•[$])
p

500. The asymptotic expansion
of eq. (3.61), with the values of W•[$] and W 0

•[$] obtained from
eqs. (4.14),(4.13),(4.12), is also compared to the numerical results for
the Levy functional at large l in figure 4.4 for the three densities. We
see that the agreement is excellent. This provides the first numeri-
cal evidence that the zero point term should be correct for arbitrary
symmetrical density, at least for one-dimensional systems (a related
numerical study[62] addressed the SCE leading term only, while an
exact result was recently obtained for a uniform density defined on a
ring[63]). We hope that this result will trigger, similarly to what has
been done recently for the leading term W•[$][44, 55], works on a
rigorous proof for the subleading term.



Figure 4.4: Exchange-correlation energy in the strongly correlated limit of
Density Functional Theory for different densities. Insets: plot of
the related density. Blue dots: Constrained search method. Red
curve: eq. (3.61)
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Table 4.1: W•[$] and W 0
•[$] for the densities considered.

W•[$]+UH [$] W 0
•[$]

analytical numerical analytical numerical

$1(x) 0.31229 0.31237 0.12209 0.12076
$2(x) 0.27282 0.27291 0.11635 0.11573
$3(x) 0.40208 0.40212 0.17223 0.17521

4.5 the effects of the spin state at large l

The Schrödinger equation corresponding to the order O(
p

l) in the
asymptotic expansion of the density fixed l-dependent Hamiltonian
of eq. (2.39) is, in the curvilinear coordinates system, the equation of
an harmonic oscillator whose spring constant depends on s[14],
✓
�

1
2

∂2

∂q2 +
l

2
w2

2(s)q
2 + V̂ZPE( f (s))

◆
Yl(s, q) = E(0)Yl(s, q), (4.21)

with V̂ZPE( f (s)) = V̂ZPE(s) + V̂ZPE( f (s)). Taking as ground state
eq. (3.53)

Fl (s, q) =

s
$(s)

2J(s, 0)

 
w2(s)

p
l

p

! 1
4

e�
p

lw2(s)
2 q2

, (4.22)

the effect on the energy of the introduction of statistics has been
conjectured to be[14, 64], to the leading order in the l ! • limit,
⇠ e�

p
l, being this the order of magnitude of the overlap between

two Gaussians centered in different positions having the form of
eq. (4.22). This hypothesis is the analogous for a non-uniform density
of the one used by Carr for the uniform electron gas at low density[18].

The purpose of this section is hence to investigate the splitting in
energy between the expectation value of V̂ee evaluated on the singlet
and on the triplet state

Dl[$] ⌘ hYS
l|V̂ee|YS

li � hYT
l |V̂ee|YT

li > 0. (4.23)

We will check if the hypothesis

Dl[$] ⇠ a[$]e�b[$]
p

l l � 1 (4.24)

is consistent with the results provided both via an explicit construction
of an antisymmetric and a symmetric state starting from eq. (4.22) and
via the accurate results from the constrained search method. We will
also discuss possible routes to simplify the inclusion of spin starting
from the large-l expansion.
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4.5.1 Explicit antisymmetrization of the ZPO wavefunction

Being expressed in the (s, q) curvilinear coordinate system, the wave-
function in the form of eq. (4.22) is not suitable for a straightforward
antisymmetrization. In order to do so, we first have to retrieve the
Cartesian coordinates, that is, write

s = s (x1, x2)

q = q (x1, x2)
(4.25)

by inverting eq. (3.40) and only then proceed to construct a symmetric
(singlet) and an antisymmetric (triplet) state. First, a remark is in
order: as it can be seen from fig. 4.5, there are regions were the
(s, q) coordinates are ill-defined (a cone in the second and fourth
quadrants, respectively, symmetric with respect to the diagonal x2 =
�x1). Nevertheless, as the fermionic statistics affects particles mostly
on the diagonal x2 = x1, the contributions from these regions should
be negligible for our purposes. Given the set of positions (x1, x2), the
curvilinear frame we used in the ZPO regime prescribes to chose the
closest branch of the manifold W0: labeling these branches “A” and “B”,
this means choosing among two possible coordinates, namely (sA, qA)
and (sB, qB), taking the one with the smallest q. However, if we want
to describe spin effects, we must take into consideration the overlap of
the ZPO wavefunctions centered on the two different branches, since
swapping positions between two electrons amounts to swap the point
(s, f (s)) around which the oscillation in curvilinear coordinates takes
place with respect to the diagonal x1 = x2. This means actually writing
the ZPO wavefunction (4.22) in Cartesian coordinates with respect to
the two different branches

FA,B
l (x1, x2) ⌘ Fl

⇣
sA,B(x1, x2), qA,B(x1, x2)

⌘
(4.26)

It should be noted that, since

sB(x2, x1) = f (sA(x1, x2))

qB(x2, x1) = �qA(x1, x2)
(4.27)

we also have

w(sB) = w(sA)

$(sB)
J(sB, 0)

=
$( f (sA))

J( f (sA), 0)
=

$(sA)
| f 0(sA)|J( f (sA), 0)

=
$(sA)

J(sA, 0)

(4.28)

As a consequence, it appears that the exchange of the two particles’
position actually means switching branch in eq. (4.26). In this way,
(anti)symmetrization of eq. (4.22) reads as

YS,T
l (x1, x2) =

1
p

2

⇣
FA

l (x1, x2)± FB
l (x1, x2)

⌘
(4.29)
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where we have labeled with A and B the two branches of the co-
motion function and approximated the l-dependent normalization
constant to 1p

2
, according to

Nl =

s
1

2
�
1 + hFA

l (x1, x2) |FB
l (x1, x2)i

� ⇠
1
p

2
, (4.30)

as the terms neglected would be of higher order in exp(�
p

l).
In fig. 4.6 we show the singlet and triplet wavefunctions obtained

in this way from the density $2(x) for l = 100. We see that the two
wavefunctions are both concentrated around the manifold W0, with
the triplet having the expected node at x1 = x2. In fig. 4.7 we compare
our singlet and triplet wavefunctions with the ones obtained via the
constrained search method for the density $2(x) and l = 500. We see
that the singlet and triplet ZPO wavefunctions agree very well with
the accurate ones for the constrained search method. In particular, in
panels (c) and (f) we report the difference between the ZPO and “exact”
singlet and triplet, respectively, which appears to be rather small.

Evaluating the spin splitting in the expectation value of the electron-
electron interaction in the singlet and triplet state from our construc-
tion yields

Dl[$] =
1
2
hFA

l + FB
l|V̂ee|FA

l + FB
li�

� hFA
l � FB

l|V̂ee|FA
l � FB

li =

=2hFA
l |V̂ee|FB

li,

(4.31)

and expression that is clearly of orders exp�
p

l, and that will be
compared with the numerical results from the constrained-search
method in Sec. 4.6.1.

4.6 alternative strategies to include the statistics in
the l � 1 regime

In this section we outline some strategies to simplify the procedure of
Sec. 4.5.1, namely, disentangling the oscillations of the two electrons
around their equilibrium positions and using the Hellman-Feynman
theorem to provide an exact relation for the singlet-triplet splitting in
terms uniquely of the kinetic energy operator.
With the use of equation 4.7, Ĥl[$] becomes

ĤZPE = �
1
2

✓
∂2

∂x2
1
+

∂2

∂x2
2

◆
+

+ H11(s)(x1 � s)2 + H22(s)(x2 � f (s))2+

+ H12(s)(x1 � s)(x2 � f (s))+
+ H21(s)(x1 � s)(x2 � f (s))

(4.32)

An uncoupled approximation is justified when the off-diagonal ele-
ments of the Hessian are small compared to the diagonal ones. In



Figure 4.5: Top: (sA,B, qA,B) describe the position of a particle as a function of
their distance from the branch of the manifold (A=red, B=orange).
Bottom: a generic point (x1, x2) can be written as a function of
(sA, qA) (red) or (sB, qB)(orange). When we exchange the position
of the particles, the roles of the curvilinear coordinate exchange
accordingly.



Figure 4.6: 3D plot of singlet and triplet wavefunction associated to density
$2(x), with coupling constant l = 100, over the contour plot of
Epot(x1, x2) as from eq. (3.13).
Top: singlet wavefunction. Bottom: triplet wavefunction.



(a)

(b)

(c)

(d)

(e)

(f)

Figure 4.7: Comparison of the ZPO wavefunction for singlet (a) and triplet (d)
state with the wavefunction provided by the constrained search
method for the density $2(x) with l = 500 (respectively, (b) and
(e)). Panels (c) and (f) show, respectively, the difference between
(a) and (b) and the difference between (d) and (e).
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our picture, this is equivalent to remove the dependence of the s co-
ordinate from (x1, x2), leaving us with a Hamiltonian which depends
parametrically on s and that describes uncoupled oscillations around
their equilibrium positions s and f (s):

ĤZPE
unc = �

1
2

✓
∂2

∂x2
1
+

∂2

∂x2
2

◆
+

+ H11(s)(x1 � s)2 + H22(s)(x2 � f (s))2
(4.33)

Defining H11(s) ⌘ W2
1(s) and H22(s) ⌘ W2

2(s) = W2
1( f (s)) and

f fi(s)(x) ⌘

 p
lWi(s)

p

!1/4

e�
p

lWi(s)
2 (x�s)2

(4.34)

it is clear that, for every fixed s, a properly antisymmetrized eigen-
function for eq. (4.33) reads

Y±
unc(x1, x2) =

1q
N±

l

⇣
fs(x1)f f (s)(x2)± fs(x2)f f (s)(x1)

⌘
(4.35)

where N±

l is just the normalization factor. However in our case this
approximation is hardly going to hold: the off-diagonal element of
Hµn in the basis of Cartesian coordinates are of the same order of
magnitude of the diagonal ones, and such approximations typically
largely overshoot the V̂ee expectation value. However, this approxi-
mation might be used to construct a basis to expand the full ZPO
wavefunction.

Finally, another way to compute Dl[$] is by making use of the
Hellman-Feynman theorem. We define

TS,T[$](l) ⌘ hYS,T
l [$]|T̂|YS,T

l [$]i

VS,T
ee [$](l) ⌘ hYS,T

l [$]|V̂ee|YS,T
l [$]i

(4.36)

where YS,T
l [$], as already mentioned in Sec. 4.3, is the wavefunction

minimizing FS,T
l [$] when the search is restrained to the corresponding

symmetry sector. Since both singlet and triplet wavefunctions are re-
quired to be stationary, we will have two separate Hellmann-Feynman
theorems

d
dl

TS,T[$](l) = �l
d

dl
VS,T

ee [$](l) (4.37)

and defining Dkin
l [$] ⌘ TS[$](l)� TT[$](l)  0 we can also obtain

the singlet-triplet splitting from

d
dl

Dkin
l [$] = �l

d
dl

Dl[$] (4.38)

This approach should bypass the numerical difficulties arising from
evaluation of integrals involving 2-body operators, and it might be, at
a later stage, more suitable for implementing in realistic models the
ideas explained in this paper and will be object of future work.
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4.6.1 Results for the singlet-triplet splitting

In this section we compare the results of our analysis on the ZPO
wavefunction with the data obtained via constrained search method. In
particular, to check the validity of eq. (4.24) we compare in fig. 4.8 the
splitting from eq. (4.31) with data from numerical constrained search
method, which numerically prove the ansatz of eq. (4.24). The bottom
panel of fig. 4.8 shows in fact that log Dl[$] is linear in

p
l both for the

constrained search method (blue) and the calculation from eq. (4.31)
(red). Although our results show qualitative agreement with the data,
quantitative discrepancy is evident. Since the agreement between
the two different wavefunctions used, as shown in fig. 4.7, is quite
significant this discrepancy could be also due to the numerical noise
arising from the smallness of the numbers involved, which indeed
require special care[65]. It should be also noted that, in the light of
what explained at the end of Chapter 3 concerning the meaning of
YZPE, eq. (4.38) might indeed improve the prediction for Dl[$].

4.7 conclusions and perspectives

We have investigated the validity of the expansion of the adiabatic
connection integrand in the strong coupling limit as proposed in
ref. [14] for three 1D densities with N = 2 electrons, by comparing
the theoretical prediction with numerical data for the Levy-Lieb func-
tional (see fig. 4.4). We have implemented the Fermionic statistics
in the strong interaction limit of Density Functional Theory by re-
trieving the zero-point wavefunction in Cartesian coordinates, and
we have used it to evaluate the singlet-triplet splitting, comparing the
results with numerical data. In this case, we had qualitative but not
quantitative agreement. The main result is the confirmation that spin
effects enter at orders ⇠ e�

p
l when l ! •. We expect the order at

which these effects appear when l ! • to be the same also for the
three-dimensional case with full Coulomb interaction. In fact, it has
been recently proved in refs. [44, 55] that the SCE limit is the same
regardless of the statistics of the particles and that the next leading
term could be[44], which suggests that the relevant physics in the
l ! • limit is well captured by the simple 1D model considered here.
In other words, even if in 3D the nodal surface of the wavefunction,
which dictates how the spin state affects the energy, has topological
features that cannot be captured by 1 or 2D models, the order at which
spin effects enter is likely to remain the same (⇠ e�

p
l), since when

l ! • the physics should be that of zero-point motion around the
SCE minimum, with the exchange integrals exponentially vanishing
with

p
l. For the special case of the 3D uniform electron gas, this was

already conjectured by Carr[18]. It would be very interesting to have a
rigorous proof of this conjecture for the general nonuniform 3D case.



Figure 4.8: Splitting in the Vee expectation energy between singlet and triplet
state. Inset: plot of the related density. Numerical fit provides
a[$2] = 0.293, b[$2] = 0.978 for constrained search method (blue)
and a[$2] = 0.361, b[$2] = 0.725 for eq. (4.31) (red).
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In future work, we aim to find a more explicit (approximate) expres-
sion for spin effects in terms of spin densities, namely, to provide an
expression of the kind

a[$", $#]e�
p

lb[$",$#]. (4.39)

The main challenge will then be to build approximations for the gen-
eral three-dimensional case, based on quantities that can be computed
routinely. A possible way to do that, could be the generalization to
spin-densities of the functionals as described in refs. [66–68], which
are inspired to the SCE limit and use as key ingredient the integral of
the spherically averaged density around a given position r. Another
promising research line is the study of the next leading term of the
large-l expansion, which could provide an improvement in the cor-
rection of the density to the required order in the ZPO wavefunction
and could give better estimates of the electron-electron interaction.


