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Diffractive shearing interferometry (DSI) is a method that has recently been developed to perform lensless imag-
ing using extreme ultraviolet radiation generated by high-harmonic generation. In this paper, we investigate the
uniqueness of the DSI solution and the requirements for the support constraint size. We find that there can be
multiple solutions to the DSI problem that consist of displaced copies of the actual object. These alternative solu-
tions can be eliminated by enforcing a sufficiently tight support constraint, or by introducing additional synthetic
constraints. We furthermore propose a new DSI algorithm inspired by the analogy with coherent diffractive imag-
ing (CDI) algorithms: the original DSI algorithm is in a way analogous to the hybrid input–output algorithm as
used in CDI, and we propose a new algorithm that is more analogous to the error reduction algorithm as used in
CDI. We find that the newly proposed algorithm is suitable for final refinement of the reconstruction. © 2020

Optical Society of America

https://doi.org/10.1364/JOSAA.389791

1. INTRODUCTION

The topic of coherent diffractive imaging (CDI), in which
monochromatic coherent light is used in combination with
phase retrieval algorithms to do lensless imaging, has been
explored since the 1970s. In 1978, it was demonstrated by
Fienup that the complex-valued transmission function of an
isolated microscopic sample can be reconstructed from a single
far-field intensity pattern, provided that also sufficient prior
information about the shape of the sample is known (i.e., a
support constraint is necessary) [1]. He proposed a straight-
forward phase retrieval algorithm, namely, the error reduction
(ER) algorithm, which aims to reconstruct the complex-valued
transmission function by alternatingly enforcing the support
constraint and the measurement constraint. While this algo-
rithm is straightforward and intuitive, it often fails to converge
to the right solution due to stagnation. Therefore, Fienup also
introduced an improved phase retrieval algorithm, namely, the
hybrid input–output (HIO) algorithm. HIO avoids stagnation
and is much more effective in finding the correct reconstruction.
It was found that the ER algorithm can be interpreted as an alter-
nating projections (AP) algorithm that alternatingly projects
the estimated reconstruction onto two constraint sets [2], or
as a steepest descent algorithm that minimizes the difference

between the measured and the reconstructed far-field ampli-
tudes [3]. In 2002, Bauschke identified the HIO algorithm as
an instance of the Douglas–Rachford algorithm, which uses
reflections around the constraint sets, as opposed to projections
used by the AP/ER algorithm [4]. This insight inspired the
development of many other phase retrieval algorithms [5], such
as the difference map (DM) [6] and relaxed averaged alternating
reflections (RAAR) [7] algorithms.

One application where lensless imaging and phase retrieval
algorithms are relevant is imaging with extreme ultravio-
let (EUV) radiation. The EUV light used to illuminate the
sample can be generated using a table-top high-harmonic
generation (HHG) source [8–10]. The light produced by
HHG contains multiple wavelengths, while the phase retrieval
algorithms assume monochromatic light. A monochromator
such as a diffraction grating is typically used to make the light
monochromatic. Recently, it has been proposed to use shearing
interferometry combined with Fourier transform spectroscopy
(FTS) [11] as a replacement for a monochromator. This method
generates spectrally resolved interference terms, from which
the transmission function of the sample can be retrieved using
iterative algorithms. This measurement scheme has been termed
diffractive shearing interferometry (DSI). The differences
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between the CDI and DSI setups are summarized in Fig. 1.
Initially, it was proposed to solve this DSI phase retrieval prob-
lem using a support constraint [12]. Later, it was proposed to
eliminate the need for a support constraint by generating diver-
sity in the constraints M j (k) by rotating the shearing vector
dk j , in a method termed rotational DSI (R-DSI) [13,14]. It has
been investigated experimentally how varying the interference
pattern with which the sample is illuminated can be used in
phase retrieval [15].

In this paper, we discuss iterative reconstruction algorithms
that can be used for DSI. In particular, we note the similarity
with CDI, and use insights from CDI projection-based phase
retrieval algorithms such as ER and HIO to further under-
stand DSI reconstruction algorithms. Inspired by the success
of projection-based algorithms such as HIO, DM, and RAAR,
we develop a set of projection operators that are applicable to a
DSI experiment. This approach is therefore complementary to
existing gradient-based phase retrieval algorithms for shearing
interferometry [16], for which a suitable cost functional must
first be defined.

The phase retrieval problem that occurs in CDI can be sum-
marized as follows: given some far-field intensity measurement
Î (k) (see Fig. 1), find the corresponding complex-valued electric
far field Ê (k). Here, k denotes the two-dimensional coordinate
vector in Fourier space, since far-field propagation is described
by a Fourier transform. Experimentally, the far field corresponds
to the camera plane, and k can be interpreted as the position
on the camera. The hat ·̂ denotes the fact that the quantity is
defined in Fourier space. One can use iterative algorithms to

reconstruct the phase of Ê (k), and from that infer the complex-
valued transmission or reflection function E (x) of a sample of
interest (assuming plane wave incidence), where x denotes the
two-dimensional coordinate vector in object space.

From a mathematical point of view, the fundamental differ-
ence between phase retrieval in CDI and DSI is the following: in
CDI the measurement constraint is given by

Î (k)= Ê (k)∗ Ê (k), (1)

where ∗ denotes the complex conjugate. In DSI on the other
hand, the complex-valued measurement constraint is given by
[12]

M̂(k)= Ê (k− dk)∗ Ê (k+ dk), (2)

where dk denotes the shearing vector. For dk = 0, the DSI prob-
lem reduces to the CDI problem.

The DSI problem as posed in Eq. (2) is mathematically very
similar to the computational shearing interferometry (CoSI)
problem [16]. In Ref. [16], constraints of the form of Eq. (2) are
considered for multiple shears dk j , just as in R-DSI [13,14]. In
Ref. [16] a gradient-based reconstruction method is proposed,
the non-uniqueness of the solution is considered, and the prob-
lem of non-uniqueness is mitigated by enforcing a smoothness
prior.

Our paper is structured as follows: in Section 2, the DSI algo-
rithm as presented in Ref. [12] is understood by comparing it to
projection-based algorithms that have been developed for CDI
phase retrieval algorithms [4,5]. In Section 3, the uniqueness of
the solution to the DSI problem is analyzed, and in Section 4,
the results of the analysis are used to formulate requirements

Fig. 1. Difference between the CDI and DSI setups. (a) Setup used for CDI. A sample is illuminated with monochromatic coherent light, and its
far-field intensity is measured. (b) Setup used for DSI. A sample is illuminated at two slightly different angles, and by varying the time delay of the
respective HHG-generated pulses, the complex-valued far-field interference terms are extracted. If the illumination consists of multiple wavelengths,
then FTS can be used to extract the monochromatic far-field complex-valued interference term.
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for the support constraint that is traditionally used in CDI
[1] and more recently in DSI [12]. In Section 5, an alternative
method to enforce uniqueness is proposed. This method can
also be applied to projection-based DSI algorithms, as opposed
to the method of [16] where a cost-function-based algorithm
is required, because smoothness is enforced by adding a regu-
larization term to the cost function. These insights will first be
substantiated theoretically, and then verified using numerical
simulations in Section 6. The conclusions of this work are
summarized in Section 7.

2. PHASE RETRIEVAL ALGORITHMS FOR DSI

One way to approach the CDI phase retrieval problem is to
define two constraint sets of electric fields that satisfy that con-
straint (support constraint and measurement constraint for
single-measurement CDI). The intersection of these two sets
constitutes the solution to the problem, i.e., the solution is
such that all the constraints are satisfied. Note, however, that
in practice, there is usually no such intersection due to, e.g.,
the presence of noise or inaccuracies in the forward model, in
which case the solution can be defined as the point that lies
closest to both sets simultaneously. The solution can be found
using an iterative update scheme that uses projections onto these
constraint sets [4].

In DSI, if we consider multiple shears dk j , we have the mea-
surement constraints

M̂ j (k)= Ê (k+ dk j )Ê (k− dk j )
∗, (3)

which we can write more briefly as

M̂ j (k)= Ê j ,+(k)Ê j ,−(k)∗. (4)

Therefore, we can define as optimization variables f̂ j ,±(k)
(we use f to explicitly distinguish between the estimated fields f
and the actual fields E , which will be useful in Sections 3 and 4),
and these have to satisfy the measurement constraint

M̂ j (k)= f̂ j ,+(k) f̂ j ,−(k)∗, (5)

and they have to satisfy the object constraint

F−1
{

f̂ j ,+(k− dk j )
}
(x)=F−1

{
f̂i,−(k+ dki )

}
(x) ∀ i, j

(6)
or, equivalently,

f j ,+(x)e 2π idk j ·x = fi,−(x)e−2π idki ·x ∀ i, j . (7)

Here, the Fourier transform is defined as

F{ f (x)}(k)=
∫

f (x)e−2π ik·xdx. (8)

In the following section, we will see how we can apply the con-
straints.

A. Object Constraint Projection

Let us assume we have estimated far fields f̂ M
j ,±(k) to which the

measurement constraint has been applied. We will describe how
to apply the object constraint to f̂ M

j ,±(k) so that we end up with

updated estimates f̂ O
j ,±(k).

For each estimated far field f̂ M
j ,±(k), we compute the esti-

mated exit wave f M
j ,±(x) by taking the inverse Fourier

transform

f M
j ,±(x)=F−1

{
f̂ M

j ,±(k)
}
(x). (9)

The transmission function of the object can be estimated
by averaging all the estimated exit waves after a linear phase
correction:

fest,n+1(x)=
1

2J

J∑
j=1

f M
j ,+(x)e

2π idk j ·x + f M
j ,−(x)e

−2π idk j ·x,

(10)
where the subscript n + 1 denotes the iteration number.
Alternatively, following the example of Ref. [12], one could
choose a certain step size µ, and define the updated object
estimate fest,n+1 as

fest,n+1(x)= (1−µ) fest,n(x)

+µ
1

2J

J∑
j=1

f M
j ,+(x)e

2π idk j ·x + f M
j ,−(x)e

−2π idk j ·x.

(11)

This estimate is then used to calculate the updated guess
f̂ O

j ,±(k):

f̂ O
j ,±(k)=F

{
fest,n+1(x)e∓2π idk j ·x

}
(k). (12)

B. Measurement Constraint Projection

Let us assume we have estimated far fields f̂ O
j ,±(k) to which

the object constraint has been applied. We will describe how to
apply the measurement constraint to f̂ O

j ,±(k) so that we end up

with updated estimates f̂ M
j ,±(k).

We want to project the estimates f̂ O
j ,±(k) onto the measure-

ment constraint set. By definition of a projection, this means
that we need to find f̂ M

j ,±(k), such that all f̂ M
j ,±(k) satisfy the

measurement constraint, and such that the distance between
f̂ M

j ,±(k) and f̂ O
j ,± is minimized. So mathematically speaking, we

require that

f̂ M
j ,+(k) f̂ M

j ,−(k)
∗
= M̂ j (k) (13)

and that the total distance

L j (k)=
∣∣∣ f̂ M

j ,+(k)− f̂ O
j ,+(k)

∣∣∣2 + ∣∣∣ f̂ M
j ,−(k)− f̂ O

j ,−(k)
∣∣∣2 (14)

is minimized given the constraint of Eq. (13). In Appendix A, we
show that if the difference between f̂ M

j ,±(k) and f̂ O
j ,±(k) is small,

the update reads approximately

f̂ M
j ,+(k)= f̂ O

j ,+(k)+
(M̂ j (k)− M̂est, j (k)) f̂ O

j ,−(k)

| f̂ O
j ,+(k)|

2
+ | f̂ O

j ,−(k)|
2

,

f̂ M
j ,−(k)= f̂ O

j ,−(k)+
(M̂ j (k)− M̂est, j (k))

∗

f̂ O
j ,+(k)

| f̂ O
j ,+(k)|

2
+ | f̂ O

j ,−(k)|
2

, (15)
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Fig. 2. Flowchart of the DSI algorithm in terms of constraint sets. Fundamentally, the algorithm consists of alternately applying the object con-
straint and the measurement constraint to the far-field estimates f̂ j ,±(k). In applying the object constraint, one has the freedom to choose the step size
µ. In applying the measurement constraint, one can choose between the projection update of Eq. (15) or reflection-like update of Eq. (16).

where M̂est, j (k)= f̂ O
j ,+(k) f̂ O

j ,−(k)
∗. In practice, it is useful to

add a small constant to the denominators in order to prevent
division by zero. Note that the expression for the projection
resembles (but is not quite equal to) expressions found using a
gradient-based reconstruction scheme [16]. The algorithm is
summarized in Fig. 2.

C. Applying the Measurement Constraint in the
Original DSI Algorithm

The measurement projection given in Eq. (15) is valid when the
correction is small. Therefore, this formula is suitable mainly
for final refinement of the reconstruction, but less so for initial
convergence, because in the initial iterations of the algorithm,
the errors and therefore the corrections are expected to be large.
Also, the gradient-based approach of [16] is reported to suf-
fer from stagnation in local minima. It was found empirically
that the original DSI algorithm [12] is very suitable for initial
convergence, though the reason that this is so has not yet been
examined further. In the following we present the DSI algorithm
and explain how it is similar to HIO from CDI.

In Ref. [12], the measurement constraint is applied as follows:

f̂ M
j ,+(k)=

M̂ j (k)

f̂ O
j ,−(k)

∗
,

f̂ M
j ,−(k)

∗
=

M̂ j (k)

f̂ O
j ,+(k)

. (16)

Normally, regularization is applied to prevent division by zero,
but for conceptual clarity, this is omitted in the above expres-
sion. Note that the operations outlined in Eq. (16) do not
constitute a projection on the measurement constraint in the

sense that f̂ M
j ,+(k) f̂ M

j ,−(k)
∗
= M̂ j (k) is realized. Rather,

f̂ M
j ,+(k) f̂ M

j ,−(k)
∗
=

M̂ j (k)
2

f̂ O
j ,+(k) f̂ O

j ,−(k)
∗

=
M̂ j (k)

2

M̂ j ,est(k)
. (17)

From this equation, it is clear that the measurement constraint
[see Eq. (13)] is satisfied only when we already have the correct
solution, i.e., when M̂ j ,est(k)= M̂ j (k). When this is not the
case, this operation overcorrects: if M̂ j ,est(k) is too large, we
apply a constraint that is smaller than the actual M̂ j (k) and vice
versa. It is reminiscent of phase retrieval algorithms such as HIO
and RAAR that use reflection operators in addition to projection
operators in order to prevent the algorithm from getting stuck in
local minima [4,5]: a reflection around a constraint C reduces to
a projection only if the optimization variable x already lies in C .
If x does not lie in C , the reflection overcorrects. The analogy is
illustrated in Fig. 3.

3. UNIQUENESS OF THE SOLUTION

Let Ê (k)be the solution that satisfies Eq. (2). Then Â(k)Ê (k) is
an alternative solution as long as

Â(k+ dk j ) Â(k− dk j )
∗
= 1 for all j , for all k where M̂ j (k) 6= 0.

(18)
The condition M̂ j (k) 6= 0 arises because if M̂ j (k)= 0, then
Ê (k) satisfies

Ê (k+ dk j )Ê (k− dk j )
∗
= 0, (19)
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Fig. 3. Illustration of the analogy between overcorrection in reflections (such as in the HIO algorithm) and overcorrection in the DSI update.
Given a starting point (green) outside the constraint set, one can apply a projection (yellow) that causes the updated point to lie in the constraint set, or
one can apply a reflection-like update (red) that causes the updated point to lie on the opposite side of the constraint set.

and an alternative solution Â(k)Ê (k)will have to satisfy

Â(k+ dk j ) Â(k− dk j )
∗ Ê (k+ dk j )Ê (k− dk j )

∗
= 0,

(20)
which, because of Eq. (19), will hold for any value of
Â(k+ dk j ) Â(k− dk j )

∗.
Let us assume that M̂ j (k) is non-zero everywhere (this is

clearly an assumption that is often not true, even if only because
the detector has finite size, but nonetheless, we can obtain useful
insights this way). If we write

Â(k)= | Â(k)|e iθ(k), (21)

then we find that the requirement in Eq. (18) becomes

θ(k− dk)− θ(k+ dk)= 0 ∀ k,∣∣ Â(k− dk)
∣∣∣∣ Â(k+ dk)

∣∣= 1 ∀ k. (22)

From this, it follows for θ(k) that

θ(k)= θ(k+ 2dk) ∀ k. (23)

It follows for | Â(k)| that

| Â(k)| =
1

| Â(k+ 2dk)|
, (24a)

| Â(k+ 2dk)| =
1

| Â(k+ 4dk)|
, (24b)

so after substituting Eq. (24b) in Eq. (24a), we get

| Â(k)| = | Â(k+ 4dk)|. (25)

Combining the results for θ(k) and | Â(k)|, we can conclude
that

Â(k)= Â(k+ 4dk). (26)

Note that this statement is weaker than the combination of
Eqs. (23) and (24). By applying these equalities repeatedly for
different dk j , we can write for any set of integers N j

Â(k)= Â

k+ 4
∑

j

N j dk j

 . (27)

For example, if by Eq. (26) we require for a certain k0

that Â(k0)= Â(k0 + 4dk1) and Â(k0 + 4dk1)=

Â(k0 + 4dk1 + 4dk2), then Â(k0)= Â(k0 + 4dk1 + 4dk2),
which is expressed by Eq. (27) by choosing N1 = N2 = 1.

However, keep in mind that this argument holds only
when M̂ j (k) is non-zero everywhere. If M̂(k) is zero some-
where, one cannot continue to use this recursive argument.
For example, if for a certain k0 we require by Eq. (26) that
Â(k0)= Â(k0 + 4dk) and Â(k0 + 4dk)= Â(k0 + 8dk), then
it follows that Â(k0)= Â(k0 + 8dk). However, if the value
of Â(k0 + 4dk) can be arbitrary because M̂(k0 + 3dk)= 0
and M̂(k0 + 5dk)= 0, then Â(k0)= Â(k0 + 8dk) may not
have to hold. Since in practice the detector size is finite, this will
always be an issue. Moreover, we have considered the ideal case
where k is a continuous variable, while in practice k is pixelated.
This has consequences for our analysis: for example, while in
the continuous case we can choose different dk with arbitrarily
small differences, it is not obvious what it means in the discrete
case to have differences in dk that are smaller than the pixel size.
Nevertheless, also near-alternative solutions (i.e., estimates that
almost match the constraints) are of great interest, since they
can manifest themselves as local minima in which the algorithm
can get trapped. Especially in the presence of noise, it may be
difficult to distinguish such local minima from the actual global
minimum.

Equation (27) indicates that there is a grid of points set up
by the shears dk j where Â(k) should be equal to each other.
In Fig. 4, examples of such grids for different sets of shears are
shown. If this grid covers all k, Â(k) is constant [and by Eq. (24),
this constant equals one], so any alternative solution Ê (k) Â(k)
would be trivial, which means there is a non-ambiguous solu-
tion. However, because we aim to use a limited number of shears
dk j , and we ignored the finite pixel and detector size, the grid
does not necessarily cover all k. Even in the ideal case that the
grid does cover all k, near-alternative solutions may also pose
problems in the reconstruction. Since Â(k) is expected to be
periodic (with a periodicity defined by the grid points), A(x) is
expected to consist of an array of delta functions, so the alterna-
tive solutions A(x)⊗ E (x) are expected to be a sum of a series of
copies of the actual solution.
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Fig. 4. Left column: grid of points indicating for which points
k the value of Â(k) should equal Â(0), given a certain set of shear
angles. Right column: indication of the points x where A(x) can have a
non-zero value.

4. SUPPORT CONSTRAINT FOR
SINGLE-MEASUREMENT DSI

In the previous section, we saw that alternative solutions to
the DSI problem are expected to consist of a series of copies of
the actual solution E (x). In this section, we investigate how
enforcing a support constraint can eliminate these alternative
solutions, and how tight such a support constraint should be
given a certain shear.

Let us consider the case of having a measurement constraint
for a single shear dk that is in the kx direction, i.e.,

dk =
[

dkx

0

]
. (28)

Let us assume that the field E (x) that we want to reconstruct has
a finite support width 1x . We want to find how the required
width of the support constraint Sx that is enforced in the recon-
struction algorithm (to eliminate alternative solutions) depends
on the shear size dkx . From Eqs. (23) and (25), it follows that
Â(kx , ky ) can be written as

Â(kx , ky )= III4dkx (kx )⊗ ĝ (kx , ky ), (29)

where III4dkx (kx ) denotes a Delta comb with period 4dkx , ⊗
denotes a convolution with respect to kx , and ĝ (kx , ky ) should
be such that the requirements of Eq. (22) are met (see Fig. 5).

Fig. 5. Illustration of an example of ĝ (kx , ky ) that generates
a Â(kx , ky ) [according to Eq. (29)] that satisfies Eqs. (23) and
(24). ĝ (kx , ky ) is such that it is non-zero only on the interval
kx ∈ [−2dkx , 2dkx ]. The phase of ĝ (kx , ky ) for kx ∈ [−2dkx , 0]
is the same as the phase of ĝ (kx , ky ) for kx ∈ [0, 2dkx ]. The amplitude
of ĝ (kx , ky ) for kx ∈ [−2dkx , 0] is the reciprocal of the amplitude of
ĝ (kx , ky ) for kx ∈ [0, 2dkx ].

Inverse Fourier transforming Â(k) gives

A(x , y )= III 1
4dkx

(x )g (x , y ), (30)

where g (x , y ) is the inverse Fourier transform of ĝ (kx , ky ). This
means that A(x) can consist of streaks in the y direction, spaced
at intervals of 1

4dkx
in the x direction. How large does Sx have to

be in order to rule out all alternative solutions A(x)⊗ E (x)?
If the support of A(x , y )= III 1

4dkx
(x )g (x , y ), is infinitely

large, then the corresponding alternative solution A(x)⊗ E (x)
has an infinitely large support as well, so enforcing any finite
support constraint would be sufficient to rule out such alterna-
tive solutions. However, let us assume that there are alternative
solutions for which A(x , y ) has non-negligible values only for
x = 0 and x =± 1

4dkx
, so that its support is finite. We assume

that the values of A(x , y ) for x =±n 1
4dkx

with |n|> 1 are very
small (compared to the noise level of the measurement). Under
this assumption, we require that Sx is tight enough so that the
presence of these copies would violate the support constraint. In
particular, it means the following:

• If 1
4dkx

>1x , then the copies in the x direction do not
overlap, so there is no real need to eliminate those using a
support constraint (see Fig. 6).

• If 1
4dkx

<1x , the width of the support constraint should
satisfy

1x ≤ Sx <
1

2dkx
+1x , (31)

so as the shear 1kx becomes larger, the support constraint Sx

should become tighter.
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Fig. 6. Support constraint requirements for single-constraint DSI.
The sample E (x) has support with width1x in the shearing direction.
The width of the support constraint Sx applied during the recon-
struction must be such that the alternative solutions A(x)⊗ E (x) are
excluded by the constraint. The alternative solutions consist of copies
of E (x), spaced 1

4dkx
apart. Assuming that alternative solutions exist for

which there are only the nearest copies, Sx should be tight enough so
that the presence of these copies would violate the support constraint.

5. ELIMINATING ALTERNATIVE SOLUTIONS
THROUGH SYNTHETIC MEASUREMENT
CONSTRAINTS

We saw that alternative solutions are of the form Â(k)Ê (k),
where Â(k) has a periodicity that is defined by the shears dk j .
Therefore, a non-trivial alternative solution should have rapid
fluctuations, especially in the phase. So in order to eliminate
alternative solutions, we can introduce an additional synthetic
constraint that forces the phase of f̂ (k) to be smooth. We can do
this as follows: if we write the constraint M̂dk(k) as

M̂dk(k)= Ê (k− dk)∗ Ê (k+ dk)

=

∣∣∣Ê (k− dk))
∣∣∣ ∣∣∣Ê (k+ dk)

∣∣∣ e i[θ(k+dk)−θ(k−dk)],

(32)

and if Ê (k) is smooth and α is a number close to one, we
estimate M̂αdk(k) to be

M̂αdk(k)≈
∣∣∣Ê (k− dk)

∣∣∣ ∣∣∣Ê (k+ dk)
∣∣∣ e iα[θ(k+dk)−θ(k−dk)]

= |M̂dk(k)|e
iαθM̂(k),

(33)

where θM̂(k) is the phase of M̂dk(k). Here we assumed that

θ(k+ αdk)− θ(k− αdk)≈ α[θ(k+ dk)− θ(k− dk)],
(34)

which is true if θ(k) can be approximated as a linear function
over the interval [k− αdk, k+ αdk]. So without performing

any additional measurements, we can generate an additional
synthetic constraint M̂αdk(k). If we perform the original DSI
algorithm (as in Section 2.C) that uses multiple measure-
ment constraints the way we would normally, but in addition
we include the synthetic measurements, then we enforce the
smoothness of f̂ (k), thereby eliminating alternative solutions
Â(k)Ê (k) that have rapid oscillations. In the following, this
scheme will be referred to as synthetic DSI (SDSI). The extra
synthetic constraints that are introduced are assumed to be
approximately accurate, but technically they are wrong, and
enforcing these constraints will lead to errors in the reconstruc-
tion. Therefore, they serve only to guide the algorithm to the
correct local minimum in the initial iterations, after which more
iterations without the additional synthetic constraints need to
be performed.

6. SIMULATION RESULTS

The proposed algorithms have been tested in simulations on
synthetic amplitude objects as shown in Fig. 7. Since we perform
these simulations to get a better theoretical understanding of the
DSI problem and its reconstruction algorithms, it is sufficient to
express parameters such as the object size and shear size in terms
of pixels. For typical physical values in a real experiment, we refer
to Refs. [12–14]. The initial guess for the algorithm is chosen
to be an object transmission function equal to one for all pixels
(one is also the maximum value of the object). There is no special
reason behind this guess, except that a non-random initial guess
is convenient for reproducibility. In Fig. 8(c), reconstruction
results are shown that verify the support constraint requirements
as derived from Fig. 6. One indeed finds that as the shear size
becomes larger, the support constraint should become tighter
to eliminate alternative solutions that contain shifted copies. In
CDI algorithms, it is common practice to enforce realness or
positivity constraints if applicable. To see if in our case enforcing
such constraints could be effective, we plot in Figs. 8(d) and 8(e)
the amplitude and phase of failed reconstructions. We see in
Fig. 8(d) that there are phase shifts ofπ , meaning that enforcing
a positivity constraint would have eliminated this solution. In
Fig. 8(e), however, there are mainly phase shifts of 2π (which
is equivalent to a 0π phase shift), so enforcing positivity would
have limited impact.

Fig. 7. (a) Amplitude object (200× 200 pixels before padding,
680× 680 pixels including padding) to test support constraint
requirements.
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Fig. 8. Simulations to test how the shear size affects the requirement for the tightness of the support constraint. (a) DSI constraint (noise-free,
log10 scale) for the object in Fig. 7(a) with a shear size of 12 pixels. (b) DSI constraint (noise-free, log10 scale) for the object in Fig. 7(a) with a shear
size of 18 pixels. (c) Top row: DSI reconstructions of Fig. 7(a), shear size= 18 pixels. Middle row: DSI reconstructions, shear size= 12 pixels. Bottom
row: support constraints enforced in the reconstruction. The support constraint should become tighter as the shear size becomes larger, as predicted
by Eq. (31). For larger shears, the alternative solutions lie closer together (see Fig. 6), so in the top row, the reconstruction can shift more freely around
without violating the enforced support constraint. (d) Amplitude and phase of a failed reconstruction; (e) amplitude and phase of a failed reconstruc-
tion.

In Fig. 9, the R-DSI reconstructions obtained by different
algorithms are shown, and in Fig. 10 are the corresponding error
plots. The shears dk j that were used are in the directions of 0,
45, and 90 deg, and |dk j | = 6 pixels. These shearing angles were
chosen mainly for demonstration purposes. For these angles,
it is easy to predict what the alternative solutions would look
like using the method shown in Fig. 4, and thus it is easier to

verify in simulations whether the developed theoretical under-
standing of the DSI problem is correct. In an actual experiment
where one wants to obtain the best possible reconstruction, it
is recommended to use a different set of shearing angles, for
which the grid shown in Fig. 4(e) fills the entire kx , ky plane.
To apply a sub-pixel shift in the 45 deg direction, the shift is
performed by multiplying the Fourier transform with a linear
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Fig. 9. Reconstructions of Fig. 7(b) using different algorithms: alternating projections, original DSI, and DSI with synthetic constraints. Three
measurement constraints were used: the shear size is six pixels, and the shear angles are 0, 45, and 90 deg. The third row shows the reconstructed
amplitude raised to the power 0.1 for improved visibility, and the bottom row shows those same images but with a clipped colorbar. All the images
have been normalized to their maximum value. (a) AP, 1000 iterations, (b) DSI, 1000 iterations, (c) SDSI, 1000 iterations, (d) AP, 20,000 iterations,
(e) 1000 DSI+ 19000 AP, (f ) 1000 SDSI+ 19000 AP, (g) AP, increased brightness, (h) DSI+ AP, increased brightness, (i) SDSI+ AP, increased
brightness, (j) AP, increased brightness, reduced colorbar, (k) DSI+ AP, increased brightness, reduced colorbar, and (l) SDSI+ AP, increased bright-
ness, reduced colorbar.

phase factor. The initial guess for the algorithm is chosen to be
a non-zero constant function. In the first 1000 iterations, the
original DSI algorithm [as defined in Eq. (11), with a step size of
µ= 0.7] reduces the reconstruction error much more quickly
than the AP algorithm [as defined by Eqs. (12) and (15)]. The

step size of µ= 0.7 is found after trial and error. For too high
µ, the algorithm becomes too unstable and fails to converge,
while for too low µ, the algorithm becomes unnecessarily slow,
or may even stagnate. For each dk j (so for each shear angle) a
synthetic constraint is introduced to eliminate the copies of
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Fig. 10. Error plots corresponding to the reconstructions in
Fig. 9. The reconstruction error is defined in Fourier space [i.e., it
compares the estimated M̂est(k) with the measured M̂(k)]. This
error metric is chosen because in DSI it is possible that the object is
reconstructed accurately but at a different position, or at multiple
non-overlapping positions simultaneously. This makes defining an
appropriate object-space error metric non-trivial. Note that after iter-
ation 1000, all algorithms use AP. (a) First 1000 iterations and (b) all
20,000 iterations.

the reference object that occur in alternative solutions. The
synthetic constraints are as explained in Section 5, withα = 5/6
so that the shear of the measured constraint is six pixels, and the
shear of the synthetic constraint is five pixels. We see in Fig. 9(c)
that introducing the synthetic constraints indeed eliminates the
copies of the reference object, but at the expense of introducing
a reconstruction error because the synthetic constraints are
technically incorrect. This is in line with what was anticipated in
Section 5, which confirms the validity of the theoretical analysis.

If one refines the reconstructions with an additional 19,000
AP iterations, the final reconstructions look very similar to each
other. However, the DSI+ AP and SDSI+ AP algorithms
achieve the final reconstruction much quicker than the AP
algorithm, and SDSI is more effective than DSI in providing
an estimate that AP can use to further reduce the reconstruc-
tion error, as seen in Fig. 10(b). Thus, the DSI algorithm can
be used for initial convergence and avoid stagnation, while an
AP scheme is used for final refinement, analogously to how
in CDI one typically uses the HIO algorithm [1,3] for initial
convergence and AP (also known as ER [3]) for final refinement.
However, when increasing the brightness of the reconstruction,
it becomes apparent that there are still some differences between
the reconstructions.

Note that even in the final reconstruction, there are multiple
copies of the actual object. The reason that these lie along the
−45 deg direction is because the shears are in the 0, 45, and
90 deg directions, so the grid described by Eq. (27) consists of

lines along the 45 deg direction. Therefore, the inverse Fourier
transform of Â(k) consists of delta peaks along the −45 deg
direction, as illustrated in Fig. 4. Such reconstruction artifacts
can be suppressed further by choosing a different and/or larger
set of shearing angles.

7. CONCLUSION

We have investigated the DSI problem in terms of constraint
sets and projection operators. We found that the original DSI
algorithm is analogous to reflection-based algorithms such as
HIO, RAAR, and DM, in that they avoid stagnation by over-
correcting. We formulated an AP algorithm to solve the DSI
problem. The alternative solutions to the DSI problems were
investigated, which led to the formulation of support constraint
requirements for DSI with a single measurement constraint, and
it led to a new DSI algorithm that uses synthetic constraints to
eliminate alternative solutions. The predictions and new algo-
rithms have been tested in simulations. It has been verified that
the original DSI algorithm is superior for initial convergence,
which is now also understood theoretically. Further, it has been
shown that the proposed AP algorithm for DSI is useful for final
refinement, and that the synthetic constraints are effective in
eliminating alternative solutions.

APPENDIX A: MEASUREMENT CONSTRAINT
PROJECTION FOR DSI

Suppose we have two complex-valued optimization variables
x , y that should satisfy the constraint

x y ∗ =C . (A1)

Given initial estimates x0, y0, how do we project them onto the
constraint C ? We should find x , y that satisfy the constraint,
such that the distance between x , y and x0, y0 is minimized. So
we should find δ, ε such that

(x0 + δ)(y0 + ε)
∗
=C , (A2)

and

L = |δ|2 + |ε|2 (A3)

is minimized. Expanding Eq. (A2) gives

x0 y ∗0 + δy ∗0 + ε
∗x0 + δε

∗
=C . (A4)

Let us say the correction is small, so that we can neglect the term
δε∗ and get

δy ∗0 + ε
∗x0 = D, (A5)

where D=C − x0 y ∗0 . We find

δ =
D− ε∗x0

y ∗0
. (A6)

Substituting this into Eq. (A3) give
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L = |ε|2 +
|D− ε∗x0|

2

|y ∗0 |2

= |ε|2
(

1+
|x0|

2

|y0|
2

)
− 2

Re{Dεx ∗0 }
|y0|

2
+
|D|2

|y0|
2

. (A7)

To minimize L , we should choose the phase of ε such that
Re{Dεx ∗0 } is as large as possible, which means Dεx ∗0 should
have zero phase, i.e.,

Dεx ∗0 = |Dεx ∗0 |, (A8)

so

ε =
|Dεx ∗0 |

Dx ∗0
. (A9)

We should now minimize with respect to |ε|

L = |ε|2
(

1+
|x0|

2

|y0|
2

)
− 2
|D||x0|

|y0|
2
|ε| +

|D|2

|y0|
2

. (A10)

Setting dL
d|ε| = 0 gives

|ε| =

|D||x0|

|y0|2

1+ |x0|2

|y0|2

=
|D||x0|

|y0|
2 + |x0|

2
. (A11)

Plugging this into Eq. (A9) gives

ε =
D∗x0

|y0|
2 + |x0|

2
. (A12)

For δ, we find

δ =
Dy0

|y0|
2 + |x0|

2
. (A13)
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