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Abstract

We study disease spread on a social network where individuals adjust contacts to avoid infection.
Susceptible individuals rewire links from infectious individuals to other susceptibles, reducing infections
and causing the disease to only become endemic at higher infection rates. We formulate the planner’s
problem of implementing targeted lockdowns to control endemic disease as a semidefinite program that
is computationally tractable even with many groups. Rewiring complements policy by allowing more
intergroup contact as the rewiring rate increases. We apply our model to compute optimal spatially-
targeted lockdowns for the Netherlands during Covid-19 using a population-level contact network for
17.26 million individuals. Our findings indicate that, with rewiring, a targeted lockdown policy permits
12% more contacts compared to one without rewiring, underscoring the significance of accounting for
network endogeneity in effective policy design. (JEL: 112, 115, 118, 119, C63, E23)

Keywords: epidemics, networks, structural estimation, spatially-targeted policy.

1. Introduction

There is ongoing debate about the effectiveness of different non-pharmaceutical interventions
that target particular types of contact, such as work-based distancing and school closures

(NPIs) in mitigating pandemic spread while minimizing societal costs (cf. Acemoglu et al.
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2021; Birge et al. 2022). However, studies often ignore the changes in contact networks due to
disease spread, which can significantly impact infection growth and immunity (Thurner et al.
2020; Britton et al. 2020; Gupta et al. 2020; Bootsma and Ferguson 2007). Contagion-risk
averse individuals tend to limit interactions early in a pandemic (Acemoglu et al. 2024; Carnehl
et al. 2023). Current epidemic models typically fail to account for these endogenous network
responses, which can lead to biased and inefficient policy recommendations (cf. Bootsma and
Ferguson 2007; Alvarez et al. 2021; Fajgelbaum et al. 2021).

We study how endogenous changes in contact networks affect optimal targeted mitigation
policy by introducing a multi-group susceptible-infectious-recovered (SIR) model where
individuals adjust contacts to avoid infection. Susceptible individuals rewire links away from
infectious neighbours, changing the network’s structure as the disease spreads. This model
is represented by a set of ordinary differential equations (Kurz 1971; Taylor et al. 2012)
that allows us to incorporate various groups and types of connections. Endogenous network
dynamics typically flatten infections and reduce deaths compared to models without rewiring.!
Through the model, rewiring, recovery, and infection rates are estimable from aggregate cases
and deaths plus an initial contact network. This allows us to estimate how much people rewire.

The key analytic result of our theoretical model (Theorem 2) is a semidefinite programming
problem, which allows us to assess the impact of rewiring on optimal mitigation policies.
The constraint in the program ensures that the disease does not become endemic, and the
formulation is adapted to efficiently handle a large number of groups and types of connections
between them, making it possible to study large social contact network data.

We apply our model to the second Covid-19 wave in the Netherlands, constructing
a population-level contact network for 17.26 million individuals using multi-layered social
network data and contact surveys. The layers of the network contain different types of contact
(neighbourhood, household, work, school and family), allowing us to target each type of
connection differently. We find that susceptible individuals rewire 9% of links to infectious
per day. Targeted policies that take into account both contact network structure and types of
connection are far more efficient than uniform ones, allowing 75.24% of contacts to continue,
compared to only 45.40% in the uniform case, resulting in a 65.73% increase in contacts.
Rewiring increases the efficiency of targeted policies. Comparing a targeted policy with and
without rewiring allows for an additional 12.26% of contacts. This highlights the importance of
accounting for network endogeneity in policy design. The optimal targeting of different types
of connection differs across different parts of the network. We observe the largest reductions in

household contacts in municipalities within the Dutch “Bible Belt”, a region characterized by a

1. See also Online Appendix E.1.



higher-than-average Christian population, larger household sizes, and tightly-knit communities
(Ruijs et al. 2011). Further, analyzing the Pareto frontier describing the trade-off between cases
and economic costs, we find that targeting and accounting for endogenous network response
(through rewiring) yields the greatest improvements. This effect is particularly pronounced
for higher values of the basic reproduction number, where heterogeneous network structures
in each layer can be most effectively leveraged in the optimal policy to limit disease spread.

Our work extends recent studies that endogenize behavior in epidemic models (e.g. Alberto
and Andrea 2020; Carnehl et al. 2023; Acemoglu et al. 2024) by explicitly considering the
adaptation of contacts in response to the epidemic in an estimable way. It improves upon
previous studies using a reduced form matching function to represent the contact network
(such as Alvarez et al. 2021; Acemoglu et al. 2021) by explicitly modeling and estimating from
data the endogenous rewiring of contacts.? It also relates to studies on lockdown effectiveness in
spatially differentiated models (Fajgelbaum et al. 2021; Bisin and Moro 2022; Chandrasekhar
et al. 2021), showing how network adaptivity affects the impact of targeted interventions.
Moreover, our multi-layer network model is related to Chandrasekhar et al. (2024), who
examine how different layers in a social network affect information diffusion, and Zenou
and Zhou (2024), who design optimal interventions in linear-quadratic games on multi-layer
networks. In contrast to the model presented here, these studies treat the network structure
as exogenous and do not incorporate the endogenous formation of the network.

The paper is organized as follows. Section 2 introduces the theoretical model. Section
3 analyzes the stationary state. Section 4 discusses the planner’s optimal lockdown policy.
Section 5 describes the data, Section 6 discusses the estimation framework, and Section 7
provides an application to the Covid-19 pandemic in the Netherlands. Section 8 concludes.

Additional relevant material can be found in the Online Appendix.

2. The Model

2.1. Epidemic and Network Dynamics

Consider N ={1,..., N} agents connected in an unweighted, undirected network, G(t), which
evolves in continuous time ¢ € [0,T]. Assume that each agent belongs to one of a finite set of
groups or types K = {1,..., K} (e.g their district or city). Each agent in each group is in one

of four compartments: susceptible, infectious, recovered, or deceased, and some infectious are

2. A notable exception is Fosco et al. (2010). However, these authors consider a different application related to

the adoption of behavioral norms in endogenous social networks and do not empirically estimate their model.



hospitalized. Let S (t) denote the number of susceptibles, I (¢) the number of infectious, Ry (t)
the number of recovered, Hy(t) the number of hospitalized, and Dy(t) the number of deceased,
per capita, respectively, at time ¢ in group k. We normalize the population size to one, such
that, ¥t € [0,7] and k € K, S(t) + Ix(t) + Ri(t) + Di(t) = Ny and Ypep Ny = N = 1.3
Assume further that we observe multiple different types of connections between agents (e.g.
family, school, household, work, etc.). Call these types “layers”, indexing them by [ € L. Let
m!(Ay, Bj)(t) denote the number of links between the agents in group k in compartment A
and group j in compartment B at time ¢ in layer [ divided by N (density of links per capita).
To generate non-trivial steady states we introduce vital dynamics (see e.g. Brauer et al. 2008),
corresponding to exogenous births and deaths of individuals and links. Individuals are born
without any links at rate A > 0, and die with all their links at rate > 0. New links form
between susceptibles in groups k,j € K in layer lat rate /-zfcj > 0, and die at rate v* > 0.4
Following, e.g., Acemoglu et al. (2021) we further assume that a planner implements lockdowns
that allow a fraction Lf,g’ ; € [0, 1] of pre-existing contacts between groups , j € K in layer | € L.

We can then describe the evolution of the fraction of individuals in each compartment by

the following system of differential equations:

djtk =A=5 Y m'(Su L) (t)Li; — pSk(t) (1)
leL,jex
ddltk =B Z Sk’ )Lgcj — I (t) — uli(t), (2)
leL,jEK
% = 0k Hy () + (I (t) — Hy(t)) — uRy(t), ()
Hi(t) = i (t), "
dzk = dar Hp(t). )

Infectious individuals infect susceptible neighbours at rate 8 per link, reducing the number
of susceptibles by the infection rate times the density of links between susceptible and

infectious (Eq. (1)). The number of infectious increases by the corresponding amount (the

3. Abstracting from natural births and death rates that are small over the time period that we consider (Chowell
et al. 2007).

4. The formation of links in each layer follows a so called stochastic block model (Holland et al. 1983). A
stochastic block model considers a partition of the nodes into disjoint subsets k; and link probabilities mkk, >0
between subsets, k and k', respectively, in layer I. The link is then sampled at random such that any two nodes
i in group k and j in group k' are connected by a link with probability nfg - Assuming a stochastic block model
for the creation of links, the total density of new links formed between susceptibles will be HL & Sk () Sk (1)



Events: Infection, recovery and rewiring Moment Closure Approximation
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FIGURE 1. Panels (a), (¢) and (e): Infection, recovery, and rewiring events. Panels (b), (d) and (f):
Tllustration of the moment closure approximation used in Egs. (6) and (7), respectively. Blue denotes
susceptible nodes (S), red denotes infectious nodes (I), and green denotes recovered nodes (R).

first part of Eq. (2)). A constant fraction ¢ of infectious agents are hospitalized (Eq. (4)).
Infectious agents who are not hospitalized recover at rate 7 (the second term in Eq. (3)).
Hospitalized agents either recover at rate ¢, (the first term of Eq. (3)), or die at rate d4 (Eq.
(5)). Finally, 0, + 64 = v (the final term in Eq. (2)). The different events are illustrated in

Panels (a) and (c) in Figure 1.



We further allow for an endogenous behavioral response of agents to the pandemic (cf.
e.g. Acemoglu et al. 2024; Carnehl et al. 2023). In particular, we assume susceptible agents
prefer to avoid getting infectious and thus remove links with infectious neighbours to reform
— or rewire — them with other susceptibles at a rate w > 0.°> An illustration can be found in
Panel (e) in Figure 1. Rewiring and the spread of disease give link densities that evolve by the
following differential equations:

dm! I, mh(Sk, S;) (¢
( ks S5) B Z Lk’km (Ik/vsk)(t)%
€Lk EK k()
Panel (b) in Figure 1
mt(S;, 1)) (t
IR UG
el ke J
Panel (d) in Figure 1
— (v 4w+ v+ 2u)m (I, S5)(t), (6)
and
dm' (S, S;) 55 (t) I !
. =w m' (I, Sk)(t) L5,
dt Zk/elc Sk’<t) k/ZE;C ( k k)( ) k'k
Sk (t) I I
FUV="""F—= m' (I, S;)(t) Ly ;
Zk’e)c Sk,(t> ke ( J)( ) o
’ ’ ml S ,S' t
— 5 Z Li:/k: ml (Ik/’Sk)(t)W
VeLkeK k
Panel (b) in Figure 1
’ ’ ml S,S t
5 Y oy s ™5
S;(t)
leL,k'ek J
Panel (f) in Figure 1
+ K Sk(t)S; () Li; — (V' + 2u)m! (Sk, S;)(t). (7)

Infections generate new infectious susceptible links and remove old susceptible-susceptible links

— the links between the newly infectious and their susceptible neighbours. The number of these

5. This is a reduced-form description of individual behavior with a preference for constant socialization.
Including it as a parameter allows us to estimate it from data. A behavioral microfoundation for rewiring can
be found in Online Appendix A. Our formulation is related to Atkeson (2020), Atkeson et al. (2021), Carnehl
et al. (2023) and Acemoglu et al. (2024), where endogenous behavior in an epidemic is modeled as susceptible
individuals choosing to reduce their exposure levels when randomly meeting an infectious individual.



is the number of (I, Sk, S;)-triples in each layer. We compute the number of these triples using
a moment-closure approzimation (Taylor et al. 2012)-that the number of (I, Sk, S;)-triples in
the layer [ is the product of the link density between infectious and susceptible m! (I, Sy )(£)
and the expected density of susceptible-susceptible links for a susceptible m!(Sk, S;)(t)/Sk(t)
which yields m!(I,S)(t)m!(S, S)(t)/S(t). (the first term in Eq. (6) and third in Eq. (7)).6 The
second term in Eq. (6), as well as the third and fourth terms in Eq. (7) can be derived in a
similar way. Panels (b), (d) and (f) in Figure (1) provide an illustration. The moment-closure
approximation allows one to obtain a system of ODEs that is closed at the level of single state
variables (I and S) and pairwise interactions (m(Z,S) and m(S,5)). Rewiring increases the
number of susceptible-susceptible links (the first two terms in Eq. (7)). More specifically, we
assume that susceptible individuals rewire links to any other susceptible in the population
uniformly at random.” Then the density of links in layer [ between susceptibles in groups k’

and k from susuceptibles in group k' increases by

) S (1, $0)(8) Ll (5)

WX e
Dowex Sk () S

—the density of the links susceptibles in group k' rewire times the proportion of those links
that go to susceptibles in group k. With uniform rewiring the proportion of links that go to
susceptibles in group k is just the proportion of susceptibles in group & in the total population
of susceptibles. Further, infections, recovery and rewiring reduce infectious-susceptible links
(the third term in Eq. (6)). Finally, births and deaths of individuals and links give the last

two terms in Eq, (6).5:

6. See Theorem 1 in Taylor et al. (2012), as well as Fosco et al. (2010), Keeling and Eames (2005), Gross et al.
(2006), Gleeson (2011) and Kuehn (2016) for further details and examples for the moment-closure approximation.

7. In Online Appendix E.6 we discuss the case where links are rewired to all non-infectious individuals. We
show that the assumption that links are rewired to susceptible individuals only as we do in the current section
does not strongly affect the epidemic dynamics, especially in the early stages of the epidemic (when there are
only few infectious individuals), but it reduces the number of equations to analyze significantly.

8. A formal derivation of Egs. (1) to (7) based on the results in Kurtz (1971) can be found in Theorem 3
in Online Appendix I. Moreover, extensive simulation results comparing our system of ODEs to the average
from Monte-Carlo simulations of the jump process using the next reaction method (also known as Gibson-Bruck
algorithm; cf. e.g. Anderson (2013) and Wilkinson (2018)) can be found in Online Appendix E.

9. Note that our model is equivalent to one in which at a rate ¢ > 0 an infectious individual self-quarantines and
all the links of this individual to susceptible individuals get rewired to other susceptible individuals at random.
Then the ODEs in Egs. (6) and (7) would be identical except for replacing the rewiring rate w with the self-
quarantine rate q. The reason for this equivalence is that the mean field dynamics in these equations does not
discriminate between synchronous and asynchronous rewiring of links. See also Online Appendix D for further



3. Asymptotic Behavior and Stability Analysis

The disease-free state in which there are no infectious individuals is a fixed point (equilibrium)
of our system of ODEs. The following theorem identifies the disease-free equilibrium as a

function of the birth and deaths rates, and provides a condition for its stability.

THEOREM 1. Denote by

!
L pm' (S, S5) .
j,k,u,v( )= Sk s sz(svka
and
Dt (W) = (7 + w4 V' 4 20)80 180 5610, (9)

for U € L and j,k,u,v € K, where 0;; is the Kronecker delta with the property that 6;; = 1
if i = j and zero otherwise. Then the disease-free equilibrium [S, I, m'(Sk, S;), m' (I, S;)] =
A/, 0, %2—;,0] is asymptotically stable'® if and only if F(L) < V(w).

Note that the rewiring rate w enters linearly into our V matrix in Eq. (9) in the same way
as the recovery rate . For interpretation, consider the case with one group, a single layer and
no lockdowns. Then from Theorem 1 we have that the disease-free equilibrium is unstable if

and only if!!

M>’y+w+u+2u. (10)

Equilibrium stability is decreasing in the density of the contact network. As the average number

of links per individual, m(g,S), increases, the stability condition will only hold for a lower g

fixing v and w (and the remaining parameters ¢, v and p). The more individuals rewire, the
higher infection rate needed for the disease to spread in the population. The rewiring rate w
and recovery rate -y are additive in our stability condition. So, in the long run, rewiring has

the same effect on the spread of disease as increasing the recovery rate.'?

discussion. An alternative approach can be found in Alvarez et al. (2021) where testing and self-quarantine are
treated as the solution to a planner’s problem.

10. Let ||.|| denote the L? norm in R™. The dynamical system % = f(z), for z € R™ is asymptotically
stable around an equilibrium point z* if and only if: (i) for any e > 0,34 > 0 such that if ||z(t9) — z*|| < 9,

[lz(to) — xz(t)]| < e, Vt > to; and (ii) In such that if ||z(to) — x*|| < n, () = «* as t — oo (Dahleh et al. 2011).

11. One can show that (10) is equivalent to the basic reproduction number being larger than one. See also
Footnote 15 and Online Appendix B for further details.

12. In Online Appendix B we derive an analytic characterization of the critical infection rate 3¢ (Proposition
2) and the critical rewiring rate w® (Proposition 1) for which the disease-free equilibrium becomes unstable in



4. Optimal Lockdowns

We model a planner picking the level of lockdowns to ensure local stability of disease-free
equilibrium at lowest cost. The goal is to prevent the spread of a newly introduced disease
through the population at the lowest cost.

Suppose that we associate a convex quadratic cost function C(L) with lockdown policy
matrix L = [Lf,cj], k,j € K, l € L, where cost is decreasing in L (locking down more costs
more). Then, using the result from Theorem 1 (and taking the closure of the feasible region)

we can formulate the following optimization problem:

min C(L),
L} ;€10,1],Vk, 5,1
st. F(L) = V(w), (11)
k,jek,leLl.

Similar to e.g. Chowell et al. (2007) in the following we will assume that the time-scale of
the epidemic is much faster than characteristic times for demographic processes (natural birth
and death). The latter (comparatively small) effects can be neglected for the computation of
the eigenvalues in Equation (9). This assumption effectively corresponds to a slight tightening
of the constraints in the planner’s problem (11). The solution to this problem remains near
optimal (and is arbitrarily close to the true optimal solution for small natural birth/death
rate, by Berge’s maximum theorem (Berge 1963).

The following theorem then characterizes the solution to the planner’s problem (11) in
the case of heterogeneous, group-specific lockdowns for an arbitrary (and potentially large)

number of groups.

THEOREM 2. Consider a linear lockdown cost C(L) with C'(L) > 0, homogeneous birth
and death rates across groups, and let Q! be a symmetric K x K matrix with elements
Bml(Sj,Sk)Lij/\/SjSk. Then, the gflanner’s problem (11) is the semidefinite program (SDP)
given by min C(L) subject to Y, Q' < (v +w)L

As the number of rows/columns in €' is of the order O(K ), the problem remains tractable

even when the number of groups, K, becomes large. The elements of the matrix Q! depend

closed form for up to three groups (K = 2,3) (cf. Fosco et al. 2010). We find that the rates related to recovery
(7), rewiring (w), self-quarantine (q), link decay (v) and node decay () all increase the threshold 3¢, while the
birth rates of nodes (\) and links (k) decrease it. Similarly, the critical rewiring rate w® is increasing with the
infection rate .
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on the infection rate, the number of contacts between each group relative to the size of each
group, and the amount of contact the planner allows between each group. The more contacts
there are between groups, or the higher the infection rate, the more the planner should reduce
contact between them. The more susceptible individuals rewire links away from infectious
neighbours, the more slack the constraint becomes. Thus, the planner can allow more links

between individuals.!3

5. Data

We apply our model to study optimal policy during the second wave of Covid-19 in the
Netherlands using a novel population-scale dataset that maps social contacts likely to transmit
flu-like diseases. This multi-layered social network, constructed from registry data of Statistics
Netherlands (van der Laan 2022) and reweighted using contact frequencies from flu-like
infection surveys, captures the likelihood of Covid-19 transmission through various contact
types, such as family, work, household, school, and neighbourhood interactions. The dataset
covers 17.26 million individuals and represents 827 million potential contacts; the network
structure is described in more detail in the work by Bokanyi et al. (2023).

To model disease transmission, we reweigh the network using contact matrices from the
POLYMOD survey (Mossong et al. 2008), aligning contact settings with social network
layers (family, home, work, school, neighbourhood). This produced a weighted network
reflecting average daily contact rates and transmission probabilities. To ensure privacy and
practically feasible analysis, we aggregated these individual connections into a municipality-
level contact network, enabling us to estimate transmission patterns across 380 municipalities.
An illustration is provided in Figure 2, with further data collection details in the Online

Appendix F.

6. Estimation

In Proposition 3 in Online Appendix G.3, we show that the parameters (3,7, w) of our system

of differential equations (1) to (7) are identified from data on susceptibles, infectious, and

13. In Online Appendix C we provide an analytic solution to (11) for the case of uniform lockdowns
(LL ; = L €10,1]) and two groups. We show that the optimal lockdown intensity and the rewiring rate w
are substitutes at a rate that is the inverse of the sum of the infection rate 3 times the average degree of
susceptible type k& nodes among the same type k nodes. The case of uniform lockdowns will be an important

benchmark in the counterfactuals analyzed in Section 7.
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FiGURE 2. Contacts per individual per day for flu-like infectious diseases between municipalities in the
Netherlands. Darker weights indicate more contacts. Connections containing fewer than 12,000 individual
links are omitted for ease of reading, and to preserve privacy of individuals in small municipalities.

infectious-susceptible links over time. So, we can estimate infection, recovery, and rewiring
rates by minimizing the distance between model solutions and data on these.

There are two complications, however. First, directly using the differential equations with
many groups (1) to (7) for estimating the model’s parameters is infeasible as the number of
equations grows of the order of O(K) per layer. For example, modeling each municipality in
the Netherlands as a group with one type of contact gives 289,940 differential equations. To
resolve this, we use the fact that the system’s aggregate dynamics can be represented using a
simpler set of ODEs for one group,'* reducing the computational burden.

Second, we do not directly observe the number of links between infectious and susceptibles
over time, only the initial condition from our contact network. To address this, we show that
we can use new cases as a proxy for the density of links between infectious and susceptible
individuals, conditional on the case reporting rate. We give further details on construction of
epidemic data in Online Appendix G.

14. See Lemma 1 in Online Appendix G.
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TABLE 1. Estimates of infection, recovery, and rewiring rates,
second wave of Covid-19.

With rewiring ~ Without rewiring

(1) 2

Infection rate  (B) 0.0296™** 0.0207***

(0.00139) (0.00156)
Recovery rate () 0.191%** 0.174%**

(0.00277) (0.00159)
Rewiring rate  (w) 0.0917***

(0.0142)
RMSE 0.116 0.123

Notes: Covariance matrix estimated using Newey-West
estimator. Standard errors in parentheses. Significance levels:
*p <0.10, ** p < 0.05, *** p < 0.01.

We report estimates with and without rewiring in columns (1) and (2) of Table 1. First,
consider the estimates with rewiring in column (1). These correspond to a basic reproduction
number of Ry = 1.40.'> Our estimated recovery rate is close to the standard rate of 0.2 used
to calibrate models of Covid-19 (e.g. Acemoglu et al. 2021). The estimated rewiring rate of
0.0917 corresponds to susceptibles rewiring 9.17% of their links to infectious per day.

Next, consider the estimates from a model without rewiring in column (2) in Table 1
ignoring latent network dynamics. The estimates imply basic reproduction number of Ry =
1.67, higher than the one we find with rewiring. The lower estimated basic reproduction
number Ry (and higher infection rate /3) in the case of an endogenous network with rewiring
compared to a network without rewiring are due to the mitigating effect of rewiring links
away from infectious individuals on disease transmission (note that the rewiring rate w
enters additively in our stability condition (10)). This indicates a general downward bias
in epidemic models of infectious disease spread that do not consider network adaptivity (i.e.
ignore rewiring). Adding rewiring improves the fit of the model. The root mean squared error
(RMSE) of the fitted model from data series falls from 0.123 without rewiring to 0.116 with

rewiring.

15.  The basic reproduction number, Rq, represents the average number of secondary infections produced
by a single infectious individual in a completely susceptible population (Anderson and May 1991). See Online
Appendix B for further details.



13
7. Optimal Targeted Lockdowns in the Netherlands

Using our estimated parameters, we evaluate different potential lockdown policies in response
to the second wave of Covid-19 in the Netherlands. First, we allow the planner to target based
on the different layers in the municipality-municipality contact network, to break down which
types of links (layers) are most important, and compare to the optimal uniform lockdown.
Next, we use these results to characterize how rewiring and different types of targeting affect
the trade-offs a policymaker faces between finite disease spread (or in terms of disease-induced

deaths) and social costs from mitigation policy.
7.1. Optimal Targeting Across Layers with Rewiring

To explore whether and how it is optimal to set lockdowns heterogeneously across

municipalities and layers, we analyze the following optimal control problem:

min C(L) = Z Z Lijsk

L} €[0,1],Vk,j.l

leL k,jeEK
s.t. Zﬂl (v + w)I,
lez (12)
k,jek,leL,

K] = 380, |£] = 5.

where s is the share of the population in municipality & and Gic ; 1s the total number of
connections between municipality & and municipality j in layer . In words, the cost of locking
down connections depends on the number of individuals that are affected.

From the solution to (12) we find that targeted policies are significantly more efficient than
uniform policies (Acemoglu et al. 2021). With both rewiring and network-based targeting,
75.24% of contacts are allowed to continue under the optimal lockdown policy, compared to
only 45.40% without these mechanisms (i.e. uniform lockdowns without rewiring). This means
that network-based targeting allows the planner to preserve an additional 29.84% of total
contacts (or a 65.73% increase). Rewiring further enhances the efficiency of targeted policies.
Optimal targeted policies without rewiring permit 67.02% of total contacts. Accounting for
endogenous changes in the contact network in response to disease spread (with rewiring)
enables the planner to allow 8.22% more contacts (or 12.26% more contact overall).

A geographical representation of the optimal lockdowns from solving (12) for each layer

(household, work, school and family) is shown in the top left and bottom panels of Figure
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FiGure 3. Optimal spatially targeted lockdowns from Covid-19 in the Netherlands using estimated
parameters from the second wave of Covid-19. Lightest color denotes the most contacts allowed, and the
darkest denotes the fewest contacts allowed. The color scale goes from 40% of contacts allowed (darkest) to
100% (lightest). The top right panel shows the Pareto frontier representing trade-offs between disease spread
(Ro) and lockdown intensities (proportion of contacts allowed) faced by policymakers. Points represent
relaxations € € {0,0.025,...,0.15} corresponding to Ro € [1,1.2]. The results for three model specifications
are shown: uniform lockdowns, rewiring without targeting and rewiring with targeting, where targeting
includes both, municipalities and layers.

3.16 We plot the share of original contacts allowed by municipality, which for municipality k

is given by:

I= Yier Zjeic Gij%j
ier Zjeic chj

Optimal lockdowns vary significantly across municipalities within each layer. Instead of one

(13)

16. Neighbourhood contacts are omitted for readability.
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targeted policy (e.g school closures) being optimal, we find that different types of targeted
mitigation policies should be emphasised in different parts of the network depending on the
relative position of each municipality in each layer. The planner imposes the largest reductions
in household contacts in predominantly Christian municipalities within the so called “Bible
Belt”, where household sizes are larger, such as Urk, Harderwijk and Katwijk.!'” Despite
accounting for population size, school contacts are still heavily reduced in larger municipalities
with universities and primary/secondary schools, such as Amsterdam and Groningen. In
contrast, neighbourhood contacts are largely left unchanged, likely because, based on our
contact surveys, they contribute less to the spread of flu-like infectious diseases. We further
find that the amount a municipality is targeted is highly correlated with the measure of
flow-betweenness centrality in the municipality-municipality contact network in each layer
(Brandes and Fleischer 2005). However, even though they are correlated, centrality measures
do not fully explain the optimal targeted policy, as these static network statistics do not take

network endogeneity into account.
7.2. Trade-Offs Between Deaths and Economic Damages

Next we study the trade-offs a planner faces between disease spread and costs of lockdowns
given different types of targeting. In the previous section we have considered cases where
a policymaker wants to preserve the stability of the disease free equilibrium. However, a
policymaker may be unwilling to incur the damages required by lockdowns to keep the disease
free equilibrium stable. They may be willing for the disease to circulate slowly, leading to
some number of deaths, until the arrival of a vaccine to offset welfare damages from strict
lockdowns (Acemoglu et al. 2021). To model this, we imagine a policymaker allowing for an
€ > 0 relaxation of our stability constraint ), . Q! < (y 4w+ ¢e)I in the planner’s problem
in (12). The size of € determines how much greater than 1 the basic reproduction number,
Ro, can be (whereas the original problem (12) enforces Ry < 1). We then design lockdowns to
minimize their total costs while managing disease spread, constrained by this relaxed upper
bound on Ry.'®

The top right panel in Figure 3 plots these trade-offs when the planner implements different

types of targeting with and without considering endogenous changes in the contact network.

17. A list of the most targeted municipalities (with and without rewiring) can be found in Online Appendix
Figure H.2.

18. In additional specifications, we represent economic damages as a reduction in the share of total wages from
a given group, weighted by the share who cannot work from home (Acemoglu et al. 2021). As wages covary very
strongly with population size in the Netherlands, results are qualitatively similar.
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Targeting not accounting for rewiring or types of contact leads to strictly worse trade offs that
targeting accounting for rewiring when Ry is close to one. For higher values of the relaxation
€ > 0 the relative importance of rewiring diminishes in the constraint (v + w + ¢)I, and hence
the two policies yield similar outcomes. Accounting for types of contact and rewiring yields a
further improvement also for higher values of Ry, where the heterogeneous network structures
for each layer can be most effectively exploited in the optimal policy to limit the spread of the

disease.!?

8. Conclusions

We introduce a new SIR model for epidemic spread on a network that incorporates endogenous
behavioral changes, where susceptible individuals rewire links away from infectious contacts.
The planner’s problem of minimizing the cost of preventing a disease becoming endemic
can be formulated as a semidefinite program that is tractable as the number of groups and
types of contact become large, allowing us to examine the impact of rewiring on optimal
lockdowns. Rewiring flattens infection curves, creating a trade-off: the more individuals adjust
their contacts, the less intense lockdowns need to be. Applying this model to Covid-19 in
the Netherlands, we estimate optimal network targeted lockdowns using a population-scale
social network and contact surveys. We find that rewiring reduces lockdowns in less connected

municipalities linked to larger ones.
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ONLINE APPENDIX
A. Behavioral Microfoundation of Rewiring

Following the notation in Carnehl et al. (2023) we let mg > 0 denote the socialization utility
of a susceptible individual, and the cost of getting infectious be given by 1 > 0. Let the utility

of the susceptible individual maintaining the link to the infectious be given by

o =75 — 31+ <o,

where 8 > 0 is the transmission rate and ¢¢ is a random error term. Similarly, the utility of

rewiring the link from the infectious individual to another susceptible is
T =7s —C+Eq,

where ¢ > 0 is a linking cost and ¢; is a random error term. Assuming that the error terms
are type 1 extreme value distributed with parameter «, the probability that the utility of the
susceptible individual from rewiring is higher than the utility from staying connected to the

infectious individual is given by (Anderson et al. 1992):

6’19(71'5—6) 1

P(m > mp) = (A.1)

ed(ms—c) 4 ¥ (ms—pn) - 1+ e¥(c=pn)"

The rewiring rate w in the main text can be interpreted as the adjustment rate times Eq.

(A.1).

B. Basic Reproduction Number and Epidemic Threshold

We can relate the asymptotic stability result of Theorem 1 to the basic reproduction number,
Ry, which represents the average number of secondary infections produced by a single
infectious individual in a completely susceptible population (cf. Anderson and May 1991;
Brauer et al. 2008). To simplify the discussion for the remainder of this section we consider a

single layer.

COROLLARY 1. Consider the case of a single group and no lockdowns. The basic reproduction

number then is

B Bm(S,S)
R0 = S v w v+ 20 (B.1)




A comparison of Eq. (B.1) with Eq. (10) shows that the disease-free equilibrium is unstable
if and only if the basic reproduction number Rg is larger than one. We can further see that
the basic reproduction number is increasing in the average number of links per individual,
@, and that rewiring (w) and recovery () affect the basic reproduction number in the
same way.

While Theorem 1 characterizes the stability of the disease-free equilibrium in terms of
eigenvalues for an arbitrary number of groups, the following proposition identifies the critical
infection rate 8 for which the disease-free equilibrium becomes unstable in closed form for up

to three groups.

PROPOSITION 1. The critical value of the infection rate 5 for which the disease-free equilibrium

becomes unstable is given by

B¢ = C2uv +2p)(y +w+ v+ 2u))

1
X

K K 2 K K 9 2
M ket Lk + A/ (2 ker ke Lrr ) + 43051 D0 (B Lty — FrwLintsi Ly
(B.2)

for K =23.

Eq. (B.2) shows that the rates related to recovery (), rewiring (w), link decay (v) and
node decay (p) all increase the threshold 8¢, while the birth rates of nodes (\) and links (k)
decrease it. The latter implies that there more potential contacts there are, the less infectious
a disease needs to be to spread through the population.

Similarly, we can identify the critical rewiring rate for which the disease-free equilibrium

becomes unstable.

PROPOSITION 2. The critical value of the rewiring rate w for which the disease-free equilibrium

becomes unstable is given by

(B.3)

K 2 K K
<Z Iﬁ)kkka> +4 Z Z (K%jLij — IikkkaK/ijjj) —C,
k=1

k=1j=k+1

where c=~v+v+2u and K = 2,3.



Eq. (B.3) illustrates that the critical rewiring rate w® is increasing with the infection rate
6. Thus, the more infectious the disease, the higher the rewiring of links away from infectious

individuals needs to be to prevent the disease from spreading.

C. Uniform Lockdowns

For simple cases, we can derive analytic properties of the resulting optimization problem stated
in Eq. (11). For the purpose of illustration we consider in the following two groups (|K| = 2),
a uniform policy where Lﬁcj = L € [0,1], and a monotonic increasing cost function C(-) with

C’(+) > 0. The planner’s problem can then be written as

min C(1—-1L)
Lel0,1]
B [ m(S1,51) = m(Sa,S2) m(S1,51)  m(S,S82)\? | 4m(Si, Sp)?
L. = — L<
Sty S + So + Sy Sa * 5152 =

where ¢ = v+ w + v + 2p and the inequality constraint comes from the requirement that
the eigenvalues of the Jakobian of the dynamic system at the disease-free equilibrium are

non-negative. The constraint is binding, and solving for L where the eigenvalue is zero yields

1 Sa 1 2

—1
2
L = 2(7+w;—”+2u) (m(sslasl) + m(S2,S2) + \/(m(SSl,Sl) _ m(ssmsz)) + 4m(3511§;92)2>

(C.1)

Further, inserting [Sk, I, m(Sk,S;), m(Ix,S;)] = [N/, 0, =5 )‘—2,0] and m(Sk,S;) /Sk =

v+2p
m(Sk,S;)/S; = Vj_’“gﬂ % in Equation (C.1) gives

20y +wHv+2u)(v+2u)p
BA

In the special case of m(Sy, S2)% = m(S1, S1)m(Sa,S2), as would occur if the initial population

L* =

-1
<I€11 + Koo + \/(Hll — H22)2 + 4/@%2) (CQ)

is “well-mixed” as in typical SIR models, the optimal lockdown is then given by

Y+ w+v+2p)(v+2u)p

.
L= BA(K11 + Ka2)

(C.3)

We next analyze the sensitivity of the optimal lockdown policy L* with respect to the rewiring
rate w. From Equation (C.3) we find that
oL* 1

o = Ben BAkag
v (v+2u)p + (v+2p)p

(C.4)
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FIGURE D.1. Self-quarantine, at rate ¢ per I node. Blue denotes susceptible nodes (S) and red denotes
infectious nodes (I).

where m(Sk, Sk)/Sk = Asg; /(v +2p) is the average degree of susceptible type k£ nodes among
the same type k nodes. Thus, the lockdown intensity L* and the rewiring rate w are substitutes
at a rate that is the inverse of the sum of the infection rate 8 times the average degree of

susceptible type k nodes among the same type k nodes.

D. Self-Quarantine

We assume that at a rate ¢ > 0 an infectious individual self-quarantines and all the links of this
individual to susceptible individuals get rewired to other susceptible individuals at random.
An illustration is shown in Figure D.1. In the case of self-quarantine of an infectious in group
k, the average number of layer [ links that get rewired is m!(I}/,Sy)/I. Summing over all
infectious in group k gives a total of m!(Ijs,Sy) rewired layer I links per capita. Further,
summing over all groups yields a total of Y, m!(Ix, Sk)(t) layer I links per capita. With
uniform rewiring the proportion of links that go to susceptibles in group k is the proportion
of susceptibles in group & in the total population of susceptibles. The increase in the density
of links in layer [ between susceptibles in groups k' and k from susceptibles in group k' by

self-quarantines and rewiring is then given by

q X Ik/ Sk Ll/ . D1
ZM Sk 0 k/ZGK )(t) Ly (D1)

The dynamics for the fraction of links between susceptibles—susceptibles and susceptibles—

infectious is then given by Egs. (6) and (7) when replacing the rewiring rate w with the
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FIGURE E.1. Effect of rewiring on disease dynamics. The left panel shows paths of infections, I(¢). The
right panel shows time paths of deaths, D(t). Parameters are: 8 = 0.038,v = 0.2,w € {0,0.1,0.2},0" =
0.19,6% = 0.01,. = 0.076, S(0) = 0.99, I(0) = 0.01, R(0) = 0.0 and average degree d = 10.

self-quarantine rate ¢, while the dynamics for the fraction of susceptible, infectious, recovered,
hospitalized and deaths over time is given by Eqs. (1), (2), (3), (4) and (5), respectively. The
reason for this equivalence is that the mean field dynamics in these differential equations
describing the network evolution represent population averages that do not discriminate

between synchronous (in the case of self-quarantine) or asynchronous rewiring of links.

E. Additional Simulation Results
E.1. The Effect of Rewiring

Figure E.1 demonstrates the effect of rewiring on infections and deaths numerically from
solving the ODEs in Equations (1) to (7). Parameters are calibrated as in typical SIR models
of Covid-19 following Ferguson et al. (2020) and Acemoglu et al. (2021) — 8 is set to 0.038
(which corresponds to an effective reproduction number of Ry = 1.9) with an average recovery
time of five days (y = 0.2). Time is in days. The initial contact network is an Erdds-Rényi
random network with a mean degree of 10.

Without rewiring, we see the usual SIR epidemic dynamics in Figure E.1. Infections initially
take off sharply, reach a peak in around 25 days, and then decline quickly. As the rewiring
rate increases, infections take off more slowly. Susceptibles adjust links to avoid the infectious.

Thus, it takes longer for any given susceptible to become infectious. This spreads out the total



case load. Infections peak later than with no rewiring, and at a lower value. With a 10 percent
rewiring rate, number of infectious peaks over 10 days later than with no rewiring, and at half
the level than with no rewiring.

If the rewiring rate is high enough, rewiring can prevent the disease from spreading.
Susceptibles separate their links with the infectious fast enough that the contact network
separates into two components — a component containing infectious but no susceptible, and
a component containing susceptible but no infectious. We see an example of this when the
rewiring rate reaches 20 percent. Infections peak very quickly and then slowly fall to zero,
long before the entire population becomes infectious. The number of deaths peaks at a small
finite amount. Our example shows that rewiring flattens the curve of infections over time by
reducing contacts between susceptible and infectious. Consequently, the higher the rewiring

rate, the fewer deaths there will be from the epidemic before it dies out.?"

E.2. Single-Group and Layer Epidemic and Network Dynamics

Figure E.2 shows a comparison from our system of ODEs in Equations (1) to (6) to the average
from Monte-Carlo simulations of the jump process using the nezt reaction method also known
as Gibson-Bruck algorithm (cf. e.g. Anderson (2013) and Wilkinson (2018)). We see that the
averages across realisations of the jump process match our ODEs well, even for a relatively

small network size.
E.3. Multi-Group Epidemic and Network Dynamics

Figure E.3 shows a comparison of mean-field ODEs for the epidemic dynamics in Egs. (1),
(2),, (3), (4),, (5), and the network dynamics in Eqgs. (6) and (7) with mean jump-process
dynamics. We see that the averages across realisations of the jump process match our ODEs

well, even for a relatively small network.
E.4. Vital Dynamics: Births and deaths of individuals and links

In Figure E.4 we compare the dynamics of a numerical simulation of the stochastic block

model initialized with an empty network to our ODEs in Eqs.(1), (6) and (7), respectively.

20. Note, however, that rewiring differs from severing links (e.g. due to self quarantine; cf. Section D) as it
changes the structure of the network while preserving the network density. Around the parameter values where
the disease-free equilibrium becomes unstable, this can lead to multiple waves of infection. Susceptibles rewire
at a fast enough rate to slow the spread of disease, creating clusters of susceptibles connected by a few links to
infectious. Once the disease reaches these clusters, infections increase again as the disease spreads between the
densely connected susceptibles (cf. Gross et al. 2006).
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FIGURE E.2. Comparison of mean-field ODEs for the epidemic dynamics in Egs. (1), (2), (3), (4), (5),
and the network dynamics in Eqgs. (6) and (7) with mean jump-process dynamics. DE denotes paths
from system of ODEs. NRM denotes means from Monte-Carlo simulation of jump process using the next-
reaction method. For the jump-process we generate 30 simulations with 240 nodes. The initial conditions
are S(0) = 0.9, I(0) = 0.1, R(0) = 0.0, m(S, S)(0) = 4.05, and m(I,S)(0) = 0.9. The parameters used are
B8 =0.06, y=0.1 and w=0.1.
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FIGURE E.3. Comparison of mean-field ODEs for the epidemic dynamics in Egs. (1), (2), (3), (4),
(5), in the left panel, and the network dynamics in Eqgs. (6) and (7) in the right panel with mean
jump-process dynamics for multiple groups. DE denotes paths from system of ODEs. NRM denotes
means from Monte-Carlo simulation of jump process using the next-reaction method. For the jump-
process we average across 15, respectively, 40 simulations with 400 nodes, 300 in group 1 and 100 in
group 2, drawing a different network from the Erdds-Rényi distribution G(400,0.05) on each run. Initial
conditions are S1(0) = 0.9 x 0.75, S2(0) = 0.9 x 0.25, I1(0) = 0.1 x 0.75, I2(0) = 0.1 x 0.25, R;(0) = 0.0,
R1(0) = 0.0, m(S;,5;)(0) = 20 x S;(0) x S;(0), and m(L;,S5;)(0) = 20 x I;(0) x S;(0). The parameters
used are § = 0.048, v = 0.174 and w = 0.025.
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FIGURE E.4. Comparison of the total number of links from the ODEs in Egs. (1), (6) and (7) with the
mean jump-process dynamics for a stochastic block model with four types. DE denotes paths from system
of ODEs. NRM denotes averages from Monte-Carlo simulations of the jump process using the next-reaction
method.

We see that both converge to the same stationary state, illustrating that the ODEs represent
the mean dynamics of the jump process with link creation according to the stochastic block

model well.
E.5. Full Network Dynamics

In the background of the model defined by Egs. (1), (2), (3), (4), (5), (7), (6), there is a
larger set of link dynamics including changes in links between infectious and infectious, and
changes in links between the recovered and all other compartments. In the model analyzed in
the main text, we ignore the latter for tractability. Here, we show that this simplified system

can sufficiently describe the full dynamic epidemic process. The full set of ODEs governing



the network dynamics (considering only one group and one layer for simplicity) are:

) _ i, 5)() 257 S)(;)(T)(s, S)(t)

dmgﬁ S5) _ 5m<§(f)><t> (2m(S, $)(t) = m(I, 8)(1)) — (3 + w)m(1, S)(1),

dm((ji,l) _ Bm(I,S)(;)(Z;(L O on(r, 1)(0), (E.1)
D) itz (e + 5™ 2GRS i,y

SR s sy - 57 s><g>$<s, R)(H).

AL mr, B0,

The first two lines in Equation (E.1) correspond to Equations (7) and (6), in the main text,
respectively. The rest describe the changes in links between infectious and infectious, and
recovered and others. We see that changes in links between susceptibles and susceptibles, and
between susceptibles and infectious, do not depend on any of the other quantities. Thus, we
can safely ignore all but the first two equations. A comparison of the simulations of the jump
process to full network dynamics of the ODEs in (E.1) can be seen in Figure E.5. To validate
these equations, we simulate our jump process as in the main text keeping track of all of
the link densities, and compare the results to Eq. (E.1). We show the results in Figure E.5

illustrating that our differential equations match the jump process well.
E.6. Rewiring to All Non-Infectious

One could more generally assume that susceptible individuals rewire links to all non-infectious
individuals, not just other susceptibles. Then, susceptible rewire links away from infectious
neighbours to other susceptibles and recovered, not just other susceptibles as we have assumed
in the main text. Here, we show that which we choose makes little difference until the fraction

of recovered in the population is very high. In this case our model is defined by Eqgs. (1), (2),
(3), (4), (5) plus

dm(S, S) S(t) I,8)(t)ym(S,S)(t)

i VS + RO 28 S(t) ’ 2
dmi 5) _ 5m(g(f)) ®) (2m(S, S)(t) — m(1, S)(t)) — (v +w + ¢)m(I, S)(t), (E.3)
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FiGURE E.5. Comparison of the simulations of the jump process to full network dynamics. For the jump-
process we generate 20 simulations with 600 nodes. DE denotes paths from system of ODEs in (E.1). NRM
denotes means from Monte-Carlo simulation of jump process using the next-reaction method. The initial
conditions are S(0) = 0.9, I(0) = 0.1, R(0) = 0.0, m(S,S)(0) = 4.05, and m(I, S)(0) = 0.9. The parameters
used are 5 =0.12, v = 0.1 and w = 0.0.

in liu of Egs. (6) and (7). We see that when R(t) is small, then % ~ % = 1. Then the
equations above define the same network dynamics as in (6) and (7) in the main text.

To show where this holds in practice, we simulate both the system defined by Egs. (1),
(2), (3), (4), (5), (7), (6) and defined by Egs. (1), (2), (3), (4), (5), (E.2), (E.3) in Figure E.6.
We see that the ODEs only begin to diverge when the proportion of the population who has
had the disease is in the region of 30% to 40%, which is unrealistically high for diseases we
might consider. Furthermore, the divergence in number of infectious is relatively small. Thus,

we can ignore the potential for rewiring to recovered without serious error.
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F1GURE E.6. Comparison of disease dynamics with rewiring uniform at random versus to susceptibles.
Initial conditions are S(0) = 0.8, I(0) = 0.2, and R(0) = 0.0. Parameters are 8 = 0.06, v = 0.2, w = 0.1,
and 6 = 0.0.

F. Contact Network and Epidemiological Data
F.1. Social Network Data

We utilize a population-scale social network of the Netherlands created from Statistics
Netherlands registry data. A detailed description of various network properties of these data
can be found in van der Laan (2022) and Bokanyi et al. (2023). Our network contains each of
the 17.26 million individuals in the population register of the Netherlands as of 2018.2" There
are five layers, each encoding a different type of connection between two individuals: family
connections, work connections, household connections, school connections, and neighbourhood
connections.

Family connections represent all family members up to the second degree (cousins,
grandparents, or closer). Work connections represent all colleagues at the same workplace.
Household connections represent individuals who are registered at the same address. School
connections represent individuals who attend the same school, university, or university of
applied sciences, in the same program and the same year-group. Next-door neighbourhood

connections connect individuals to the individuals in the 10 nearest households to each

21. We use data from 2018 as it is the closest available to the beginning of the Covid-19 pandemic at the time
of analysis. It is worth noting that existing contact surveys used for epidemiological analysis are carried out in
2005.
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individual. Data was pseudonymized before analysis, ensuring privacy of the individuals,
and no personally identifiable information was used. All analysis involving this data took
place within the secure server environment of Statistiscs Netherlands. Between the layers, the
network captures the potential contacts of each individual in the Netherlands. There are 827

million links between all of the layers.
F.2. Constructing a Population-Level Contact Network

We reweight each layer based on results from the POLYMOD contact survey for flu-like
infectious diseases (Mossong et al. 2008) — a set of nationally representative contact surveys for
flu-like infectious diseases undertaken across a range of European countries in 2005-2006. These
are the standard contact datasets used in mathematical modelling of Covid-19. Participants
record daily contacts sufficient to spread a flu-like infectious disease in a contact diary on
randomly assigned days.?? Individuals record the age of the contact, and the setting in which
it occurred. There are six possible settings: ‘within the home’; ‘at work’, ‘at school’; ‘in
transport’, ‘during leisure activities’, and ‘other’. Contact matrices are smoothed averages
of reported contact numbers using tensor splines. The mean number of contacts per subject
per day is 14.

We start by matching each type of contact in POLYMOD to a layer in our social network
data. We assume that contacts within the home occur with members of the household, work
contacts occur with work colleagues, and school contacts with individuals at the same school
or university. We assume that leisure contacts occur with family members, and contacts during
transport and other activities occur with individuals in the same neighbourhood.??

We then weight each link in each layer in our social network data the mean number
connections per individual in that layer matches the average number of contacts in the
respective setting per day in POLYMOD. The resulting weights encode the probability that
a given link between individuals is sufficient to spread Covid-19 each day.

Our procedure gives us a weighted contact network. Each node is an individual in the
population of the Netherlands. Each edge encodes the probability that those two individuals
will have a contact sufficient to spread a flu-like infectious disease on a given day.

For tractability, we aggregate links by municipality to generate a municipality-municipality

contact network. The Netherlands is split into 380 such municipalities. An example is the city

22.  One individual has a contact with another if they either have skin-to-skin contact or a two-way conversation
consisting of three or more words in the presence of each other.

23. As we then aggregate the network to the municipality level, in practice we only have to assume that these
contacts occur with individuals within the same municipality.
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of Amsterdam, which is its own municipality. So we have 380 different types of agents, and
a 380 x 380 municipality-municipality contact network. The weight from municipality ¢ to
municipality j is the expected number of contacts sufficient to spread a flu-like infectious
disease between individuals in municipality ¢ and municipality j. Aggregation further ensures
the privacy of individuals within our data, as it is impossible to recover individual links from

the aggregated data.
F.3. Epidemiological data

We use data on daily cases and deaths from Covid-19 in the Netherlands from 6th of August
2020 to 19th of November 2020. The summer period of the Covid-19 pandemic is an ideal
setting to estimate the model and analyse the effect of policy. At the beginning of the first
wave of Covid-19, the government of the Netherlands adopted an ‘intelligent lockdown’ policy.
The policy involved encouraging masking, social distancing measures, and closing venues
such as schools. These measures became stricter through March and April. During June, the
government relaxed many of the measures adopted. By July, they were mostly gone. Our start
date of 6th of August corresponds to the reopening of schools and universities. By this time,
terraces had been reopened, and restrictions on leisure activities were loosened. At this point,
Covid-19 cases were negligible, and a tiny fraction of the population were infectious. Covid-
19 cases then began to rise again. Stricter measures began to be reintroduced on October
14, when the government announced some closures to counter the rise in infections. Our end
point of 19th of November corresponds to the banning of large gatherings and reintroduction
of a work from home order. These measures were extended to a full lockdown from December
15th. A vaccination roll-out began on January 8th 2021. So, during this period, a disease is
spreading in the population for a relatively long period with light mitigation and relatively
small changes in policy.?* Light mitigation allows us to get more accurate estimates of the
infection rate. Large changes in policy would confound our estimates. The time period is short
enough that we do not have to worry about large amounts of reinfections. Thus, a model
without reinfection is still appropriate.

Data comes from the Institute for Public Health and the Environment (RIVM) of the
Netherlands. To reduce the effect of noise and reporting patterns, we construct 7-day rolling
averages of both series.

Reported cases depends on the individuals who get official Covid-19 tests, which is highly

heterogeneous by age. To account for this, we map cases into eight discrete age-groups

24. See Ainslie et al. (2022) for full description of all of the changes in policy by the Dutch government over
the pandemic.
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corresponding Ainslie et al. (2022). We then use the case reporting rates for the Netherlands
in Ainslie et al. (2022) to transform reported case counts to actual case counts.

The relation between reported deaths and actual infectious depends on both the infection
fatality ratio and the rate that deaths from Covid-19 are correctly reported. To correct for this,
we reweigh the series of aggregate deaths to match the average proportion of infectious in the
population in the first two weeks where the series overlaps with the Covid-19 infection radar
surveys. This is a web-based weekly survey designed to detect the proportion of individuals
with Covid-19 in the populations. After recruitment, individuals report potential Covid-19
symptoms each week, and the results of any tests. These are the most reliable measure of the

proportion of the population infectious in the Netherlands at any given time.

G. Identification and Estimation Algorithm
G.1. Aggregate Dynamics

Note that, for K groups, we have a system of 2K?2 + 3K non-linear differential equations. As
the number of groups grows, the size of the system quickly becomes uncomfortably large to
solve. For example, if we consider each Wijken (the spatial division below municipality) in the
Netherlands as a single group, we have 3098 groups, giving a system of 19,204, 502 differential
equations. In our main specification, where we consider each municipality in the Netherlands
as a single group, we have 380 groups, giving a system of 289,940 differential equations.
Furthermore, the quantities in each disease compartment are shares in the population.
Thus, as the number of groups becomes large, the proportion of the population within each
compartment becomes very small. This leads to serious numerical error in solutions and
gradients of the solution with respect to parameters if we try to take our system to data
directly.

To solve this problem, we note that we also can describe the aggregate dynamics of our
the system with our system of ordinary differential equations with one group and the same

parameters. We formalize this result in the lemma below.
LEMMA 1. For each system

{Sk(t), I (t), Ri(t), m(Sk, Sk ) (t), m(Li, Sk ) (£) Y—o g hrexc

following Eqs. (1), (2), (3), (4), (5), (6) and (7) there is a unique equivalent representation

{Z Sk(t)7ZIk(t)aZRk(t)v Z m(‘sjv‘sk)(t)v Z m(Ijvsk)(t)}tho

kek kek kek J.keEK j,keK
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with mean-field dynamics that can be described by the single-group Eqs. (1), (2), (3), (6) and

(7).

The size of the system with one group is independent of the number of groups. Therefore,

we can solve this system regardless of the number of groups in our data.
G.2. Identification with Latent Network Dynamics

Our second problem is that we do not observe the number of links between infectious and
susceptibles and the number of links between susceptibles over time. These network dynamics
are latent. We only observe an initial condition, coming from our population-level contact
network.

We solve this in two steps. First, we use the number of reported new deaths are a sufficient
statistic for the number of infectious conditional on the infection-fatality ratio and death

reporting rate. From Equation (5), we have that

dDy,
—_— I
o Aatidarly(t)

where 1,041 is the group-specific infection-fatality ratio. Then, we have that
ADy(

> Adbk'}dk > I

kex ke

New cases are a sufficient statistic for the density of links between infectious and susceptible

conditional on the case reporting rate A.. We can write the total number of new cases

)=Ae > _( dIkJrWIk (t))

ke
=Ae(B D m(Ik, S)(t) = vIk(t) + v1k(t))
kjek
=AeB > mIk, S,
kjek

Conditional on a value of A., each [ defines a one-to-one mapping between the number of

cases and the number of infectious susceptible links in the population.
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G.3. GMM Estimation

We apply a Generalized Method of Moments (GMM) approach to estimate the parameters of

our Markov diffusion process (cf. Hansen and Scheinkman 1995). Define

XN9,1) SN@,1) IN@®,1) RN®6,1) mN(S,8)0,1) mN(I,5)(6,1)
XN (9,2) SN(9,2) IN(6,2) RN9,2) mN(S,9)(0,2) mN(I,5)(6,2)
XN@,t) N SN('Q,t) IN(.Q,t) RN(.H,t) mN(S,'S)(H,t) mN(I,S)(G,t)
_XN(.Q,T)_ _sN(é,T) IN(é,T) RN(é,T) mN(S,S)(e,T) mN(I,S)(a,T)_

as the T x 5 matrix of a single realisation from our jump process with sample size N. Write

this compactly as
XN () = (S™(6), IV (6), RN (6),m™ (S, 5)(6), m" (I, 5)(9)). (G.1)

Let
YN (9) = [SN(0), IV (6), m" (1, 5)(0)]

be the T' x 3 matrix of the first, second, and fifth series in X V. Define
X(0) =[5(6),1(0), R(9),m(S,5)(6),m(I,5)(0)]

as the T x 5 matrix of the solution to Egs. (1), (2), (3), (7), (6) given an initial condition for
the full state space

and a parameter 6. Let

Define the functions

and
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where ||.||2,1 denotes the Lo ; matrix norm.?> Writing the norm explicitly, we have
1Y(8) = Y™ (00)ll21 = [1S(8) = S™ (G0)llz + [11(8) — IV (O)]|2 + |Im(Z, $)(8) — m™ (L, 5)(60)|l2-

where ||.||2 denotes the Euclidean norm, i.e. ||z||2 = /23 + ...+ 22. Given the above, the

GMM estimator of parameters is unbiased and consistent.

PROPOSITION 3. Let Qn(0) = —|[Y(0) — YN(60)|l21 with YN(B) = [SN(8), IN(6),
m™N(1,8)(0)] from the jump process with sample size N and Y (8) = [S(9),1(0),m(I,S)(0)]
from the solution to Egs. (1), (2) and (6). Assume that the fraction of susceptibles in the

population is bounded away from zero. Then
0 = mazgcoQn (0)
s a consistent estimator of 0.

To correct for autocorrelation in deviations from sample moments we follow Newey and
McFadden (1994) and Den Haan and Levin (1996), and estimate the variance-covariance

matrix of § as
V(0) = (DD')"'DSD'(DD')~*,

where
(Y (0) — YN (b)) s
00 =0

Further, we compute by non-parametrically using a Newey—West estimator with a bandwidth

D=

of 7 days. We pick a bandwidth of 7 days to correspond to the smoothing we apply to the
data. We checked robustness by experimenting with bandwidths of up to 14 days. Rejection

of tests at the given critical values are robust to all of these bandwidth selections.

H. Additional Counterfactual Results

In the following sections we discuss additional counterfactuals assuming w.l.o.g. a single layer.
First, in Section H.1 we discuss the gains of a spatially targeted lockdown policy over a uniform
policy. Next, in Section H.2 we evaluate how rewiring can increase the contacts allowed over

a targeted policy without rewiring. Further, in Section H.3 we relate the optimal targeted

25. The Lg,1 norm is the sum of the Euclidean norms of the columns of the matrix A = [a;;]: ||A|2,1 =

;‘1:1 (Zgl |aij|2)1/2-
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FIGURE H.1. Targeted lockdowns by municipality-municipality pair, Ly, for Covid-19 in the Netherlands
with estimated parameters (Table 1). The dashed line gives the optimal uniform lockdown level L* (cf.
Online Appendix C).

policy to various centrally measures considered in the epidemiological literature. In Section
H.4 we consider a more fine grained spatial targeting policy (at the “Wijken” level). Finally, in
Section H.5 we also distinguish between different age groups in the planners’ optimal targeting

problem.
H.1. Targeted vs. Uniform Lockdowns

Targeted policies are more efficient because the optimal reductions in contacts between pairs
of municipalities are highly heterogeneous. Figure H.1 plots the distribution of the proportions
of contacts the planner allows between all possible pairs of municipalities. We see that the
planner allows all, or almost all, contact between most pairs of municipalities. But, the planner
should reduce contact between a small, but sizeable, set of municipalities to almost zero. By
contrast, the optimal uniform policy must reduce contacts between municipalities by the same

amount (cf. Online Appendix C).
H.2. Targeted Lockdowns with and without Rewiring

Considering the spatial distribution of the shares of contacts allowed across the Netherlands
reveals that optimal targeted lockdowns are highly heterogeneous across space. Figure H.2
plots the share of contacts allowed by the planner by municipality with and without rewiring.

Connections coming into some municipalities are reduced much more than connections into
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(A) Without rewiring .
Table: Ten most targeted municipalities without
rewiring.

Municipality Share contacts allowed ~ Rank
(k) (Xjex Lij)

Urk 0.3837 1
Midden-Groningen 0.4957 2
Ede 0.5142 3
Barneveld 0.5143 4
Rijssen-Holten 0.5192 5
Katwijk 0.5207 6
Utrecht 0.5232 7
Zwolle 0.5267 8
Groningen 0.5344 9
Amersfoort 0.5364 10
(B) With rewiring

Table: Ten most targeted municipalities with esti-
mated rewiring

Municipality Share contacts allowed Rank
(k) (Ejex ij)

Urk 0.4315 1
Midden-Groningen 0.5649 2
Barneveld 0.5808 3
Rijssen-Holten 0.5884 4
Ede 0.5889 5
Katwijk 0.5908 6
Utrecht 0.5988 7
Zwolle 0.6034 8
Amersfoort 0.6127 9
Groningen 0.6134 10

Ficure H.2. Optimal spatially targeted lockdowns from Covid-19 in the Netherlands using estimated
parameters from the second wave of Covid-19 (Table 1). The lightest color denotes the most contacts
allowed, and the darkest denotes the fewest contacts allowed. Panel (A) shows the optimal targeted solution
without rewiring and panel (B) with rewiring. Tables show the ten most targeted municipalities in each
case.

others. This illustrates that optimal targeting based on the network structure leads to

heterogeneous targeting across space, because contacts are highly heterogeneous across space.
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F1GURE H.3. Relationship between centrality measures and optimal lockdown levels. The left panel shows
the proportion of original contacts the planner allows by municipality (> jek Ly ) against the natural
logarithm of the degree centrality, the middle panel the log eigenvector centrality and the right panel the
flow-betweenness centrality (Brandes and Fleischer 2005).

H.3. Targeted Lockdowns and Network Centrality

Optimal lockdowns reduce contacts into moderately sized cities (Groningen, Utrecht, Tilburg,
Nijmegen), and small municipalities that are densely connected within the municipality
(Urk, Katwijk, Midden-Groningen), the most. This accords with their positions in the
network relative to others. Figure H.3 compares the proportion of contacts allowed in a
given municipality to various common measures of network centrality in the municipality-
municipality contact network. The amount a municipality is targeted is most closely related to
its flow-betweenness centrality (Brandes and Fleischer 2005). No centrality measure, however,
fully explains our targeting results, which is in line with earlier findings presented by Hedde-
von Westernhagen et al. (2024).

The planner does not reduce contacts of individuals in large cities (Amsterdam, Rotterdam,
the Hague) the most though the planner does reduce the contacts of individuals in these cities
significantly. This is because their large populations make lockdowns between them and others
especially costly.

Accounting for rewiring reduces the heterogeneity in contacts allowed between
municipalities. This comes because the planner has to target the most targeted municipalities
by less. The most targeted municipalities remain the same (though the rank-order is not

entirely preserved).
H.4. Wijken-based Targeting

In this section we solve for the optimal spatially targeted mitigation measures at the finest
level that we can. There are 3097 “Wijken”, which are a subdivision of municipalities. We
construct Wijken-Wijken optimal targeted lockdowns L;; weighting the cost of lockdowns by
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(1]

FiGure H.4. Optimal spatially targeted lockdowns at Wijken level from Covid-19 in the Netherlands
using estimated parameters from second wave of Covid-19 (Table 1). Lightest color denotes the most
contacts allowed and darkest denotes the fewest contacts allowed.

the size of the population locked down. Our control problem is

min — Z Lijsyg
Ly;€[0,1 j
k]e[07 ]7Vk7]E’C k,jeIC

st. Q=X (y+w)l,
k,jek={1,...,3097},

where € is computed with our Wijken-Wijken contact network (cf. Theorem 2), and s € [0, 1]
is the share of the population in Wijken k. The planner looks to reduce connections between
municipalities such that the disease does not become endemic (Ro < 1) at minimum social cost.
The cost of locking down connections between groups is assumed to be increasing linearly in
the number of individuals that the planner is locking down. The finer the planner can spatially
target, the greater the proportion of contacts they can allow. Total losses move from —322.5

when the planner can target by Gemeente (i.e. municipality) to —462.9 when they can also
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target by Wijken in Gemeente that contain large cities (Amsterdam, Rotterdam, Utrecht,
’s-Gravenhage), to —1931.75 when targeting by Wijken across the entire country.

H.5. Age-Structured Population

Acemoglu et al. (2021) look at the effect of heterogeneous costs and contacts by age on optimal
lockdown policies. We incorporate heterogeneity in costs and contacts by age into our optimal
policy problem. Results are qualitatively similar.

We start by constructing Gemeente-Gemeente level contact data partitioned by age. First,
we group individuals in the Netherlands into three age categories within each Gemeente.
Following Acemoglu et al. (2021), we partition individuals into: ‘young’ (0—49 years old),
‘middle-aged’ (50-64 years old), and ‘old’ (65+ years old). Next, we construct average contacts
between age group from POLYMOD (Mossong et al. 2008). Within POLYMOD surveys,
individuals record both their own age, the age of their contact, and the setting in which it
occurred. There are six possible settings: ‘within the home’, ‘at work’, ‘at school’, ‘in transport’,
‘during leisure activities’, and ‘other’. We reweight contacts between age-groups and Gemeente
based on the average number of contacts between age categories by type of contact.

We construct municipality-age-group-municipality—age-group optimal targeted lockdowns
L;; assuming that the cost of locking down connections between groups is increasing linearly
in the number of individuals locked down, weighted by differing costs per age category.

As in Acemoglu et al. (2021) we assume that

0.26 if age group k is ‘old’

CcL =
1 otherwise.

Our resulting control problem is

min — g ckLijsk,
Ly, €[0,1],Vk,jeK -
k5 €[0,1] JjE kiek

s.t. Q=< (v+w)l,
k,jek={1,...,1140},

where © is computed with our municipality-age-group by municipality-age-group contact
network (cf. Theorem 2), and si € [0,1] is the share of the population in municipality-age-
group pair k.

Figure H.5 shows the optimal policy frontier with and without rewiring. Including age
groups leaves the results qualitatively unchanged. Proportions of the population locked down
are of course different, because of the differing costs associated with locking down each age
group.
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—o— No rewiring
®— Rewiring

Ro

100 o

035 040 045 0S50 055 060 065

Proportion of contacts reduced by

FIGURE H.5. Pareto frontier representing trade-offs between basic reproduction number (Rg) and
lockdown intensities (proportion of contacts reduced by) faced by policymakers with heterogeneity by
age in contacts and costs of locking down as in Acemoglu et al. (2021). Points represent relaxations
€ €{0,0.05,...,0.15}.

I. Proofs

We begin by formally stating and proving that the mean-field dynamics of the continuous
time Markov process (with transitions corresponding to the events illustrated in Figure 1) can
be represented using a system of ordinary differential equations. Before stating the result, we

need the following lemma:

LEMMA 2. Consider X (t) = (S(t), I(t),m(I,S)(t),m(S,S)(t))" satisfying

dX

— =FX 11

= F(X), (L)
with the function F(X) corresponding to the RHS of Eqs. (1), (2), (6) and (7). Assume that the
fraction of susceptibles in the population is bounded away from zero. Then F(X) is Lipschitz

continuous with respect to X .
Proof of Lemma 2. We have that X (t) = (S(t),I(t),m(I,S)(t),m(S,S)(t))" and

—BX5(t)
—yXa(t) + BXs(1)
—vX3(t) —wXs(t) + 5X3(t)(2§f(f))—xs(t))

wX5(t) — 25X)3((f25)(4(t)

F(X,t) =
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To show that F'(X) is Lipschitz continuous, we need to prove that there exists a constant
L > 0 such that for any X,Y € R*:

[1F(X) = F(Y)[ly < LI[X = Y]}

We first calculate F(X) — F(Y). Let X = (X1, X2, X3,X4)" and Y = (V3,Y5,Y3,Yy) . The
difference between F'(X) and F(Y') is given by:

—B(X3—Y3)
(X2 = Y2) + B(X3 — Y3)
—’y(Xg _ YS) _ w(X3 _ Yg) + (BXS(Q))((;L*XS) _ 5Y3(2}1:14*Y3))
w(Xs — Y3) — <2BX3X4 _ 26Y3Y4)

F(X)—F(Y)= (1.2)

X, Y1
For the first component we get |—3(Xs — Y3)| = §|X3 — Y3|. Clearly, this is Lipschitz with
constant 3. For the second component we can apply the triangle inequality:2°

|—7(X2 = Ya) 4+ B(X3 — Y3)| < v [ X2 — Ya| + 3| X3 — Y3].

This is Lipschitz with constant v + 3. The third component is given by

n BX3(2X4 — X3)  PBY3(2Yy —Y3)
X1 Y )

— (7 +w)(X3 —Y3)
The first term above can be bounded as follows:
| = (v +w) (X5 = Y3)| < (v +w)| X5 — V3.

For the fraction terms, note that

BX3(2Xs — X3)  BY3(2Yy —Y3) _ BX3(2X4 — X3)  BY3(2Ys —Y3)

Xy Y X1 Y,
_[268X3Xy  28Y3Yy N BX3 _ BYZ
X1 Yl Xl Yl
XX, Y3V, X2 y2
<28 |—— — —_— - = 1.3
_ﬁ] NI C R A R

Note that by using the triangle inequality we can write:

X3X4 B YsY,
Xy Yi

X3Yy B YsY,
Y1 Yi

< |XsXa  X3Yy

. 14
— Xl Yl ( )

26. The triangle inequality states that for any vectors z and y in a normed vector space, the following holds:
lz+yll < llzll + llyll-
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The first term can be factored by Xs: ’Xg’(—)f“ - X3Y4 = |X3]| - %‘i - 71 , where

we have assumed that |X3|/|X1| < d (i.e. an upper bound on the average degree) and 0 <

| X1| < 1. Next we can write % — —‘ ‘X4 X—l -Ys- —‘ Using the distributive property,
we expand this into two terms: ‘)(4-)(—1 —Y4-71 = ‘X4-X—1—X4-71+X4-71—Y4-71 .

Then, applying the triangle inequality, we get:

1
<Xy (o - = — (X4 - Y.
_‘ <X1 Yl)‘ ‘ +—Ya))

we apply the mean value theorem to the function f(z) = %, which

X4 Yy

L

To bound ’)% — Y% ,
is differentiable for z > 0. By the mean value theorem,?” for any two points X; and Y7,

there exists a point & between X; and Y7 such that: )% — % = f'(§) - (X1 — Y1), where
1 1

fl(z) = —%. Therefore, v — 3 = —i . (X1 — Y1), where ¢ is some value between X3

Y1
and Y;. Taking absolute values, we get: | — Y% = %

’X4 <X1 71) ’ = | Xy4|- |Y1§72X1| If we assume that X, is bounded relative to X7, specifically
that §‘1‘ < d for some constant d (i.e. an upper bound on the average degree), then we can write
| X4| < d|X7]. This gives: )X4 (%1 )‘ <d|Xq|- M. If we assume Y7 is bounded away

from zero (say Y; > ¢ > 0), then Yi < 1. This gives: ‘—(X4 - Y4)‘ < M. Putting it all

. Thus, the first term becomes:

together in Eq. (I.5), we have: §‘i

Y; X X4—-Y. X4-Y.
\1 1|+|4 4\<d|Y1 X1|+|4c4"

where d is a constant bounding %, § is a point between X1 and Y7, and ¢ is a lower bound for

Y1 to ensure Y7 does not approach zero, and we have used the fact that X; < 1. Next, note that

XYy _ YyYi| _ vl
Y; Y; Y]

then &+ < L and we obtain the bound: |X8Ya _ YaYa
Yl c? Yl Y1

yields for Eq. (I.4) that

- | X5 — Y3|. If we assume Y] is bounded away from zero (say Y7 > ¢ > 0),

g@-|X3—Y3|§g'\X3*Y3|-ThIS

X3Xy Y3Y, X3Xy X3V, n X3Y, Y3V,

X1 i |7 X1 Y1 Y1 Y1

d? d d
S?|Y1—X1‘+E"X4—Y4|+E'|X3—Y3|~ (1-6)

2 2
Next we bound the expression );3 }; Rewrite the expression by separating the terms:
2 2

))% — 1{,1 ‘X —-Y;- we can expand this as:

X3‘71—Y3'7?

= ) X3 - XT — X3 Y3 + X3 —-Y;s- . Using the triangle inequality, we

27. The mean value theorem states that if a function f(z) is continuous on the closed interval [a,b], and

_ I)—f(a)

differentiable on the open interval (a,b), then there exists a point ¢ in (a,b) such that: f’(c) S
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can separate this into two parts:

X2 Y? Xy Vs, |Ys

- - = X3 = —-= X3-Y- 1.7

X, Y| X )| Tn (X = ¥3)). (L7)
This allows us to handle each term individually. We can write ‘j ‘X 3 - X1 —-Y3- Y1

Using the distributive property, we expand this into two terms: ‘X3~X—1—Y3-71

‘Xg . Xil — X3 - Y% + X3 - Y% -Ys- Y%‘ Then, applying the triangle inequality, we get:

X3 Y3

L

1 1
< _ _
< ‘Xs <X1 Y1>‘ Y; (X3 —Y3)|.

To bound ‘X —

) where £ is some value

between X and Y1 —1 — Y% = |Y1£2 1 . Thus, the first term becomes: ’Xg <X1 Y1>‘ =
| X3] - M If we assume that X3 is bounded relative to X, specifically that X3 < d for
some constant d, then we can write | X3| < d|X1|. This gives: ’Xg <%1 - Y%) ’ d| X, | %

1
Y1

i(X3 -Y3)| < M Putting it all together in Eq. (I.8), we have: % — Y3
[Yi—

< % This gives:
< d|X1|
&2 Xl 4 ‘Xs Yl < d =|Y1 — X4| + M, where d is a constant boundlng 3. § is a point
between X3 and Y1, and ¢ is a lower bound for Y7 to ensure Y; does not approach zero, and
we have used the fact that 0 < |X;| < 1.

For the term ’% (X3 — Y3>‘ in Eq. (1.7), if we assume that Y is bounded away from zero
Y3 2 (X3 — )’ < ‘Y?" - | X3 — Y3|. If |Y3] is bounded
71(X3—Y3)’ < 4l | x, — V3. Putting

If we assume Y7 is bounded away from zero (say Y7 > ¢ > 0), then

(say Y1 > ¢ > 0), then Y% <=z L This gives:

by a multiple of |Y3] (i.e., % < d), then we get:
everything together in Eq. (I.7), we have:

X2 Y3 d? d d

== - = Y1 - X — | Xs—Y3|+—|X35—Y" 1.9

X, _£2|1 1+ = [ X = Vsl 4 = [ X5 = T, (1.9)
where d is a constant bounding the ratios % and 5 is a point between X7 and Y7, cis a

lower bound for Y; to prevent division by zero, and we have used the fact that |X1| <1 and
|Y1] < 1. Combining Egs. (I.6) and (I1.9) allows us to write Eq. (1.3) as follows

‘BX3(2X4 ~X3)  BY3(2Ys - Y3)

<28 ( Lo x4+ L xamva+ 41X — vl
X, Y, < g2 1= Xl e X = Yal 4 21X = 1y

2d
+ (52\5/1 X+ — - [X3 —Y3’>
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Hence, there exists a constant C3 > 0 such that:

BX3(2Xs — X3)  PBY3(2Yy —Y3)
X1 Yi

<G| X =Y.

Thus, the third component is Lipschitz with constant C5. The fourth component is

‘w(XS vy - (25)(3)(4 - 26Y3Y4> ‘

X3 Yy

Using a similar bound for the terms involving fractions as in the previous derivation, we can
bound the fourth component in Eq. (I.2) by a Lipschitz constant Cy.

Thus each component is Lipschitz continuous, with constants 3, v+ 8, Cs, and Cy. Let L
be the maximum of these constants: L = max (3,v + 3,C3,Cy4). Thus, for all X,Y € R?,

IF(X) = F(Y)[ly < LI[X = Y]]
This shows that the function F'(X) is Lipschitz continuous in X. O

After having established Lipschitz continuity, we can state the following theorem that states
that the empirical population frequencies of the stochastic process can be approximated with
the solution to a system of ODEs (so called mean field dynamics).?

THEOREM 3. W.lo.g. we consider the case of a single layer and one group. Assume that
the fraction of susceptibles in the population is bounded away from zero. Then, in the large
population limit, imy o0 P (supg<;<r H%XN(t) - m(t)” >6) =0 for any T >0 and § > 0
where XN (t) = [SN(t), IV (t),mN (S, I)(t), m™ (S, S)(t)] are the respective frequencies for the
number of infectious, susceptibles, links between infectious and infectious, and links between

susceptibles and susceptibles per capita in a population of size N, and x(t) solves the ordinary

differential Eqs. (1), (2), (6) and (7).

Proof of Theorem 3. We want to show the convergence of a sequence {X}N}nen, X{¥ =
[SN(t), IV (t), mN (S, I)(t), mN(S,S)(t)], 0 <t <T < oo, of Markov processes indexed by N
with decreasing step sizes At. We suppose that the process indexed by N takes values in the
state space XN = {x: Nz € N*} and AN denotes the jump rate vector of this process. The
expected number of events that happen during the brief time interval [t,¢ + At] is of order

AN At. We next introduce the random variable ¢/, whose distribution describes the stochastic

28. See also Kurz (1971).



28
increments of (X ())o<i<r from the state = to state x + 2 given by
P =2)=P(XV(t+At) =z +2| XV(t)=2).

The increments (Y describe the change due to infection, recovery or rewiring of X% (¢).
Further, we introduce the functions FN (), AN (z) and AY (z) defined by FN(z) = AVE[¢()],
AN (z) = ANE[|¢Y]], and AY (z) = AVE]

with limy_ee 8 = 0. In the following we want to show that the following three conditions

ngcvll{|gév|>5}‘]~ Consider some sequence (5N)§’V°:NO

hold: (i) lmpy o0 SUP,cn |FN(1:) - F(a:)| = 0, (ii) supysupyecrn AV (x) < oo, and (iii)
lim 00 SUPc N AéVN () =0.

To show this, we compute the expected increment per time unit FV(z) of the process
XN (t). Defining the random variable (Y and jump rate A = N as above for ; (corresponding
to S) we have that

F (1) = AVE[CY)
1
= —677”&(5, I)

= F(J?l),
which is independent of N. Moreover, for x5 (corresponding to I) we get that
P () = NVEIC)
1 1
= Nﬁﬁm(s, I)— N—~oI

N
= Bm(S.1) — 1

= F(xQ)v
which is also independent of N. Similarly, for x3 (corresponding to m(I,S)) we get

FN(z3) = AVE[¢)Y]

_ N%ﬁ@@m(& S) —m(I, S)) — N%(V +w)ym(I, S)
_ ﬁ@@m(& S) = m(I,5)) — (v + w)m(I, S)
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independent of N, and for x4 (corresponding to m(S,S)) we get

FN (1) = XVEICH)

ol 1 m(I,8)m(S,5)
= NNwm(I,S) —NN2B—S

m(I,S)m(S,S)

which is also independent of N. Hence, FN(x) = F(z), independent of N. This implies
that condition (i) is satisfied. Further, we have that |¢)¥| < ¢/N for some constant ¢ < oo,
and hence, (X™(t))o<i<r has jumps of at most /c/N. Thus, for §% = \/c/N it follows
that AMy (z) = NE HC;;VI{K;VDﬁ/N}H = 0, and condition (iii) holds. Finally, we find that
AN (z) = NE[|¢VV|] < N% = /c < 00, and also condition (ii) is satisfied.

Next, observe that due to Lemma 2, F'(z) is a Lipschitz continuous vector field in x with
bounded derivatives. Together with conditions (i), (ii) and (iii), we then can apply Kurtz’s
Theorem (cf. Sandholm 2010, Chap.10.2), which states that for any solution {X (¢)}o<¢<7 of

the mean-field dynamics

— = F(x) (1.10)

starting from 2y we have that limy_, P <SUPte[o,T} | XN (t) —a(t)| > 5) =0, for any T' < oo
and € > 0. O

Theorem 3 can be generalized to the ODEs (1) to (7) for different types/groups and layers.

Proof of Theorem 1. In the stationary state, % = 0. Further, in the disease free stationary

state/equilibrium, m(Iy, S;) = 0. It then follows from Equation (1) that

S, =2, .11
F= (L11)

Moreover, in the disease-free equilibrium from Equation (7) it follows that
0= nLjSij — (V' + 2u)m! (S, S;),

so that
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With Equation (I.11) this gives

_ oty X
Vl+2,u/1/2.

m' (S, S;) (1.12)
We can write our system given by Egs. (1), (2), (3), (4), (5), (6) and (7), respectively, as a
dynamical system ¢ = f(y), where y is the minimal state space sufficient for computing the
steady state y =[S, I1,, m' (S, S;), m! (I, Sj)]lk,jelC,lell-Zg Then, the disease-free steady state
is [Sk, I, m(Sk, S;), m (I, $)] = M1, 0, o123, 0],

Checking if the disease free equilibrium is asymptotically stable is equivalent to evaluating
the Jakobian matrix J at the equilibrium and verifying that the real parts of the eigenvalues of
J are negative (Khalil 2002). We index the rows/columns of the (2|£|n? + 2n) x (2|£|n? + 2n)
dimensional Jakobian matrix J by (m!(Ix,S;), Ir, Sk, m'(Sk,S;)) with [ € £ and j,k € K,
Therefore, by inspecting our system of differential equations in Egs. (1), (2), (3), (4), (5), (6)

and (7), we see that at the disease-free equilibrium:

ol (Ix, S;) 0 oml (I, S;) 0 oml(Ix, S;) 0
oLy 7 9Sw  oml(Sj,Sk)
oIy . ol 0
oSk Omi(S;, Skr)
dSy, 0
aml(Sj,Skf) -

This implies that in the disease-free equilibrium the Jakobian has the following lower triangular
block structure:

29. Cf. e.g. Chap. 6 in Brauer et al. (2008).
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where Y, Z are not explicitly specified. The top-left block matrix J= [j L

, has dimension
J,k,u,v]
(|£|n?) x (|£|n?) with elements given by

a0t (I, S5)
Pl gml (L, Sy)

for [,I’ € £ and j,k,u,v € {1,...,n}. At the disease free equilibrium (which has I, = 0 and

m!(Ix,S;) = 0) we can write

a1 7/ ] 1 ,
ke = (e Ie=mi (1.S,)=0 PGS L1 Sur — (7 4w+ V! 4 2080 180,501,
(I.13)
where ¢; ; is the Kronecker delta with the property that d;; = 1 if i = j and zero otherwise.
Apart from J all of the on-diagonal blocks in the Jacobian J have only negative entries. Because
of the lower triangular block structure of the Jacobian, and the fact that all the entries of the
other on-diagonal blocks are less than or equal to zero, all eigenvalues are negative if and only
if all eigenvalues of J are negative.
In the following we denote by

_ Bm'(Sk, S;)

FYL
(L) S,

Jrk,u,v

l/
Lukavka

where we have inserted Egs. (I.11) and (I.12), respectively, and

Ly
j,k,u,'[}

(w) = (v +w+q+ v+ 20) 8 160 ;6117

so that we can separate J into its positive and negative parts

J=F(L)-V(w). (1.14)
Note that the matrix F(L) exhibits a linear dependence on lockdown levels L while the matrix
V(w) is a diagonal matrix that depends on the rewiring rate w.

The disease-free equilibrium is asymptotically stable if all eigenvalues of J are negative. Due
to the lower triangular block structure of J, all eigenvalues of J are negative if and only if all
eigenvalues of J are negative. All eigenvalues of J are negative if and only if J = F(L) — V (w)
is negative definite. This can be written as F(L) < V(w). O

Proof of Corollary 1. Following the notation in Chapter 6 in Brauer et al. (2008) we partition

our state space into “infectious compartments”

_ I
"=\, s)



and “non-infectious compartments”

Further, write

dx
E —F(l’,y) 7V("E7y)7
dy
5 = 9@y).
where
IS
F= mﬂ(gné('), ) ’

(v +u)l

V= m(I,5)?
2= + (v +w+v+2u)m(l,S)
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(L15)

) |

Next, we linearize our model about the disease-free equilibrium where x = 0. To ensure

that this equilibrium exists, we need to verify the following assumptions for our model. (i)
F(0,y) = 0,V(0,y) = 0 for all y > 0. All terms in the first row of the matrices are either

multiplicative on I or m(1,S), so must be zero when I = 0,m(Z,S) = 0. All terms in the

second row of the matrices are multiplicative on m(I,S), so must be zero when m(1,.S) = 0.(ii)
F(x,y) > 0 for x,y > 0. This follows from 8 > 0. (iii) Each V;(z,y) <0 for = 0,y > 0. This
follows from the reasoning for the first assumption being satisfied. (iv) S3°_, Vi(z,y) > 0 for

x,y > 0. This follows from all parameters being defined as greater than zero. (v) There is a

unique disease-free equilibrium (0, y~,) that is asymptotically stable. Our system approaches

this equilibrium from any (0,%) as ¢ — oo. Under these conditions, we can linearize our system

around the disease-free equilibrium using

dx
> (F-V
v,
where Fj; = 9%i(0:y0) é(f;yo) Vi = 781/%(2;340). Applying this to our system (1.15), we have

0 5
F= (0 m(s,S)(o)> ;
—350)

V:<w+m 0

0 2Wﬂ%§m+v+w+u+m)'
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The expected time each infectious remains infectious, and each infectious-susceptible link

remains an infectious-susceptible link is given by

oo
/ Sp(tv xO)dt
0
where ¢ is the solution to our system of ODEs when F' = 0. As t — oo, rearranging gives
oo o0
/ o(t,xo)dt :/ e Vigodt — V.
0 0

Therefore, the expected number of secondary infections and infectious susceptible links is the

amount of new ones generated by each infectious for the time it remains in the compartment

FV_ILL‘Q
Computing this, we have that
B B 1
P v+ UL+ (v+wtv+2p)
| o preEso 1
500) IO (vhwtvt2p)

Using that m(I,S)(0) = 0 gives

(P
s (0 s ) -
S(0)  ytwtv+2p

The (i, j)-entry of FV~! is the expected number of secondary infections in compartment 4
produced by individuals initially in compartment j, assuming that the environment seen by
the individual remains homogeneous for the duration of its infection. The basic reproduction
number Ry is the expected number of secondary infections for each infectious individual in
the disease-free steady state, which is given by the entry in the second row and second column
of FV~!. Thus we find that

pm(S,5)(0)
SO)(y+w+v+2u)

Ro =
(]

Proof of Theorem 2. Consider first the case of two groups (|K| = 2) and two layers (|£| = 2).
Then we can write the positive part of the matrix J = F(L) — V(w) in Eq. (1.14) as

FLYL) FL2(L
FL) = <F2»1EL; F“ELD



with the blocks

Bml(SIaSI)Lllll 0
S1

i B! ($1,55) LY, 0
F’ L = 1 ’
(L) Bm!(S1,52)Lt,
0 g Ao1:02) 52
So ,
0 Bm!(Sa,82)LY,

S

’
Bm'(S1,51)LY,

S1

’
Bm!(S1,52) LY,

S
0

0
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0

0
Bm!(S1,52)Lh, |’

2
/7
Bm!(Sa,52)Lh,
S2

for 1,I' € £ = {1,2}. Moreover, the negative part denoted by V(w) is proportional to the

identity matrix I, i.e., V(w) = (v 4+ w)I. Thus, our objective is to find lockdowns that ensure

that the eigenvalues of F(L) are less than v + w.
Next, define

1 010
o- 1 010
o101 |’
01 0 1
and
Lty 0o 0 o0
| 0 L 0 0
0 0 Ly o0
0 0 0 L
and
l
e (B1.5,) 0 0 0
- 0 B ($1,52) 0 0
0 0 Bm (522751) 0
0 0 0 Bml(si%SQ)
Then, we can write
F''(L) = B'OL"
mnl(sls,lsl)y{1 0 Bml(sé’lsl)y{l 0
_ Bml(sg’1‘92)l”il 0 / ﬂml(Sg;SQ)Lél O /
0 pm!(S1,52) LY, 0 Bm!(S1,52) Loy
Sz , 2 ’
0 Bm!(S2,55) Ly 0 Bm'(S2,82) Ly,
SQ SQ



Next, define
. Bl 0
/3 = A2 Y
0 g
and
F1
i L AO 7
0 L?
and
M= 00 .
O O
Then, we can write that
F(L) = BML

Bl 0)/O0 O\ /L' o
~\o B2/\o o/)\o L2
Bl 0\ [OL' OL?

0 B2/ \OL' OL2
1310131 1310]32

1620131 ,82Of42

We can apply the similarity transformation

5B =5 AMLY = ML

where
Wm 0 0 0 0 0
0 m 0 0 0 0
0 0 W 0 0 0
g1 = 0 0 0 #52252) S 0
0 0 0 0 YT e 0
0 0 0 0 0 %
0 0 0 0 0 0
0 0 0 0 0 0

N o o o o o o

S 0

Bm?2(

2,51)

o O O O o o o

S
Bm?2(S2,52)

36
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which preserves the eigenvalues (that is, the eigenvalues of F(L) are identical to the eigenvalues
of B71F(L)B = ML@). Further, note that

wp 0 0 0 0 0 0 0
0 wp 0 O O O O O
0 0 w3 0 O O O O
=)= o 0 D w0 0 o
0 0 0 0 0O ws O O
0 0 0 0 O 0 wr O
0 0 0 0 0O 0 0 ws

where we have denoted by

L}, Bl

w1
o L, gm! (51752)
ws Ly pgm! (52751)
w4 L, pm! (52752)
w= ws - L% pm? (51751)
we L2, Bm? (51752)
w7 L%, sm? (52751)
ws L2, Bm? (52’52)

Sa

Thus, our objective is to find lockdowns (L) that ensure that the eigenvalues of Mdiag(w) are
less than v + w.
Writing out the eigenvalue problem Mdiag(w)v = @v for any eigenvector v and

corresponding eigenvalue ¢ gives

w1V1 + W33 + WsVs + Wrvy U1
w1v1 + W3vs + W55 + wWrvy %)
WaVs + W44 + WV + WeUs U3
Mdiag(w)v = WV + W4aV4 + Welg + Wl — (!
w1v1 + W3vs + W55 + wWrvy Vs
w1v1 + W3vs + W55 + wWrvy Ve
WaVs + W44 + WV + WeUs v7

WV + W4aV4 + Welg + Wl r)
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This system of equations implies that v; = vo = v5 = vg =, v3 = v4 = v7 = vg = y and we

can write v = [z, 2,9,y,2,2,y,y] ' . Hence, we have that

(w1 +ws)z + (w3 +wr)y = e,

(1.16)
(w2 + we)x + (wa +ws)y = @y.

By reorganizing the entries wy, ws, ws and wy into a full matrix Q! given by

Bm'(S1,81)Li;,  Bm'(S2,51)L3,
Ql = “i s — 1 S1 1 1 S2 1
wo  wy pm (S1,S2)Li5  Bm (S2,52)La,

Sl 52
and similarly
, ws wr Bm?(S1,81)LT,  Bm*(S2,81)L3,
0= = 2 51 2 2 52 2
Bm=(S1,52) L7y Bm=(S2,S2) L3,
wWe W 5 5

we can write the above system of Equations (I1.16) as

@'+ 0?) ) [ witws wztwr z )\ _ (w1 4+ ws)x + (w3 + wr)y
y w2 +ws wa+ws Y (w2 +we)z + (wa +ws)y )
and this implies that the nonzero eigenvalues of £ = Q! + €2 and those of Mdiag(w) coincide.
Thus, our constraint (namely, that the eigenvalues of Mdiag(w) are less than v + w) is
equivalent to ensuring that the eigenvalues of Q! + Q2 are smaller than ~ + w.
1 lia a.

Note that the (7, j)th entry of Q' is given by %fszsﬂ) Consider the similarity transform

Q! = diag(S)~1/2Q!diag(S)'/2, and note that it preserves the eigenvalues of Q!. Moreover,
U lia a.

the (7,7)th entry of this matrix is now given by %\/%37), and the matrix is symmetric if

and only if m!(S;, S;) is symmetric. In particular, for I = 1 we get

Q! = diag(S)~1/2Q' diag(S)'/2

_ \/157 0 w1 w3 VS 0
0 \/}9—2 wo W4 0 \/572

w1\/§ st/g >

B ( (UQ\/Sl UU4\/SQ
w31/ So
VS o W4
(ﬁml(ShSl)L%l Bm*(S2,51)L3,

1 S 1 1\/5132 1
Bm (51752)L12 Bm (‘927‘92)[/22
\/Slsz SQ
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Similarly, for [ = 2 we get

0?2 = diag(S) /202 diag(S)"/?

_ \/%971 0 w5 Wy V51 0
0 ﬁ We Wws 0 vV SQ

w551 wrV/Sa
weV/S1 wsy/S2

w7/ S
= w5s Vv Sl
wevVv o1
—— w
V/S2 8

Bm>(S1,81)LY,  pm>(S2,81)L3,
S

= 5, 21 5 2\/5132 )
Bm (51,52)L12 Bm (SQ,S2)L22
NETED Sa

Next we show that the steps above generalize to an arbitrary number of groups and layers.
Consider the matrix J and denote the positive part as F(L). From the definition of J above,

we can write this (|£] x |K|?) x (|£] x |K|?) matrix in the block form

F1’1<L> Fl,Q(L) L. F1,|£|(L)
FZ1(L)
F(L) = : : : : ’

F|‘5‘;1(L) F|£|,|.£|(L)

where each block F1' (L) is the |K|2 x |K|? matrix

[ By m!(51,51) 00 1 [ BLY,m!(51,51) 00 .- ] [ BLY m!(51,51) 00
1 S1 S1
BLY m!(81,82) 0 0 BLY,m!(51,52) 00 .. BLY,m!(51,52) 0 0
o1 , 51 , S
3[411’17)1;(51,53) 00 - 6L112m;(51,53) 00 .- ﬁLllsms’(sl.sg) 00
1 1 1
L v o T ikxikl L L o ke L v T IKIxIK
BLYym! (S2,51) BLYym! (S2,51) BLY3m!' (S2,51)
0 SHamgmRsl o 0 SmmgmRl g 0 Srargest g
0 ;3L§2ng§s2,52) 0 .. 0 3L§27r2252,52) 0 ... 0 aL.’zﬂryéis2,52) 0
' BLYym' (5.5 BLYym! (Sa,5: Ly,m!(S2,S
Fll L) = 0 ! umsi 2,53) 0 .- 0 B zzmsi 2,53) 0 - 0 B zgmsi 2,53) 0
L - ; C T dIkxkp L | © T dikixikp Lo | C Ik
0 0 BLYm!(S5.81) . 0 0 ﬁL;amS’(sg,s.) 00 BLYym'(S5,51)
3 3 3
BLYym!(S5,52) BLY,m! (S5,52) BLYym!(S5,52)
00 [, 5;3 0 0 g;l, 5;3 00 QA;L, 5;3
BLi3m’(S3,S3) BLyym’(S3,S3) . BL33sm’(S3,S3)
0 0 —ramg==s 0 0 —Aamg==ss 0 0 —amg=s=s
L Sk Lo ’ Sdikixier Lo ’ “dkixikl

[K[2x|K]?
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The negative part can be written as V(w) = (v + w)I. Our objective is to find lockdowns (L)
that ensure that the eigenvalues of F(L) are less than v + w. Define the |K|? x |K|? matrix

100 - 100 - 100
100 - 100 - 1
100 - 100 - 100
L e B e B i
01 0 10 1
01 0 10 1
o- 01 0 01 0 01 0
L oo T Dipey L oo D L oo T J i
00 1 01 1
00 1 00 1 00 1
00 1 01 1
Lo g L T Lo 0 dikxikg

[KJ2 K2

which can be written as

ol o' .. o!

02 02 .. 0?2
0= ,

okl ol . olxl

where O7 is a |K| x |K| matrix with

(1,1,...,1)" if and only if k = j

Ojk =
' (0,0,...,0)"  otherwise.
Further, define
3! — diag <5ml(51a51) Bmt(S1, Ss) 5ml(5m|,5|z<|))
S &S T S ’

Y . 4 4 v
L' = dlag(L11>L12> s 7L\’C|7"C|)'

Then we can write
F''(L) = g'oL"
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for arbitrary |K|. Similarly, define 8= diag(Bl,B2, . ,B'L‘), L= diag(f;l,]ZQ, ey I:'u), and
let

OO0 ..O0
OO0 ..O0
M = .
00 O/ (ke axe e
Then
F(L) = SML
gL 0 ... 0 O O ... O\ /L' 0 ... 0
0 B2 ... 0 OO0 ... O0 0 L2 ... 0
0o 0 ... B¢ \o o0 ... o0 0 0 ... LI
BlOL! BlOL? ... BLOLIX
A20L!  B20L%2 ... B20LIX
BgiLloL! glloL? ... BILIOLIKI

Next, we apply the similarity transform
BT'F(L)B = B! BMLS = MLB,

which preserves the eigenvalues. Note further that for any two vectors a = (a,...,an)
and b = (by,...,by,), we have that diag(aq,...,a,)diag(by,...,b,) = diag(aiby, ..., apby).
Applying this result we have that

L = diag(w),

where we have denoted by

1 1 2
_ 1 ﬂm (51751) 1 ﬂm (51752) 2 Bm (51751) 9 ) T
w-(LH G I g IR L g g ) .

Thus, our objective is to show that the eigenvalues of M diag(w) are less than v + w.

The eigenvalue problem is Mdiag(w)v = v for any eigenvector v and corresponding
eigenvalue ¢. Inspecting the matrix M, we see that every |K|?-|L| horizontal block
07,07,...,07 selects the same elements of M diag(w). Therefore the eigenvalue problem

results in a system of equations in |K| unknowns with |K|? - |L£| coefficients given by the
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unique entries of w. Stacking these into matrices by layer [ € £ as in the two-times-two case,

we can write our eigenvalue problem as

U1 U1

V2 V2
Q'+ Q%4 ..) ) A

YIK| YIK|

which implies that the eigenvalues of ), . Q! are the same as Mdiag(w). Finally, we can

apply the similarity transform

(S) %Qldiag(S)% + diag(S)_%QQdiag(S)% +...

[V

diag(S)_% (Ql + 0%+ .. .) diag(S)

= dia,
eL

which preserves the eigenvalues. This gives the result for arbitrary number of groups, |K|, and

layers, |L]. O

We next state a lemma due to Powell (2011) that will be useful for the subsequent proof.

LEMMA 3. Consider a matrix A with the following block structure

A11 AlK

A1 ... Aggk

The determinant of the block matriz A can then be computed as

det(A Hdet (@l (L.17)
where
0
) = Ay,
1) (0) (0), (0) \— 0)
Eg =0y — i (O ge) a(ng
k+1 k k k k
Ej )= Ej) §I)< k(ag()kK K aEK) k,j°

given that the inverse (ag];lk K_p) L ezists forallk=1,... K.
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For the case of K =2 from Equation (I.17) we get that
det(A) = det(al!) det(al)
with

aff) = Ay, ol = A — AinAg) Ay,

and inserting yields
det(A) = det(Ags) det(A1; — Ao A, Agy). (1.18)

Next, for the case of K = 3 from Equation (I1.17) we get

det(A) = det(a?) det(al)) det(ald),

where
o) = Ay,
and
o)) = alf) — oD (o) o) = Ay~ AnAl Ay,
and
aff) = afj) — i) (aly) o)

= (Aij — AisAZ Asj) — (Aiz — AisAG As) (Az — AssAG Asa)  (Azj — Ass AT Agj) .
Inserting into the determinant gives
det(A) = det(Ass)
x det(Ags — Asz Ay Asy)

x det (A11 - A13A§31A31 — (A2 — A13A§31A32)(A22 — A23A§31A32)_1(A21 — A23A§31A31))
(I.19)

With Lemma 3 we are now equipped to provide the proof for Propositions 1 and 2 in the

following.

Proof of Propositions 1 and 2. In the following we provide an analytic characterization of
the eigenvalues of J in the case of two and three groups, respectively, for a single layer. First,

we consider the case of two groups at the disease free equilibrium (which has I, = 0 and
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m(Iy,S;) = 0). Then the matrix J from Eq. (I.13) becomes

Bm(S1,S1)L11 _ ¢ 0 Bm(S1,51)La1 0
S S
5m(311732)L11 5m(51,}92)L21
P RS T —c R 0
- 0 Bm(S2,51)L12 —c Bm(S2,51)La2 )
SQ 52
0 Bm(S2,52)L12 0 Bm(S2,82)Laz c
S2 52

with ¢ = v+ w + v + 2u. The eigenvalues ¢ of the Jakobian J can be obtained from the

solution to the characteristic equation

5?”(51577131)% —c— 0 %ﬁ”l)hl 0
: By 5L R T ST 0
0= ‘J B SDLL‘ - 01 Bm(S2,51) L2 ! Bm(S2,51)Las
S —Cc=@ P —
0 %52)1312 0 %;92)@ —c—op
(1.20)

A solution to the characteristic equation (I.20) can be obtained by recognizing the block

structure of the matrix A = J — @I, where

A A
A=l | (1.21)
Az A
with
A *C*@+%(lslvsl) 0
11 = Loym(S1.9
51157(112) —c—o
BLaim(51.51)
A = S
BLaim(51,52)
S1
0 %(51752)
Az = 0 BL12m(S2.52)
Sa
Loom(S1,S!
Agy — —c— 52257(212)
0 _C_¢+%(252752)

The block structure of A in Eq. (I.21) allows us to apply Equation (I.18) and write the

characteristic equation as follows

0= det(A) = det(AH) x det (A22 — A21A;11A12) (]:22)

if the inverse A" exists, where

Sl 0

-1 L11m(S1,51)—(c S

A = ( s ey 1 ) (1-23)
(¢p+c12)((p+c11)S1—BL11m(51,51)) cte
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From det(A11) = 0 we get

0= (et g) (o4 - LTI

Solving this equation for ¢ yields two solutions

Y1 = —¢,
~ Bm(S1,S1)L11
2= —
S
The first solution is strictly negative and gives us an eigenvalue @1 = —c of J. The second

solution violates the existence of the inverse in Equation (1.23) and thus is not an eigenvalue
of J. Further, from 0 = det (A22 — A21A1_11A12) we get

B ct+op
~ S2(Si(e+ @) — BL11m(Sy,S1))

+(BL11m(S1, S1) — pS1)(BL22m(Sa, S2) — ¢Sa) — B2 L1aLaym(S1, S2)?] .

0

[¢®S182 — c(BL11m(S1, S1)S2 4+ BLaam(S2, 52)S1 — 2¢5155)

Solving for ¢ gives the eigenvalues

P3 = B (Eum(S1,$1) | Poaml52,9:) | /) ¢, (1.24)
2 s, S

oy = B ( Liim(S1, 51) 4 Lagm(S2,S2) Ve e
2 Sy S5

where we have denoted by

C_ (L11m(51751) n L22m(52752)>2 44 <L%2m(51,52)2 B L11L22m(51,51)m(52752)>

S Sa S152 5152
_ Li1m(S1,51) B Loom(S2, S2) 2 " 4L15Lo1m(S1, S2)?
S Sy 5152 .
(1.25)
Note that @3 > ¢4. Setting ¢3 = 0 in Eq. (I1.24) and solving for 8 gives:
. 2c
6 = Lllméfl,sl) + ngméfg,Sg) + \/57 (126)
Inserting  [Sk, Iy, m(Sk, S;), m(Ix, S;)] = [A 1,0, V'i“gﬂ/’)—z,()] so that m(Sk,S;)/Sk =
m(Sk,S;)/S; = U:_’“Q"#% gives
2 2 1
g — c(v+2u)p (1.27)

A Li1k11 + Laokos + v/(L11k11 — Lookan)? + 4L12L21K/%2’
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which is consistent with Equation (B.2) for the case of K = 2. Similarly, setting ¢35 = 0 in Eq.
(I.24) and solving for w yields

c pA
w

__ P (r L \/L — Logkng)? + L5 Ly k2
2(V+2M)M( 11611 + Lagkao + £/ (L11K11 22k22)2 + 4L 21%12>

—(v+2u+v+q),
(1.28)

which is consistent with Equation (B.3) for the case of K = 2. Next, consider the case of three
groups at the disease free equilibrium (which has I}, = 0 and m({y,S;) = 0). Then the matrix
A =J — ¢l has the following block structure

A A Ass
A= Ay Ay Ay |, (L.29)
Az Az Asg



where

All

A12

Ao

Ags

Az

Az

Azs

e 0
0
- !
S1.50)Lu _ o
Bm( I,S'l(SI’S2)L11 c v (p
Bm 2 0
Bm(S1,5S3)L11
S1

(S1,51) Lo 0 0
. S}S'z)Lzl
Bm(sh

(515:393)1121 0
Bm L

(S1,81) L3y 0 0
. 5 L3
Bm(S1,52)

5 31
3m 31,33)1/
( S]

Li2 0
,Bm(SQéSl) 1
! (52725'2)L12
! . S?gs)Lm
0 57”(525:'2

=== 0
S )L22

Bm(s%z 1 c—p 0
- 2S2)Loa '
—C— ,Bm(SQSz?S ) Lo L,

; e

0

Lso 0
ﬂm(sgfl) 3
! S2,52) L3 0
0 Bm( = - 0
(52,53
0 OmlS25)le

Bm(S3,51)L13
0o Bm(Ss %2) s
0 0 F=s=gm2mis

Bm(Sﬁ%B)Lls
00 S

(S3,51)La3
Bm = o

00 Bm(S3,S2)
0 0 /===

5m(553~’93)1323
0 0 5

Bm(S3,51)L33
m

S
’ Bm(ss,?%)[/sza
—c—

Ss
N )L33
0 —CO (2 Bm(sséfs
0

—c—¢

47
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The block structure of A in Eq. (1.29) allows us to apply Lemma 3 and write the characteristic

equation as follows:
0 = det(A)
= det(As3)
x det(Ags — Asz Ay Asy)
x det (A11 - A13A§31A31 — (A2 — A13A§31A32)(A22 — A23A§31A32)_1(A21 - A23A§31A31))

(1.30)
if the inverse Aggl exists. The latter is given by
S
) a Ss(cﬁbﬁ)—ﬁL(S%?mg(%&Ss) 0 0
—1 _ 33M(03,02 1
Ass T O Galete)—Blym(Ss)  are O (L.31)
o BL33m(S1,S3 0 1
(c+¢)(S3(ct+9)—pBL3zm(S3,53)) cto
We find that )
L S3,53) — S
det(Agg) _ (C+Qp> (5 33m( 35 3) 3(C+§0))
Ss3
Solving det(Aq1) = 0 for ¢ gives two different solutions
Y1 = —¢,
_ BL3zm(S3,S3)
P2 = 5. C.
3
The first solution is strictly negative and an eigenvalue @3 = —c of J with multiplicity two.

The second solution violates the existence of the inverse in Equation (I1.31) and thus cannot
be an eigenvalue. Moreover, we find that
3 (c+¢)?

S2(S3(c+ ) — BL3zm(S3,53))
—25553) + (BLaam(S2, S2) — ¢S2)(BL33m(S3, S3) — ¢S3) — B2 L3zm(Sa, S5)?)

det (A22 — A21Af11A12) = (CZSQS;g — C(ﬁngm(Sg, Sg)Sg + ﬁngm(Sg, 53)52

Solving det (A22 — AglAfllAlg) = 0 for ¢ gives the eigenvalues

B (Lzzm(SQ, S2)S3 + Lazm(Ss, S3)S2 £ \@)
p3 = —-c, (1.32)
25553

where C' is given by Equation (I.25). However, this violates the existence of the inverse
(A22 _A21AI11A12)*1 in Equation (I1.30). Further, evaluating det(Ass— Ag,lAi1 As; —
(Agg— A31A1_11 AlQ)(AQQ_ A21A1_11 A12>_1(A23— A21A1_11A31)), dropping terms Of the
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order O (53), and solving for ¢ such that the determinant becomes zero gives

ors = B <L11m(51751) n Loom(Sa, S2) n L3sm(Ss,S3) " \@) 7 (1.33)

2 51 52 SS

where

o (an(Sl’Sl) n Loam(S2, 52) n L33m(53753))2 4 (L%2m(51752)2 L1 Laym(S1, S1)m(Sz, S2)

Sl SQ 53 3152 5152
+L%3m(51,53)2 Ly Lszm(S1, S1)m(S3, S3) n L33m(S2,83)*  LoaLazm(Ss, S2)m(Ss, Ss)
155 5153 253 9253 ’

with @4 > 5. Summarizing the above we find that the largest eigenvalue for K =2 and K =3

can be written as

K
w=§<§jawﬁﬂﬂw+v@>—q

k=1 k
where
2
k=1 St k=1j=k+1 SkSj SkS;

Next, using the fact that

m(Sk,S;)  m(Sk,S;) Kk A

Sk S; Cv42up’

we can write the largest eigenvalue as

BA S
p= m (; Kk Lir + \/6) —c, (1.34)

where
K 2 K K
C= (Z Hkkka> + 42 Z (HijLij - HkkkaHijjj) .
k=1 k=1j=k+1

Setting ¢ = 0 in Eq. (I.34) and solving for 8 or w yields Equations (B.2) and (B.3),
respectively. O

Proof of Lemma 1. To show this, we need to show that the dynamics of the aggregated system
are the same as the dynamics of the single group process.
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First, consider our multi-group equations for the disease dynamics

% = —j%:cﬁm(skvfj)(t)v

%k _ j;cgm(sk, I;)(t) = vI(t),

% = 0p Hy(t) + (11 (t) — Hi (1)), (135)
Hy(t) = udx(t),

% — SanHi(t).

Consider the equation for Sy without loss of generality. Define S4 = 3 kex Sk, so that

Ast _ - dsy
dt dt
kel
= - Z Z /Bm(Sk»I])(t)
keEK jeK

— —BmA(L,S)(1).

Applying the same steps to each of the equations for the multi-group disease dynamics gives

ds4
= —BmA (S, 1)(t)
A
% = BmA(S, 1)(t) — I (),
d?: = 6 HA(t) + (I (1) — H(1)),
HAt) = uIA(t),
A
d% = 5dHA(t)

which is equivalent to the single group disease dynamics.
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Next, consider the multi-group network dynamics:

m(Sk,Sj) _ Sk(t) Sj(t)

T S w0 k/ze;cm([k/,sj)(t) +wwkgcm(lk/,5k)(t)
_ Swer BmUe Se)(Om(Sk, S5)(t) P Bmlln, S5) (®)mA(S;, Si) ()
Si(®) S5 (t) ’
dm(Ik,Sj) _ 1 '
dt S0 k/ZEICﬁZ m(Iy, Sk)(t)m(S, S; k'zelcﬁm T, S;)(O)m(I, S;)(t)

— (v +w)m(Ix, S;)(1),

Consider the equation for m(Sk,S;) without loss of generality. Define m#(Sy,S;) =
%Ek,jelc m(Sk, S;) to avoid double counting. Then

An'(5,8) _ g~ dm(Si.S,)

dt : dt
k,jex

_ w2k TR (0N o
;}C( Zk/e,c Sk/ 8 kze;c m(Iy, S, = Sk,()kgc (I, S)(2)
~ 2wer B, Sk)0)m(Sk, S5) () D pex BmUk’,Sj)(t)m(SjySk)(t)>
Sk(t) S;(t)
m(I4,S4)(t)m(S4, 54)(t)
SA(1) '

= wm(I*, 5%)(t) - 2
Applying the same steps for the other network state variables gives our result. (]

Proof of Proposition 3. We have the following conditions for consistency from Newey and
McFadden (1994, Theorem 2.7)]. If there is a function Qo(#) such that

1. Qo(0) is uniquely maximised at p;
2. 0 is an element of the interior of the convex set © and Qy(6) is concave; and

3. Qn(0) & Qo(6) for all 6 € ©

then 0y exists with probability approaching one and on 2 Op.
We prove the proposition by proving that our estimator satisfies the conditions from above.
We first want to show 3. We can write
dX(0)
dt

= F(X,9), (1.36)
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with the function F(X,#) corresponding to the RHS of Egs. (1), (2), (3), (4), (5), (6) and (7).

From Theorem 3 we then know that starting from X (0), we have
lim P sup {XN(Q,t)—X(H,t)|2€ =0,
N—oo te[0,T]

for any 0 <t < T < oo and ¢ > 0. In other words, XN (0,¢) £ X(0,t). Since convergence
in probability of a vector implies convergence component wise, this implies that YV (6,t) LN
Y (6,t).

Next, note that the Ly matrix norm ||.||2,; is continuous in its argument, we can apply

the continuous mapping theorem (Billingsley 2017) to show that:

Qn(6) ==Y (8) = YN (6o)ll21 = [[Y(8) = Y (60)l|2,1 = Qo(6)

This verifies 3.

Next, we want to establish 1. By the Picard-Lindel6f Theorem, Eq. (I.36) has a unique
solution X () if the function F(X,0) is Lipschitz continuous with respect to X, and it is
continuous in both X and ¢ (Braun 1993). In Lemma 2 we have shown that F'(X, 6) is Lipschitz
continuous and thus the uniqueness of X (6) follows.

Next, we need to show that uniqueness of X implies uniqueness of Y, which is the first,
second, and fifth series in X. For a contradiction, assume that X (61) # X (62) for 6 # 65, but
Y (61) =Y (02). This can only happen if S(61) = S(02), I(61) = 1(02), m(1,S)(01) =m(L,S)(02)
but m(S,S)(61) # m(S,S)(62). We have that

m(S, 8)(t) = m(S, 8)(0) + /0 <wm([, S)(s) — 259 () mUS, S )(8>> ds.

S(s)

From this equation we see that if 6; and 6, differ in w or § then m(S,S)(01) # m(S, S)(02),
which is a contradiction. Next, if 1 and 65 differ in +, then from Eq. (2) it follows that
I(01) # 1(02), which is a contradiction. Hence, Y (1) = Y (02) if and only if §; = 05.
We then know that Y (0) and Y (y) are distinct functions when 6 # 6y. At 6 = 6y, we
clearly have:
Y (69) — Y (6) = 0,

SO
1Y (60) = Y (60)|2.1 =0,

and thus:
Qo(6p) = 0.
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For 0 # 6, the uniqueness of solutions implies that Y (0) # Y (), and therefore
1Y(6) =Y (6o)ll2,1 > 0,

which leads to:
Qo(0) = —[IY'(0) — Y (00)l21 < 0.

The norm ||Y(6) — Y (0p)||2,1 is strictly positive for § # 6y due to the uniqueness of the ODE
solutions. This ensures that the value of Qq(0) is strictly less than zero for any 6 # 6. Since
Qo(0p) = 0 and Qo(#) < 0 for all 6 # 6y, it follows that Qo(f) reaches its maximum value
(which is zero) at § = 6. Therefore, Qo(f) has a unique maximum at 6 = 6. This shows 1.
Next, we want to show 2. Since the parameter space O is the non-negative orthant R>,
it follows that © is convex. Further, we want to show that Qn () = —||Y(8) — Y™ (6o)]]2.1 is

concave in § € ©. This is equivalent to showing that the following function
1Y(8) = Y™ (G0)ll21 = [1S(8) — S™ (G0)llz2 + [11(8) — IV (O)]|2 + |Im(Z, $)(8) — m™ (L, 5)(60)|l2,

is convex in 6 € ©. In order to show convexity, we first note the following: For every ¢, we have
that

t
X(vh1 4+ (1 —v)b2) = Xo +/ F(X,vb, + (1 —v)bs)ds.
0
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dX ()
dt

parameters, so that

where = F(X,0) from Eq. (I.10). This system of differential equations is linear in

F(X,v0; 4+ (1 —v)b2)

=B+ (1 —v)B2) X5(1)

—(vy1 4+ (1 = v)y2) Xa(t) + (vB1 + (1 — ) B2) X5(2)
— X3(t)(2X4(t)—X5(1))

—(vy + (1= v)9)X3(t) — (vwr + (1 — v)w2) X3(t) + (vB1 + (1 — v)B2) )
(vwr + (1 = v)ws) Xs(t) — 2B + (1 — v)By) X278

—Z/ﬁng(t)
—vy1 Xa(t) + vB1 X3(t)
v X3(t) — vwi1 X3(t) + v XS(t)(Q))({‘l((tt)fXS ()

V’(UlX3(t> — 21/51 + %ﬁ%(w

—(1—v)B2X5(t)
—(1=v)72X2(t) + (1 —v)B2X3(t)
—(1 = V)12 X5(t) — (1 = v)wa Xa(t) + (1 — 1) X2DEZAO=Xal0)
(1= v)ws X(t) — 2(1 — v) B, X270

=F(X,v0,)+ F(X,(1—v)bs)
= VF(X,Ql) + (1 - I/)F(X,HQ)

For v € [0, 1], we therefore have

Xo —|—/0 F(X,v0, + (1 —v)b2)ds = v(Xo + /0 F(X,01)ds) + (1 —v)(Xo + /0 F(X,05)ds)
=vX(01)+ (1 —v)X(69),

which leads to
X0+ (1—v)b2) =vX(0;)+ (1 —v)X(62). (1.37)

This holds for every component of X in Eq. (G.1), and thus for S, I and m(I,S). We next

want to show that

1Y (6) = Y™ (G0) 2.1 = [1S(8) — S¥ (Bo)ll2 + [[1(8) — IV (0) |2 + [lm(1, S)(8) — m™ (1, 5)(6o)l2
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is convex in 6.3° We apply the triangle inequality to each component:
IS8 + (1 = v)ba2) =S¥ (6o) |2 = [[vS(61) + (1 = v)S(6a2) — SN (60) |2
= [lv(S(61) — S™(00)) + (1 = »)(S(02) — S™ (60))]l2
< v||S(61) =S¥ (Bo)ll2 + (1 = v)[[S(82) — S¥ (60) 2,

where we have used Eq. (I1.37) in the first equality. Similarly, one can show that
11(8) = I (0) 12 < vI[1(61) — I™ (Bo)ll2 + (1 — v) | 1(62) — 1™ (o) |2,

and

lm(1,8)(0) =m™N(1,8)(00)|l2 < vlm(I,8)(61) = m™ (I, 5)(bo)ll2 + (1 = v)[m(L, 5)(82) — m™ (I, 5)(6o) -
Combining these inequalities, we have
IY (01 + (1= v)02) = YN (00)[l2,1 < v[[Y (1) = YN (00) |21 + (1= v)[[Y (02) = YV (60)|2,1-

Thus, ||Y(0) — YN (6p)2,1 is convex in 6. This shows 2 and the result follows. O

30. A function f(0) is convex over the support © if and only if, for all 1,02 € © and v € [0, 1] we have that
fWb1+ (1 —v)02) <vf(61)+ (1 —v)f(62).
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