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English short summary

Mathematical ecology aims to understand the spatial and temporal dynamics
of populations of living organisms, and the interactions between these populations and their a-biotic environment, by employing models. Analysis techniques are required to test the validity and behaviour of these models. In this
Thesis we focus on the development and use of bifurcation analysis on food
chain models. These models consist of variables representing populations of
species, that form a feeding chain. By assuming that the environment is homogeneously mixed, the models are described as sets of ordinary differential
equations (ode’s). The properties of the species are described with parameters, that remain fixed in time.
In Chapter 2 we focus on stability properties of food chain models. By
using a normalisation method this chapter shows, that many mechanisms proposed in the ecological literature can have a stabilizing effect by avoiding the
Hopf bifurcation, a switch point where oscillatory behaviour replaces a stable
equilibrium.
In Chapter 3 predator-prey models with an Allee-effect are discussed, that
have a trivial attractor where both populations are zero, and an internal attractor. After a decrease in the predator mortality this attractor disappears
because of a global bifurcation, resulting in the extinction of both species.
In Chapter 4 and 5 techniques are developed to detect and continue globally
connecting orbits and their bifurcations in three-dimensional food chain models. These techniques have been applied successfully to the 3D RosenzweigMacArthur model, where the region of chaos is partly bounded by the bifurcation of a cycle-to-cycle connection, while the bifurcation of a point-to-cycle
connection forms the boundary of a region with bistability properties.
In Chapter 6 we have considered a small food chain of an aquatic environment with in- and outflux. The system can display bistability properties
that occur through the addition of non-lethal toxicants, that in turn disappear through a global bifurcation, resulting in the extinction of one or several
species.
5

In Chapter 7 several food chain models, and the global bifurcations that
occur in them, are evaluated. In all evaluated cases multi-stability is replaced
by only one type of stable behaviour after the occurrence of a homoclinic
connecting orbit. In a three-dimensional food chain model it is found that
the Shil’nikov bifurcation plays the organising role in the generation of chaos,
while two cycle-to-cycle homoclinic connections form the boundary for the
chaotic attractors.

6

English summary

Ecology aims to understand the spatial and temporal dynamics of populations
of living organisms, and the interactions between these populations and their
a-biotic environment. A significant problem in ecology is the range of timeand spatial scales. As a result it is difficult to make many measurements of a
natural system, let alone quantify perturbations on a natural system because
of human-induced interferences.
To cope with this problem models are developed and studied, generally
based on mathematics. To ascertain whether the models that are employed
are a good substitute for experiments, we first try to come up with models
and experimental situations that are simple and comparable, before using more
complex models. That requires making assumptions and simplifications, but
also good analysis methods and techniques.
In this Thesis we focus on food chain models. They consist of one or
a few variables, where in general each variable Xi (t) represents one species’
population (with i being the trophic level of the species in the food chain).
One species feeds upon one other species, forming a “chain”. Because it is
assumed that the environment is homogeneously mixed, ordinary differential
equations (ode’s) can be employed in the description of the food chain models.
The properties of the species are given with parameters p, that remain fixed
in time.
Simple descriptions, like that of the logistic growth (also known as the
Verhulst-Pearl equation), display dynamics that can be properly understood,
and that qualitatively remain the same under parameter variation. However,
larger sets of ode’s, used to describe food chains, can display different types of
dynamical behaviour under parameter change. Also, their dynamics can become very complex and difficult to understand. The transitions from one type
of behaviour to another are usually associated with local bifurcations. The
analysis methods to detect and continue these transition points in parameter
space are referred to as local bifurcation analysis. Understanding how bifurcations occur in food chain models also increases our understanding of the types
7

of behaviour generated by the models.
A relatively simply type of behavioural change occurs in the two-dimensional
predator-prey Rosenzweig-MacArthur model, and is discussed in Chapter 2.
When the carrying capacity K of the system is low, the system exhibits a stable
equilibrium, i.e., positive initial conditions converge to the same asymptotic
population sizes. Under an increase of the carrying capacity this system’s attractor undergoes a Hopf bifurcation, after which a stable limit cycle becomes
the system’s attractor. A further increase in carrying capacity generates cycles of larger amplitude, that have lower minimal values. Extinction through
stochasticity becomes likely under an increase of carrying capacity, leading
ecologists to refer to this phenomenon as the “paradox of enrichment”. The
paradox can be resolved by avoiding the Hopf bifurcation. In this chapter
it has been shown what conditions need to be fulfilled in order to do this.
Also, using a normalisation technique, it has been shown that many proposed
mechanisms in the ecological literature fulfil these conditions.
More complex behaviour can be found in two-dimensional predator-prey
Allee-models, that are discussed in Chapter 3. Instead of one system’s attractor there are two attractors in the Allee-models: a trivial attractor where
both populations are zero, and an internal attractor. The internal attractor is a stable equilibrium, that is replaced by a stable limit cycle after a
Hopf bifurcation under a decrease of the predator mortality parameter. At
an even lower mortality value, the limit cycle attractor disappears, and the
multi-stability disappears with it. The only attractor left then is the trivial
equilibrium, which is biologically interpreted as extinction of both species.
This phenomenon, that a decrease in predator mortality leads to extinction of
both species, is referred to a over-exploitation by the predator.
The transition from multi-stability to one equilibrium is not a local, but
a global bifurcation, more specificly, a heteroclinic point-to-point connecting
orbit. New techniques had to be developed to detect and continue the connecting orbit. It was found, that the Hopf bifurcation and the global bifurcation
occur very close to each other, which previously lead other authors to conclude
that no limit cycle attractor occur in Allee-models.
Global bifurcations of different type also occur in food chain models of
more than two variables. For instance, in the three-dimensional RosenzweigMacArthur prey-predator-top-predator food chain model, chaos can occur at
certain parameter values, while at the same time there exists a planar attractor where the top-predator is extinct. The basins of attraction of both
attractors are separated by a stable manifold, that has a very complex shape.
This separatrix is destroyed as the result of a global bifurcation, more precise,
a point-to-cycle connection. The chaotic attractor is born through a series
of local bifurcations, namely flip bifurcations. On the other hand, it disappears through a global bifurcation, in this case, a homoclinic cycle-to-cycle
8

connection. Techniques to detect and continue point-to-cycle connections in
three-dimensional ode-models have been developed and tested in Chapter 4.
In Chapter 5 these techniques have been extended to cope with cycle-to-cycle
connections.
The techniques, developed in the Chapters 3, 4 and 5, have been applied in
the final two chapters. There we wanted to ascertain what type of global bifurcations occur in different types of food chain models, and what the biological
consequences are of these global bifurcations.
In Chapter 6 we have considered a small food chain of a nutrient, a prey
and a predator in an aquatic environment, called a chemostat (see Figure 1.2,
Chapter 1). Three scenario’s have been evaluated. The first scenario is without
toxicants. The second scenario includes a sublethal toxicant, that influenced
both the predator and the prey, but only the growth of their populations. In
the third scenario a sublethal toxicant affects only the prey species. It was
found, that in the scenario without toxicant there is no multi-stability occurring. However, in the scenario’s with toxicant multi-stability can occur. This
means, that systems where a sublethal toxicant is introduced can start to display multi-stability. In that case parameter variations, like in the dilution rate
or the nutrient availability, can possibly lead to global bifurcations occurring.
Despite the non-lethal effects of the toxicant, the addition of these toxicants
can lead to the extinction of one or several species, just like in the models
discussed in Chapter 3.
In the last chapter of this Thesis, Chapter 7, we evaluated several food
chain models, and the global bifurcations that occur in them. It is found
that there are similarities between the different types of global bifurcations
that occur. In all evaluated cases multi-stability is replaced by only one type
of stable behaviour after the occurrence of a homoclinic connecting orbit.
One local bifurcation, the tangent bifurcation, can have the same effect. In
the two-dimensional stoichiometric model the global bifurcation sometimes
occurs because a tangent bifurcation occurs, and both events are coupled.
However, in other cases the global and tangent bifurcation are not coupled,
and then the occurrence of the global bifurcation and not the tangent results in
the disappearance of one of the attractors. Although the global bifurcations
occurring in the models in this chapter are not coupled to extinction, their
occurrence still has significant consequences, for instance, hysteresis can occur.
In a three-dimensional food chain model it is found that the Shil’nikov
bifurcation plays the organising role in the generation of chaos, and two chaotic
attractors can exist simultaneously at one specific parameter set. There are
also two cycle-to-cycle homoclinic connections that form the boundary for
the chaotic attractors, where one connection bounds one attractor and the
other connection bounds the other attractor. Both the global bifurcations
intersect in parameter space, creating very rich state space dynamics at certain
9

parameter values.
Chemostat experiments with bacteria and ciliates have made it plausible
that local bifurcations, like the Hopf bifurcation, and also chaos can occur
in small food chain systems. Because of this, I suggest it is worthwhile to
consider the possibility of global bifurcations occurring in experimental setups, and perhaps real ecosystems. It is unlikely it will be possible to find
them, since they occur at very specific parameter values, while experimental
set-ups are noisy and hence it is hard to pin them at a specific parameter
value. But sudden equilibrium size shifts or extinctions of populations could
be explained by the occurrence of global bifurcations, especially when after
a small parameter perturbation the old parameter setting is restored but a
recovery of the old system does not occur. Further work could be aimed in
this direction.
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Zusammenfassung

Ziel der mathematischen Ökologie ist es, die räumliche und zeitliche Dynamik
von Populationen lebender Organismen sowie die Wechselwirkung dieser Populationen mit ihrer abiotischen Umgebung auf der Basis von Modellen zu verstehen. Dabei werden bestimmte Analysetechniken zum Studium des Verhaltens
der Modelle sowie zum Testen ihres Gültigkeitsbereichs gebraucht. Schwerpunkt dieser Arbeit ist die Entwicklung und Nutzung von Bifurkationsanalysemethoden für Nahrungskettenmodelle. Diese Modelle werden durch einen
Satz von Variablen beschrieben, die verschiedene Populationen von Arten,
die eine Nahrungskette bilden, repräsentieren. Unter der Annahme, dass die
Umgebung homogen ist, können diese Modelle durch gewöhnliche Differentialgleichungen (ode’s) dargestellt werden. Die Eigenschaften der Spezies werden
durch zeitlich konstante Parameter beschrieben.
Das Kapitel 2 zielt auf die Untersuchung der Stabilitätseigenschaften der
Nahrungskettenmodelle. Durch eine Renormierungsmethode kann gezeigt werden, dass viele, in der ökologischen Literatur vorgeschlagenen Mechanismen
einen stabilisierenden Effekt haben. Dies bedeutet, dass die Hopf-Bifurkation
- der Übergangspunkt vom stabilen Gleichgewichtszustand zu Oszillationen vermieden wird.
Im Kapitel 3 werden Räuber-Beute-Modelle mit Allee-Effekt, die sowohl
einen trivialen Attraktor mit verschwindenden Populationen sowie einen inneren Attraktor mit nichtverschwindenden Spezies besitzen, diskutiert. Wird die
Sterberate des Räubers vermindert, dann verschwindet der innere Attraktor
in einer globalen Bifurkation, was zum Aussterben beider Spezies führt.
In den Kapiteln 4 und 5 werden Techniken entwickelt, die es gestatten,
globale Verbindungsorbits sowie deren Bifurkationen zu entdecken und zu verfolgen. Diese Methoden werden erfolgreich auf ein 3D Rosenzweig-MacArthur
Modell angewendet. Das chaotische Gebiet ist teilweise durch die Bifurkation
der Zyklus-Zyklus-Verbindung begrenzt, während die Bifurkation einer PunktZyklus-Verbindung die Grenze eines Bistabilitätsgebietes bildet.
Im Kapitel 6 wird eine kleine Nahrungskette in einem Gewässer mit Zu11

und Abfluss behandelt. Dieses System kann Bistabilität zeigen, die durch die
Zugabe eines nichttödlichen Giftes entsteht und in einer globalen Bifurkation
verschwindet. Letztere Bifurkation führt zur Auslöschung einer oder mehrerer
Spezies.
Verschiedene Nahrungskettenmodelle, die globale Bifurkationen zeigen, werden im Kapitel 7 untersucht. In allen Fällen wird dabei auf Grund der Existenz einer homoklinen Bifurkation das Auftreten von Multistabilität durch
einen einzigen Typ stabilen Verhaltens ersetzt. Für ein drei-dimensionales Nahrungskettenmodell wird eine Shilnikov-Bifurkation als Organisationszentrum
chaotischen Verhaltens identifiziert, während eine Zyklus-Zyklus-Verbindung
die Grenze für den chaotischen Attraktor markiert.
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Nederlandse samenvatting
Ecologische gevolgen van globale bifurcaties

De ecologie is een vakgebied waarin men inzicht probeert te krijgen in de
dynamica van populaties van organismen, en hoe die afhangt van de interacties tussen de verschillende soorten en hun omgeving. Het belang van de
ecologie neemt steeds meer toe, omdat kennis uit het vakgebied gebruikt kan
worden in diverse moderne vraagstukken. Men kan hierbij denken aan hoe
soorten beschermd moeten worden tegen uitsterven, de voedselvoorziening in
de toekomst, en hernieuwbare grondstoffen (energie uit biomassa).
Het probleem van de ecologie is het verkrijgen van data, en inzichten uit
die data. De tijd- en ruimteschalen die van toepassing zijn kunnen heel groot
zijn: de tijdschaal van de dynamica van menig ecosysteem is groter dan de
levensduur van de mens. Modellen kunnen helpen om begrip te krijgen van
ecosystemen, terwijl het genoemde probleem omzeild kan worden. De theoretische ecologie is een vakgebied waarin men probeert om een goede beschrijving te geven van de dynamiek van populaties van organismen in de tijd door
gebruik te maken van modellen.
Voor het maken van ecologische modellen worden verschillende soorten
wiskunde gebruikt. Beschrijvingen bestaande uit één of meerdere differentiaalvergelijkingen hebben de voorkeur. In dit soort vergelijkingen worden
bijvoorbeeld de aantallen of de biomassa’s van populaties, dat wil zeggen,
de opgetelde massa’s van alle individuen in die populatie, voorgesteld door
zgn. variabelen. Variabelen worden zo genoemd omdat ze kunnen variëren
in het verloop van de tijd. De eigenschappen van de populaties worden in
parameters weergegeven. Dit zijn vaste getallen, die niet veranderen in de tijd
(evolutieprocessen even buiten beschouwing laten).
Een typisch voorbeeld van een model uit de theoretische ecologie is de differentiaalvergelijking die veelal wordt aangeduid als de logistische vergelijking,
geschreven als
13

dX(t)
βX(t)2
= βX(t) −
.
dt
K

(1)

Laten we even aannemen dat deze vergelijking de groei van een populatie
bacteriën beschrijft. De variabele X(t) is dan de grootte van de populatie in
biomassa. De t tussen haakjes achter de X geeft expliciet de tijdsafhankelijkheid aan, en wordt vaak weggelaten. De β en K zijn hier parameters, die
door biologen veelal worden uitgelegd als respectievelijk de intrinsieke groeisnelheid van de populatie, en de maximale draagkracht van de omgeving om
de populatie te handhaven (de populatie X kan dus niet groter worden dan
K, bijvoorbeeld door limitatie door voedsel, ruimte, of iets dergelijks).
De belangrijke vraag die zich nu opdringt is hoe we weten dat de gebruikte
modellen een goede beschrijving van de “werkelijkheid” zijn, en of de resultaten
van de modellen zinnig zijn? De beste aanpak is om eenvoudig te beginnen.
We verzinnen een model en experiment die we zoveel mogelijk aan elkaar
kunnen koppelen. Daarvoor is het noodzakelijk om vereenvoudigingen aan te
nemen. Één zo’n vereenvoudiging is de populatie als één variabele beschouwen,
zoals hierboven bij de logistische groei is gedaan, terwijl we weten dat de
individuen in een populatie van elkaar verschillen. Een tweede is de omgeving
als homogeen te beschouwen, waardoor we gebruik kunnen blijven maken van
de relatief “simpele” differentiaalvergelijkingen.
Voor de vergelijking tussen model en werkelijkheid kunnen we nu verschillende dingen doen. De eerste optie is een eenvoudige analyse van de opbouw
van het model. Bijvoorbeeld, de bovenstaande logistische vergelijking bestaat
uit twee termen, namelijk een groeiterm βX(t), en een sterfteterm βX(t)2 /K.
Volgens de eerste term verloopt de groei van de populatie sneller als er al
meer individuen zijn, want β is constant, en X wordt alsmaar groter. Zo’n
ongeremde groei is uiteraard niet realistisch. De tweede term beschrijft dan
ook dat individuen elkaar in de weg zitten en elkaars eten opeten. Omdat
er een kwadraat in zit wordt de invloed van die tweede term wordt groter
naarmate X groter wordt. Om een idee te krijgen over de door het model
voorspelde populatiegroei in de tijd kunt u kijken naar figuur 1, linksonder, of
in hoofdstuk 1, figuur 1.1, linkerplaatje (in ’t Engels). Op de horizontale as
staat de tijd uitgezet, en op de verticale as de totale biomassa van de populatie.
De groeipatronen van verschillende soorten bacteriën kunnen met dezelfde
bovenstaande vergelijking beschreven worden. Het is echter hoogstwaarschijnlijk dat de parameterwaarden per soort verschillen. De parameterwaarden
kunnen geschat worden met een procedure die, in goed Nederlands, datafitting
genoemd wordt. Het idee daarbij is dat men metingen van de grootte van de
biomassa op verschillende tijdstippen heeft. Door die meetpunten probeert
men vervolgens een curve te trekken die voldoet aan bovenstaande vergeli14

Tabel 1: Lijst van gebruikte symbolen, hun betekenis, en hun eenheden. Eenheden
zijn s (seconde), m3 (inhoud) en kg (kilogram).

symbool

beschrijving

eenheden

t
X(t)
K
β

Tijd in seconden
Populatiegrootte of -biomassa
Draagkracht van het milieu
Intrinsieke groeisnelheid

s
kg m−3
kg m−3
s−1

jking. Bij elke poging worden de parameters gevarieerd, en wordt vervolgens
gekeken hoe goed de geprobeerde curve op de meetpunten “past”. Uiteindelijk
kiest men de combinatie van parameters die het beste past bij de meetpunten.
Het is overigens goed mogelijk, dat bepaalde modellen eigenlijk geen goede
“fit” geven. Dit is meteen ook een methode om uitkomsten tussen model en
experiment te vergelijken, want het niet bestaan van een goede fit kan duiden
op een gebrek in het model.
We kunnen echter ook iets over het gedrag van een systeem zeggen zonder
eerst allerlei combinaties van parameterwaarden te testen. Dit is meteen een
wat meer ontwikkelde analysemethode. Daarvoor moeten we kijken naar wat
het systeem doet als we heel lang zouden wachten. Voor de bovengenoemde
vergelijking geldt dat, ongeacht de beginconditie, de groei van de populatie
stagneert wanneer de grootte van de populatie X naar K nadert. In de situatie X = K verandert de biomassa helemaal niet meer, en de vergelijking geeft
dan ook dX(t)/dt = 0. Deze situatie, waarin de biomassa niet meer verandert
in de tijd, wordt een evenwicht genoemd. En omdat voor alle begincondities,
behalve X = 0, het systeem naar dit evenwicht gaat, spreekt men over een
stabiel evenwicht. De situatie X = 0 is overigens ook een evenwicht, maar omdat elke variatie in X ervoor zorgt dat het systeem niet meer in dit evenwicht
blijft, noemen we dit evenwicht onstabiel. We kunnen dus meteen opmerken,
dat er meerdere evenwichten kunnen bestaan bij dezelfde parameterwaarde.
Het blijkt ook, dat voor de bovengenoemde vergelijking geldt dat er weinig
veranderingen optreden wanneer de parameterwaarden veranderen, mits de
parameterwaarden positief blijven (dit is geen vreemde aanname voor een
biologisch systeem). Met het veranderen van de parameter β verandert alleen
de tijdsduur waarin de populatie X uitgroeit tot de waarde van K. Als we
de parameter K veranderen, dan verandert de uiteindelijke grootte van X
ook, maar het evenwicht X = K blijft altijd stabiel, en het evenwicht X = 0
instabiel.
De modellen die in dit proefschrift zijn bestudeerd bestaan uit meerdere
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vergelijkingen, waarbij elke vergelijking een populatie van organismen voorstelt.
De evenwichten zijn nu situaties, waarin de biomassa’s van geen van de soorten
meer verandert in de tijd. Meer specifiek kijk ik naar voedselketens, systemen waarin één soort slechts wordt opgegeten door één andere soort leeft,
die op haar beurt weer eventueel wordt opgegeten. Er bestaat een experimenteel systeem dat goed overeenstemt met de aannames achter modellen van
voedselketens, namelijk de zgn. “chemostat” (een schetsmatig plaatje kunt
u vinden in figuur 1.2 in hoofdstuk 1). Dit nodigt uit om de experimentele
resultaten te vergelijken met modeluitkomsten. Een aantal auteurs heeft dit
recentelijk daadwerkelijk gedaan. Hierbij werd gekeken naar systemen van verschillende soorten bacteriën die in een chemostat groeiden op een suikerbron,
terwijl ze op hun beurt opgegeten werden door ciliaten. We zullen verderop
nog refereren aan hun resultaten en conclusies.
Door de toename in complexiteit van de modellen zijn er nu een aantal
zaken waar we rekening mee moeten houden. Het eerste punt is, dat de evenwichten moeilijker uit te rekenen zijn. We hebben al snel computers nodig om
dit nog te kunnen doen. Het tweede punt is dat de analyse van deze modellen
moeilijker wordt. Het goed mogelijk is dat de eigenschappen van een evenwicht in de meer ingewikkelde modellen wel veranderen met het veranderen
van parameters. Zo’n verandering wordt aangeduidt als een bifurcatie.
Om dit alles zijn goede analysemethoden onontbeerlijk. Een studie naar
hoe de eigenschappen van evenwichten veranderen als de parameterwaarden
veranderen wordt bifurcatieanalyse genoemd. In dit proefschrift gebruik ik
bestaande bifurcatie-analysemethoden om modellen te analyseren. Tevens ontwikkel ik nieuwe methoden. Bovendien ben ik geı̈nteresseerd in de biologische
consequenties van deze analyses.
Een belangrijk voorbeeld van een bifurcatie is de overgang van een stabiel
evenwicht naar een instabiel evenwicht, waarbij slingerend gedrag ontstaat.
De biomassa’s van de verschillende soorten in de voedselketen slingeren dan
volgens een vast patroon in de tijd. Dit wordt periodiek gedrag genoemd. Een
grafische weergave van dit type gedrag is te vinden in figuur 1, midden- en
rechtervakken. Dat dit gedrag ook daadwerkelijk kan optreden, is recentelijk
aangetoond in de bovengenoemde chemostat-experimenten.
Biologisch wordt het optreden van een overgang van evenwicht naar periodiek gedrag opgevat als een destabilisering van het systeem. Dit is omdat de
biomassa van één of meerdere soorten in bepaalde tijdsintervallen heel klein
kan worden. De kans op uitsterven van de soort(en) wordt dan erg groot. In
veel modellen gebeurt dit vooral na het laten toenemen van de draagkracht
K, of voedselbeschikbaarheid voor de prooi. Omdat het vreemd lijkt dat een
toename van voedsel slecht voor het systeem is wordt dit fenomeen ook wel
de paradox van verrijking genoemd.
Verschillende mechanismen zijn voorgesteld in modellen om de bovenge16
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Figuur 1: De paradox van verrijking grafisch weergegeven. Onder een toename
van de draagkracht ontstaat periodiek gedrag, waarvan de amplitude steeds
groter wordt. De kans op uitsterven wordt hierdoor steeds groter.

noemde paradox te ontlopen. Deze mechanismen worden veelal stabilizerende
factoren genoemd. In hoofdstuk 2 behandelen we elementen van de lokale
bifurcatieanalyse, de overgang van evenwicht naar periodiek gedrag, en een
klasse van mechanismen die bedoeld zijn om de paradox te vermijden. De
conclusie in dit hoofdstuk is, dat veel mechanismen het optreden van de paradox van verrijking op dezelfde manier vermijden. Dit gebeurt als ze voldoen
aan bepaalde criteria m.b.t. de wiskundige beschrijving van hoe de predatorpopulatie van de prooipopulatie leeft.
Naast stabiele evenwichten en periodiek gedrag kan ook nog een type
gedrag optreden, waarbij er geen duidelijk patroon in de tijd meer te zien
valt. Dit fenomeen heet chaos, en is recentelijk ook gevonden in de genoemde
chemostat-experimenten. Met chaos wordt het systeem gekenmerkt door een
zeer grote gevoeligheid voor verandering van de begincondities. In de situatie
van een stabiel evenwicht maakt de beginconditie niet zoveel uit, omdat het
systeem uiteindelijk in dat evenwicht terecht komt, en in het geval van periodiek gedrag blijft het systeem slingeren op dezelfde manier. Bij chaos is
er noch een stabiel evenwicht, noch een stabiel periodiek gedrag, maar blijft
het systeem altijd veranderen. Voorspellingen voor op de langere termijn zijn
daarom ook niet goed mogelijk. Echter, omdat de veranderingen in biomassa
in de tijd begrensd blijven, spreken we toch van een zogenoemde attractor.
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In biologische bewoordingen betekent dit, dat de soort zal niet verdwijnen.
Een bekend voorbeeld van een chaotische attractor wordt trouwens buiten de
biologie gevonden, namelijk in de meteorologie. Over het algemeen verklaart
met de onvoorspelbaarheid van het weer met het bestaan van chaos in het
meteorologisch systeem.
Het is goed mogelijk, dat er combinaties van meerdere typen bovenstaande
gedrag, dus stabiel evenwicht, periodiek gedrag en chaos, naast elkaar plaatsvinden bij dezelfde parameterset. Er kunnen dus meerdere stabiele evenwichten
naast elkaar bestaan bij dezelfde parameter, of een evenwicht en een chaotische
attractor, etc. Als dat gebeurt, dan hebben we een situatie die we multistabiliteit noemen. In hoofdstuk 3 zijn twee predator-prooi modellen bestudeerd
die multistabiliteit kennen. Beide modellen hebben twee stabiele evenwichten.
Bij het ene evenwicht zijn de biomassa’s van predator en prooi positief. Bij het
andere evenwicht, dat we nulevenwicht noemen, zijn beide biomassa’s nul, wat
biologisch betekent dat geen van beide soorten kan overleven. De begincondities zijn nu ook belangrijk, want afhankelijk van de begincondities kan het
systeem zich in verloop van tijd in het ene evenwicht of het andere vestigen.
Onder parameterverandering kan er een overgang optreden van het positieve stabiele evenwicht naar een instabiel evenwicht, waarbij positief stabiel
periodiek gedrag ontstaat. Deze overgang is detecteerbaar met bestaande technieken. Er is echter bij een volgende parameterverandering sprake van dat het
periodieke gedrag verdwijnt. Daarbij blijft alleen het stabiele nulevenwicht
over. Het gevolg is dat de beginconditie niet meer relevant is, omdat het
systeem altijd uitsterft.
Een overgang van multistabiliteit naar een enkele, of geen, stabiele oplossing is ook een bifurcatie. Echter, een dergelijke overgang is niet detecteerbaar
m.b.v. de gebruikelijke methoden voor bifurcatieanalyse. We hebben informatie nodig over de faseruimte van het model bij die parameterwaarde waar
de overgang plaatsvindt. Dit is te doen door een plaatje te maken waar we de
biomassa van één soort, de prooi, uitzetten tegen de biomassa van een andere
soort die daarmee te maken heeft, hier de predator. In de twee bestudeerde
predator-prooi modellen bestaan, naast de stabiele evenwichten, ook twee instabiele evenwichten. Uit de plaatjes van de faseruimte is nu gebleken, dat
er precies bij de overgang van multistabiliteit naar het enkele stabiele evenwicht specifieke banen bestaan in de faseruimte, die de twee instabiele evenwichten met elkaar verbinden. Een grafische weergave hiervan vindt u terug
in hoofdstuk 3, figuur 3.4. De verrassende conclusie is dus dat hoewel deze
instabiele evenwichten op zichzelf geen biologische betekenis hoeven te hebben
in de bestudeerde modellen, hun bestaan opeens wel serieuze biologische consequenties heeft bij een bepaalde parameterwaarde!
De overgang van multistabiliteit naar een enkel evenwicht is nu een voorbeeld van een globale bifurcatie. We noemen dit zo, omdat de overgang niet te
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detecteren valt zonder het globale plaatje mee te nemen. Omdat de bestaande
methoden voor lokale bifurcatieanalyse de faseruimte niet meenemen, moesten
in dit proefschrift nieuwe methoden ontwikkeld worden om deze overgangen
te kunnen vinden. Deze methoden houden wel rekening met de faseruimte.
Tevens moesten deze methoden ook getest worden. In de Appendix van hoofdstuk 3 zijn methoden bekeken voor modellen van twee differentiaalvergelijkingen, en in de hoofdstukken 4 en 5 voor modellen van drie differentiaalvergelijkingen. In modellen van drie en meer differentiaalvergelijkingen zijn verschillende soorten verbindingen mogelijk, tussen onstabiele evenwichten, maar ook
tussen onstabiel evenwicht en onstabiel periodiek gedrag. Het is zelfs mogelijk
dat meerdere typen verbindingen tegelijkertijd optreden.
De ontwikkelde en geteste methoden zijn vervolgens toegepast in de laatste twee hoofdstukken. Daarin is onderzocht welke typen globale bifurcaties
in welke typen modellen plaatsvinden, en wat de mogelijke biologische consequenties zijn van de globale bifurcaties. In hoofdstuk 6 hebben we naar
een model gekeken van een kleine voedselketen (nutrient, prooi en predator)
in een aquatische omgeving. Daarin worden drie situaties geëvalueerd. De
eerste situatie is zonder gifstof. De tweede is een situatie, waarbij zowel de
prooi als de predator beı̈nvloed worden door een sublethale gifstof, die niet de
dood tot gevolg heeft, maar alleen de populatiegroei remt. In de derde situatie
beı̈nvloedt een andere sublethale gifstof alleen de prooi.
Het blijkt, dat in het onderzochte systemen zonder gifstoffen geen multistabiliteit optreedt. In de systemen mét gifstof kan wel multistabiliteit
optreden. Dit betekent, dat systemen waarin een sublethale gifstof wordt
geı̈ntroduceerd, opeens multistabiliteit kunnen gaan vertonen. In dat geval
kunnen parameterveranderingen, zoals een verandering van doorstromingssnelheid of nutriëntenaanvoer, mogelijkerwijs leiden tot het optreden van een
globale bifurcatie. Ondanks het niet-lethale effect van de gifstoffen is het uitsterven van één of meerdere soorten dus toch een serieuze mogelijkheid.
In hoofdstuk 7, het laatste hoofdstuk van dit proefschrift, bekijken we
meerdere biologische modellen, die verschillende soorten globale bifurcaties
laten zien. Er blijken overeenkomsten te bestaan tussen de verschillende typen.
In alle gevallen verdwijnen één of meerdere typen stabiel gedrag, in tegenstelling tot de meeste lokale bifurcaties, waar het ene type stabiel gedrag vervangen wordt door het andere type. Biologisch gezien is een globale bifurcatie
daarmee vaak geassocieerd met het verdwijnen van soorten, of in ieder geval
het optreden van belangrijke verschuivingen in de gemiddelde biomassa’s van
soorten. Ik betoog dan ook, aangezien lokale bifurcaties ook al gevonden zijn
in bestaande biologische systemen, het de moeite kan lonen om rekening te
houden met het bestaan van globale bifurcaties in biologische systemen.
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Chapter 1

Introduction

Ecology is the field within biology that focuses on the understanding of the
spatial and temporal dynamics of populations of living organisms, and the
interactions between these populations and their a-biotic (physical, chemical) environment. In the modern age, where the anthropogenic population
growth puts more and more pressure on natural resources and food supplies,
ecosystems, etc., ecology as a field becomes increasingly important. Examples
of the possible and diverse applications of it are, among others, gaining understanding on species preservation, the influence of toxic substances on the
environment, and production of sustainable energy and food sources.
A significant problem for ecologists is the range of time- and spatial scales
of the studied object. The time-scale of some population dynamics can easily
be larger than the lifespan of a human researcher, while other species have a life
cycle of less than a day. Ecosystems can span thousands of squared miles, while
being divided into several meso- and microhabitats. And the size differences
between species can be of an order of a million or more. Especially because
of the large time-scale it is difficult to make many measurements of a natural
system or do insightful experiments, let alone make measurements about the
perturbations on a natural system because of human-induced interferences.
The use of models in ecology can provide a solution for this. We can define
theoretical ecology as the scientific field where models are made and studied,
with the goal of doing ecology. Generally this implies the use of mathematics.
However, what we want to know is whether the models that are employed are
a good substitute for experiments. After all, the models are of no biological
use if they do not properly describe the intended systems.
To cope with this, we start by trying to come up with models and experimental situations that are simple and comparable. For that we have to make
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assumptions and simplifications first. Below we will discuss some simple models, and assumptions in these models. Furthermore, we need proper analyses
of these models for the comparison with experimental set-ups. Most of this
Thesis will focus on this last point.

1.1

Basic theoretical ecology

Modelling starts with making assumptions about the intended system. In the
case of theoretical ecology, the following assumptions are common. Populations can be made up of any number of individuals, that differ in their properties, yet we generally assume that the different individuals are identical, or
else that we have a good approximated average that does not change when the
number of individuals in a population changes. The population biomass of a
species can be represented by a single (time-dependent) variable. Properties
of species and interactions between species, that do not change in time, can
be described by parameters. Furthermore, we assume spatial homogeneity in
our models, in order to simplify the type of mathematics we employ.
With the above-mentioned assumptions, there are two types of formula’s
to describe population dynamics that are commonly used. The first type, the
ordinary differential equation (ode), describes the change of the population
growth (or decline, when negative) in time, as a function of itself and system
parameters, where the total population biomass is a so-called variable. In
most chapters we only have models consisting of ode’s. The second type, the
difference equation, gives a map of how the total population biomass at time n
has grown to a biomass at time n+1. This latter approach is particularly useful
when cohort data is involved, for instance, there are population abundance
measurements at fixed intervals. An example of this is the counting of birds
once every year, where an inventory is made of all the eggs that are laid, and
how many of these have hatched and survived after one year.
The models we focus on in this Thesis are exclusively food chain systems
of ode’s. This results in the restriction that the possible interactions between
the different populations are mainly of a predatory nature. The populations
form a “chain”, that is, a nutrient is only eaten by a prey, and the prey in turn
is eaten only by a predator species, etc. Also, there is no nutrient recycling.
Before discussing the food chain models, let us first take a look at onepopulation models, mostly for illustrative purposes. For one population of
organisms in a homogeneous environment, that multiply through binary fission, like bacteria in a petri dish, the so-called logistic growth curve is often
used. Its genesis dates back as far as 1838, when Pierre F. Verhulst (1838)
published the Verhulst equation, describing self-limiting growth of a bacterial
population as an ode. The equation has been re-derived later by several other
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people independently. It is given as


dX(t)
X(t)
= βX(t) 1 −
,
dt
K

(1.1)

where X(t) is the population, t is time, β the intrinsic growth rate and K the
so-called carrying capacity (see also Table 1.4). The X(t) is often abbreviated
as X. The difference equation of the logistic growth looks like
′

Yn+1 = β Yn



Yn
1−
K



,

(1.2)

where β ′ is the equivalent of, but not equal to, β in Eq. (1.1), and where Yn
and Yn+1 are the population sizes at time n and n + 1, respectively.
How do we check whether the model is a relevant representation of the
dynamics in reality? We do not yet know the parameter values, the initial
condition of the system, or the behaviour of the model. If we focus on the
ode model, Eq. (1.1), we see, that the initial condition in this case is irrelevant
for the long-term behaviour of the model. In Figure 1.1, left panel, this result
is demonstrated. For all X > 0 the system evolves to the system’s steady state
X = K, given enough time. In other words, no matter what the positive initial
condition, the population size always becomes the same. This also implies that
the value of the parameter K is important. The value of β, on the other hand,
is not relevant for the long-term behaviour. The qualitative picture of the
system remains the same, i.e, the system will always converge to the carrying
capacity, for any positive values of β and K.
The value of β does influence the time it takes for the population to grow to
the carrying capacity. To get values for β and K we can apply a data-fitting
method. One example is the least squares, that can be used for overdetermined systems. Given it is well possible, we measure the total biomass of the
population at several time steps. We then generate a series of curves, like the
ones displayed in Figure 1.1, left panel, where each curve has a different set
of parameter values for β and/or K and/or a different initial condition. The
resulting curves are each compared to the measurement points, where it is
attempted to minimise the distances between the curve and each of the measurement points. As a measure for this distance usually a quadratic function
is employed.
The logistic equation has many restrictions besides the obvious, and already mentioned, assumptions. The lack of a mechanistic background to describe the carrying capacity is generally perceived as a weakness of the model.
A more serious problem, however, is that it has been suggested that there
exists no support from data for the use of the equation at all (Hall, 1988).
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Table 1.1: List of function names, variables and parameters in this Chapter. Dimensions are given based on the seven SI base units, so time in s, amount of substance
in mol, length in m

symbol

description

units

t
n
Xi
Yn
p
u
φ(Xi , p)
Ψ[u]
F (Xi )

Continuous time
Discrete time step
Continuous variable, short for Xi (t)
Discrete variable at time n
Parameter
Cycle coordinates, short for u(t)
Function, depending on Xi (t) and p
Phase condition
Functional response of Xi

s
-

X0
X1
X2

Nutrient biomass
Prey biomass
Predator biomass

mol m−3
mol m−3
mol m−3

ξ
λ
µ
v
T0
J

Equilibrium value of Xi
Eigenvalue
Cycle multiplier
Eigenvector
Cycle period
Jacobian matrix

t
-

K
β
γ
ζ

Carrying capacity
Ingestion rate
Mortality rate
Allee threshold

mol m−3
s−1
s−1
mol m−3

D
Xin
κi,i+1
Ai,i+1
yi,i+1
Mi

Dilution rate
Nutrient content
Saturation constant Xi+1
Intake Xi+1 on Xi
Yield Xi+1 on Xi
Maintenance rate Xi

s−1
mol m−3
mol m−3
s−1
s−1
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Figure 1.1: Left panel: This time plot shows the asymptotic behaviour of the
well-known logistic growth, Eq. (1.1). All positive initial conditions converge
to the value of the carrying capacity K. Right panel: Time plots of the model
with Allee-effect, Eq. (1.3). Orbits above the threshold X = ζ converge to the
carrying capacity, orbits below the threshold go to zero (biologically equivalent
to extinction).
Furthermore, it has been found that the equation violates mass balance (Kooi
et al., 1998). Nevertheless, the logistic growth formulation remains one of the
most popular formulations for the growth of a prey population in theoretical
ecology.
There exist several alternative formulations used to describe population
growth, both continuous and discrete (e.g., Beverton-Holt, Ricker). In Chapter 3 we analyse two models with an Allee-effect. In the logistic growth equation, individuals influence each other only negatively through competition.
Contrarily, the concept of the Allee-effect is that individuals also benefit from
each other. Under low densities the population suffers from demographic problems, that do not exist when the population consists of more individuals (Allee,
1931).
Mathematically the Allee-effect is written as a threshold value. Below
this threshold value the population cannot reproduce fast enough to replenish
the population, above this threshold the population will grow to the carrying
capacity. The formula looks like this



X
X
dX
= βX
−1 1−
,
dt
ζ
K

(1.3)

where ζ is the threshold value for the Allee-effect. For values of 0 < X < ζ and
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X > K the growth is negative, while for ζ < X < K the growth is positive.
This means, that orbits starting above the Allee threshold converge to the
carrying capacity, while orbits starting below the threshold go to zero. This
last solution obviously has to be interpreted as extinction of the population.
The dynamics are demonstrated in Figure 1.1, right panel.

1.1.1

The functional response

Mainly the two above-mentioned one-population growth equations are used to
describe the prey populations in food chain models in this Thesis. With the
inclusion of a population that forages on another population, or a nutrient, a
description is required of the interactions between these populations. In the
coming food chain models we will indicate the trophic level of each population
with an index i. Hence X0 indicates a nutrient, X1 a prey, etc.
The simplest type of feeding interaction is obviously the linear functional
response kX1 X2 (the so-called law of mass action), where k is a reaction rate,
and X1 and X2 are the population densities. However, biologically it is likely
that there is some sort of handling time, i.e., the predator or consumer cannot
eat limitless. Instead, a saturation needs to be included. One such description
that includes a saturation is the well-known Holling type II scaled functional
response (Holling, 1959). The mathematical description is

F (X) =

AX
,
κ+X

(1.4)

where A is an ingestion rate of the predator on the prey population, and
κ is the saturation constant. For low densities, the predator or consumer
population eats everything that is encountered, but for higher food densities
the functional response approaches a limit. Other popular functional responses
are the Holling type I, a linear response with a maximum, and the Holling
type III functional response. In Chapter 2 also other functional responses are
discussed.

1.1.2

Predator-prey models

One of the most well-known descriptions of two populations, where a predator
species X2 feeds on the prey population X1 , is the Rosenzweig-MacArthur
(Rosenzweig and MacArthur, 1963) model (abbreviated as RM model). The
two-dimensional description is given as
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A1,2 X1 X2
dX1
X1
= rX1 1 −
,
−
dt
K
κ1,2 + X1


dX2
A1,2 X1
= X2 y1,2
− γ1 ,
dt
κ1,2 + X1

(1.5a)
(1.5b)

where A1,2 is the ingestion rate, y1,2 the yield over the ingested biomass X1
by X2 , and γ1 the linear predator death rate. The RM model is effectively
a combination of the logistic growth curve Eq. (1.1) with a Holling type II
functional response Eq. (1.4). The three-dimensional Rosenzweig-MacArthur
model is written as


A1,2 X1 X2
X1
dX1
= rX1 1 −
,
−
dt
K
κ1,2 + X1


A2,3 X3
dX2
A1,2 X1
= X2 y1,2
− γ1 −
,
dt
κ1,2 + X1
κ2,3 + X2


dX3
A2,3 X2
= X3 y2,3
− γ2 ,
dt
κ2,3 + X2

(1.6a)
(1.6b)
(1.6c)

where the modelling of the top predator X3 is similar to that of the predator
X2 . Parameters and variables are explained in Table 1.1, while the specific
parameter values are given in the section on the analyses of the models, in
Table 1.2 and 1.3, respectively.
The RM model is used extensively throughout this Thesis, and therefore
we will discuss the analysis of the two- and three-dimensional version of the
model in more detail in Section 1.5. The model’s quantitative output, however, does not give a good match with experimental data. Also, it violates
mass balance. A more successful match between model output and data has
been made between measurements from experimental chemostats and mass
balanced chemostat models (for instance Fussmann et al, 2000). Figure 1.2
shows a schematic of a chemostat apparatus. The model formulation is very
close to the experimental chemostat design, where there is an influx of nutrient, with influx rate and nutrient composition of the influx kept constant. A
prey species feeds on the nutrient, and is fed upon by a predator species. All
three components, nutrient, prey and predator are subject to wash-out. The
formulation obeys mass balance by taking the nutrient dynamics explicitly into
account, as opposed to the RM model. The spatial homogeneity assumption
seems to agree with the mixing that occurs as a result of continuous stirring
in the chemostat set-up.
The chemostat equations (Smith and Waltman, 1995) are given as
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Figure 1.2: “Abstracted” representation of a food chain in the chemostat
setting. There is an influx of nutrients into a well-mixed environment. The
nutrients are fed upon by consumer species. In turn, these organisms are eaten
by a predator species. Nutrients, prey and predator species are washed in fixed
fractions.

dX0
= D(Xin − X0 ) − A0,1 F1 (X0 )X1 ,
dt
dX1
= (y0,1 A0,1 F1 (X0 ) − M1 − D)X1 − A1,2 F2 (X1 )X2 ,
dt
dX2
= (y1,2 A1,2 F2 (X1 ) − M2 − D)X2 ,
dt

(1.7a)
(1.7b)
(1.7c)

where F1 (X0 ) = X0 /(κ0,1 +X1 ) and F2 (X1 ) = X1 /(κ1,2 +X1 ) are Holling type
II functional responses. Again, the variables and parameters are explained
in Table 1.1. Table 1.4 gives the parameter values for the model analysis,
selected from Nisbet et al. (1983). Observe that there is a maintenance term
M included, that models the concept that individuals in a population first
spend resources on maintenance of cellular processes, etc., before spending
resources on growth (Pirt, 1965; Kooijman, 2009).
In order to compare the behaviour of the different introduced models to
empirical data, and to each other, both a qualitative and a quantitative analysis is required. In the next section analysis methods will be discussed, with
strong emphasis on the (changes in) long-term dynamical behaviour.

1.2

Model analysis methods

Before beginning the analysis, a model should be checked for inconsistencies.
A good way of doing this is by evaluation of the units. The variables and
parameters, and their units, are summarised in Table 1.1. The units at the
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right hand side of the ode’s should correspond to the units of the left-hand
side. But also when the units check out all right, there can exist inconsistencies
in the model. An example, already discussed above, is given by Kooi et al.
(1998), who showed that the logistic growth equation violates the law of mass
balance. Observe, that this was given as a reason to refrain from further use of
the equation for the modelling of natural ecosystems. However, such a model
can still be used for the development of new analysis techniques for ecosystems
models.

1.2.1

Long-term dynamics

Depending on the goal of the model, one can focus on the transient behaviour
of the model, or the long-term behaviour. In order to obtain a good description
of, say, the development of a small food chain in a batch setting over the course
of days, the transient behaviour of the model is of more interest. It will be
attempted then to fit the data as good as possible to the dynamical behaviour
of the model with the help of data-fitting methods, as described earlier.
For natural food chains or webs, however, it has been argued that this
method is less successful, since there is much randomness in such systems,
either with a natural cause or anthropogenicly induced (Lindenschmidt, 2006;
Lindenschmidt et al., 2007). The alternative option is then to look at the
long-term behaviour of the system, and see how it changes under variation of
system parameters.
In order to evaluate the asymptotic behaviour of the system we first have
to find equilibria, which are system solutions that do not change in time. In
ode models the way to do this is by putting the right-hand side of the equation
to zero. For example, if we look at Eq. (1.1), we have


X
βX 1 −
K



=0,

(1.8)

and we obtain X = 0 and X = K. For maps we need to fulfil the condition
Yn+1 = Yn .
To verify whether a determined equilibrium is stable or not, i.e., whether
it is an attractor or not, local information around the equilibrium is required.
This information is obtained by evaluating the linearisation matrix, also called
the Jacobian matrix J, at the point of interest, which is here the equilibrium,
for a fixed set of parameters. The relationship Jv = λv provides the so-called
eigenvectors v and the associated eigenvalues λ. The eigenvectors have the
unique property that they do not change, up to a multiplication factor, after
multiplication with a matrix. These multiplication factors, the eigenvalues,
can be used to determine the type of stability.
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Obviously, for a one-dimensional model, the Jacobian matrix reduces to
the system’s derivative. We recall from Fig. 1.1 that after a sufficient amount
of time X evolves to the value X = K. Hence, this is the system’s attractor.
The property is that the (only) eigenvalue in this point is negative. Likewise,
the eigenvalue of the point X = 0 is positive, which indicates an unstable
point. In the case of a two-dimensional system we have

where



∂φ1 (X1 ,X2 )
∂X1

∂φ1 (X1 ,X2 )
∂X2

∂φ2 (X1 ,X2 )
∂X1

∂φ2 (X1 ,X2 )
∂X2



·

v1
v2

!

dX1
= φ1 (X1 , X2 ) ,
dt
dX2
= φ2 (X1 , X2 ) ,
dt

= λ

v1
v2

!

,

(1.9)

(1.10a)
(1.10b)

and where there are also two eigenvalues and eigenvectors.
In larger models a stability analysis is often performed to investigate
whether the model generates comparable results when parameters are varied to some extent. This can be done by looking at the persistence of the
system attractors, or, if we now focus again more towards ode models, by
evaluating the leading eigenvalue of the attractor of the system. However, this
only applies when the system attractor, or one of the system’s attractors, is a
stable equilibrium.

1.2.2

Equilibrium and attractor types

In one-dimensional ode systems there are only two possible types of equilibria: the stable equilibrium, that is automatically an attractor, and the unstable equilibrium, that is automatically a repeller. In two-dimensional systems
there are two eigenvalues, and hence there are three types of generic equilibria: stable equilibrium (both eigenvalues have negative real parts: Reλ1 6
Reλ2 < 0), unstable equilibrium (both eigenvalues have positive real parts:
Reλ1 > Reλ2 > 0), or saddle point (one eigenvalue is negative, and the other
is positive, λ1 < 0 < λ2 ). Note, that the eigenvalues can be either real or
complex numbers. In the first case the equilibrium is a so-called node, in the
latter case a focus.
An easy way to determine whether an equilibrium in a two-dimensional
system is a node or a focus, stable, unstable or saddle, is by evaluating the
trace
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Figure 1.3: Diagram of tr(J) plotted against det(J). Regions are 1. Saddle
λ1 > 0, λ2 < 0, 2. Stable node λ1,2 < 0 and only real parts, 3. Stable focus
λ1,2 < 0 and complex, 4. Unstable focus λ1,2 > 0 and complex, 5. Unstable
node λ1,2 > 0 and real.

tr(J) =

∂φ1 (X1 , X2 ) ∂φ2 (X1 , X2 )
+
,
∂X1
∂X2

(1.11)

and the determinant

det(J) =

∂φ1 (X1 , X2 ) ∂φ2 (X1 , X2 ) ∂φ1 (X1 , X2 ) ∂φ2 (X1 , X2 )
−
,
∂X1
∂X2
∂X2
∂X1

(1.12)

for the Jacobian matrix J at the equilibrium. We have a saddle when det(J) <
0. For det(J) > 0 we have to evaluate the trace as well. If tr(J) < 0 the
equilibrium is stable, if tr(J) > 0 the equilibrium is unstable. For (tr(J))2 <
4det(J) we have a focus, otherwise we have a node. These results are compiled
in Fig. 1.3.
In Chapter 2 we deal with two-dimensional ode models, and extensive use
is made of the trace and the determinant. For ode models of more than two
variables it is not possible to use the above-mentioned method. However, there
exist the Routh-Hurwitz criteria to determine the stability of an equilibrium
(see Edelstein-Keshet, 1988, Ch. 6 for more information).
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Figure 1.4: Cobweb diagrams for the logistic map Eq. (1.2), with K = 1, and
the black dot as starting point. Left panel: β ′ = 1.35, a fixed point. Right
panel: β ′ = 3.3, a “cycle” of period 2.

In models of two (or more) variables periodic solutions (limit cycles) can
occur, next to asymptotically stable solutions (equilibria). They are specific
orbits that take a fixed period of time T0 to return into their starting point.
The classification of limit cycles occurs in the same way as equilibria: there
are stable, unstable or saddle types. The stability is determined by looking
at the multipliers of the so-called monodromy matrix, the equivalents of the
eigenvalues and Jacobian matrix, respectively. The multipliers µ are measurements of fixed multiplication of a perturbation from the limit cycle after the
cycle period T0 . Hence, a multiplier of µ equals 1 indicates rotation, since
the multiplication after every period is times one, |µ| < 1 indicates a stable
multiplier, and |µ| > 1 an unstable multiplier. A stable limit cycle can be
the attractor in a system. A saddle limit cycle in a two-dimensional system is
automatically a separatrix, and indicates there are multiple attractors. Theory
for two-dimensional systems is given by the Poincaré-Bendixson theorem.
Stability of equilibria in maps can also be determined by taking the derivative. An graphical alternative is the so-called cobweb diagram, where Yn+1 is
plotted as a function of Yn . Figure 1.4 gives an example of such cobweb diagrams for the logistic map equation Eq. (1.2), discussed in the first section
of this Chapter. In the left panel an equilibrium is shown. Starting at the
black dot we terminate at the diagonal Yn+1 = Yn , then substitute the value
of Yn+1 as the new starting point Yn , go to the diagonal again, etc. (these are
iterative steps), until we obtain Yn+1 = Yn (an equilibrium). The right panel
shows a “limit cycle” attractor (a period-two solution).
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Maps can also be used to study limit cycles. In a so-called Poincaré map,
which is formed by the intersection of the orbit with a suitably chosen manifold, the limit cycle reduces to only one point. This corresponds to the notion
that for a limit cycle the starting point is equal to the end point.

1.2.3

Isoclines and manifolds

More information on dynamics of an ode is given by the zero-isoclines and
the stable, unstable and central manifolds of the system. The isoclines are
hypersurfaces in the state space that are determined by putting one of the
system’s equations to zero. For instance, when an orbit crosses the X1 -isocline
φ1 = 0, this means that the orbit changes qualitatively in the X1 -direction, so,
if it was positive, it becomes negative, and vise versa. In Fig. 1.7 an example
is shown of isocline analyses.
The information provided by a diagram of isoclines is limited because only
the general, qualitative direction of the orbits is given. The equilibrium is
known because it is the intersection point of all isoclines. The stability of the
equilibrium however cannot be determined. For a more quantitative analysis
the stable, unstable and central manifolds (topological spaces or surfaces) have
to be known. The manifolds show what type of equilibrium we have: stable
or not, focus or node. Furthermore, the stable manifolds of saddle equilibria
are generally also important in the case of multiple attractors. With more
attractors, each attractor has its own basin of attraction, the region of state
space around the attractor in which orbits converge to this attractor. These
basins are separated by the stable manifolds of saddle equilibria.
In a system with a saddle equilibrium it is possible that the unstable
manifold in one direction connects with, or better, lies exactly on the stable manifold in another direction. Such a point-to-point connection is called a
homoclinic orbit. When this happens at a specific parameter set, this is called
a structurally unstable, or codimension-one, connection. When it happens in
a whole range of values of a parameter, the connection is said to be structurally stable, or a codimension-zero phenomenon. Along the same line, in a
system with more saddle equilibria it is very well possible that the manifolds
of some of these or all equilibria connect. For example, the unstable manifold
of one saddle equilibrium lies exactly on, or is identical to, the stable manifold of a second saddle equilibrium. Such a point-to-point connecting orbit is
then called a heteroclinic connection (for an example, see Fig. 1.5, left panel).
Again, these can be structurally stable or unstable.
Currently there exists no standard software capable of evaluating the manifolds of dynamical systems. However, in most of the models discussed in later
chapters homo- and heteroclinic orbits play a crucial role in the understanding
of the dynamics of these models. Hence, we are interested in techniques to
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Figure 1.5: Example of a heteroclinic orbit. Left panel: a heteroclinic orbit
in the Allee model, discussed in Chapter 3. Right panel: detail of the state
space around one of the saddle points. Orbits close to, but not on, the attracting manifold diverge when approaching the saddle point. The concept of
truncation is shown. Instead of letting orbits continue, that will diverge from
the desired connecting orbit, they are “cut off” at the line S. More on this
will be discussed in Section 1.4.
find these orbits, i.e., we need techniques to determine (some of) the manifolds of these systems. Therefore, in most of those chapters also techniques
are discussed for this goal. We will discuss more on this in Section 1.4.

1.3

Bifurcation analysis

As mentioned, a robustness or stability analysis can be used to investigate the
change in the behaviour of the system under parameter perturbation. Bifurcation analysis connects to this, but focuses on bifurcation points. A bifurcation
is defined as a qualitative change of the system’s behaviour under parameter
variation. Expressed mathematically, a bifurcation point corresponds to the
occurrence of a topological non-equivalence when a parameter is varied a very
small step.
As of yet, it is not possible to detect all bifurcations at once to make a
full one-parameter intersection of a model, although techniques for this are
being developed (Gwaltney et al., 2007). Instead, we have to rely on the
calculation or detection of individual equilibria and/or limit cycles, that are
then continued up to bifurcation points. For a good introduction on the basics
of such local bifurcation analysis techniques, and the types of bifurcations that
have been identified so far, the reader is referred to Guckenheimer and Holmes
(1985), Wiggins (1988, 1990) and Kuznetsov (2004).
From a biological point of view, not all types of bifurcations or sudden
34

changes in dynamics are interesting. Kooi (2003) gives an overview of the
most important local bifurcations known to occur in (spatially homogeneous)
food web models.
Transcritical bifurcation A transcritical bifurcation occurs when two equilibria, one unstable and one stable, converge, exchange stability, and then continue. At the exact bifurcation point one eigenvalue λ equals zero. Generally,
however, in many food web models the transcritical bifurcation can be described in a more restricted way. Mostly a stable equilibrium on the invariant
space where one population density is zero converges with a saddle equilibrium
from the other half plane of the invariant space, after which the population
can invade the system, while the equilibrium on the invariant plane is a saddle. A transcritical bifurcation of this type can be interpreted biologically as
the invasion boundary of a species. Throughout the Thesis the transcritical
bifurcation will usually be understood as an invasion boundary, and indicated
by the label T C.
Tangent or fold This bifurcation is related to the transcritical bifurcation,
since both have the mathematical property that λ = 0. Nevertheless, the
biological relevance is rather different. This bifurcation occurs when two equilibria, one (un)stable and one saddle, collide and both disappear. As a result,
in the case of a stable equilibrium merging with a saddle point, it is possible
that the only positive attractor of the system disappears. More biologically
said, at a slight parameter variation one or more species can suddenly disappear from the system (extinction). This has led to the use of the term
catastrophic shift in the theoretical ecological literature (Scheffer et al., 2001).
Throughout the Thesis the tangent bifurcation will usually be indicated by
the label T .
Hopf bifurcation The Andronov-Hopf, or short Hopf, bifurcation can only
occur in systems of minimal two variables. Mathematically it occurs when
the real parts of two paired eigenvalues of an equilibrium become zero, while
their imaginary parts are non-zero but with opposing signs. At the Hopf bifurcation the equilibrium becomes unstable, and a stable limit cycle is born
(supercritical), or it is an unstable equilibrium that becomes stable, where an
unstable limit cycle is born (subcritical). Biologically, the Hopf bifurcation
usually marks the transition from a stable equilibrium to stable periodic behaviour. Throughout the Thesis a supercritical Hopf bifurcation is indicated
with the label H − , and a subcritical one with H + .
All the above-mentioned bifurcation types also occur in maps. The equivalent of the Hopf bifurcation in maps is the Neimark-Sacker bifurcation. Again,
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since we do not deal with bifurcations in maps in this Thesis, we refer to
Kuznetsov (2004) for more information.

1.3.1

Limit cycle bifurcations

The above-mentioned bifurcations can also occur for limit cycles, and can be
found by evaluation of the multipliers µ (see the previous Section). In biological systems the transcritical bifurcation for limit cycles (µ = 1) in practice
marks the parameter value where the oscillatory system can be invaded by a
predator or competitor, since at that parameter value the limit cycle touches
the invariant boundary of state space. The tangent bifurcation (also µ = 1)
for cycles means that a (un)stable limit cycle and a saddle limit cycle collide
and disappear. The Hopf bifurcation (|µ| = 1) has an equivalent in the torus
bifurcation; the intersection plane through this torus looks like a limit cycle
again.
A new type of bifurcation that can occur on a limit cycle is the period
doubling or flip bifurcation, with µ = −1. At this bifurcation the central
manifold along the limit cycle makes a twist, like a Möbius band, doubling the
time for one periodic orbit to return in its starting point. This bifurcation is
of interest because it generally is the beginning of a whole series of the same
type of bifurcation, indicating a route to chaos.

1.3.2

Chaos

In ode systems of three or more equations there can exist, besides point and
limit cycles attractors, also a-periodic attractors, such as chaotic attractors.
Chaos in this sense means that it cannot be predicted where the system will
evolve to, because the system is extremely sensitive to variations in the initial
conditions, and the system will never return to its starting point again – This
as compared to a stable equilibrium or limit cycle, where all orbits in the
basin of attraction converge eventually to that attractor. However, usually
the region in state space where chaotic orbits occur is bounded, hence it is
still interpreted as an attractor.
The occurrence of chaos in food chains was first shown by Hogeweg and
Hesper (1978), and has since then been studied extensively by many authors,
mostly in the three-dimensional Rosenzweig-MacArthur model (1963; Klebanoff and Hastings, 1994; McCann and Yodzis, 1995; Kuznetsov and Rinaldi,
1996; De Feo and Rinaldi, 1997; Boer et al., 1999; Kuznetsov et al., 2001), but
also other models (for instance Letellier and Aziz-Alaoui, 2002, see Chapter 7).
Deng (2001, 2004) and Deng and Hines (2002, 2003) study chaos occurring
in the Rosenzweig-MacArthur model by singular perturbation technique. Recently, chaos has been shown to occur in a real life chemostat experiment
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Figure 1.6: Cobweb diagrams for the logistic map Eq. (1.2) again, with K = 1,
and the black dot as starting point. Left panel: β ′ = 3.8, chaos. A specific
given starting point will not be reached again. Right panel: β ′ = 4., homoclinic
orbit. Such an orbit is made when, following a perturbation out of the unstable
equilibrium Yn+1 = 0, the orbit returns in the equilibrium after a detour. For
example, starting at Yn = 0.5 gives Yn+1 = 1, and then 0.
(Becks et al., 2005), making the interest in chaos more than an intellectual
pursuit.
There are several known routes to chaos, the most often observed route in
ode food chain models being the one that occurs in the Rosenzweig-MacArthur
model, were it develops through a series of flip bifurcations. In this Thesis several examples will be seen of this type of chaos. In maps the occurrence of chaos
is often associated with the well-known Feigenbaum universality (Feigenbaum,
1978). Chaos can already occur in a parameter range of the one-dimensional
logistic map, Eq. (1.2), as shown in Fig 1.6, left panel.

1.3.3

Codimension-two bifurcations

All bifurcations mentioned so far are bifurcation points, which means that they
can be detected in one-parameter space, and are hence codimension-one bifurcations (codim1 in short). There are also bifurcation points that only occur at
isolated points on bifurcation curves, two-parameter continuations of the bifurcation points detected in one-parameter continuations. Such codimension-two
points are more degenerated than codim-1 points.
In a biological context codim-2 bifurcations rarely play a significant role
themselves. We will however see several codim-2 points in model analyses
throughout this Thesis. Apart from the fact they are often the origin for sev37

eral local bifurcations, they can also be the origin of globally connecting orbits,
and are hence called organising centres. An example is the Bogdanov-Takens
(BT) bifurcation in 2D systems, that is the origin of two tangent bifurcations
and a Hopf bifurcation. Mathematically a BT point is characterised by having
two zero eigenvalues λ1,2 = 0, which corresponds with the combined characterisations for the tangent (one λ = 0) and the Hopf bifurcation (two eigenvalues
with real parts zero). Next to this it is the origin of a saddle homoclinic
point-to-point connection. A second codim point is the Bautin point, where
a subcritical Hopf bifurcation turns into a supercritical one (or vice versa). It
can be found in systems of three or more variables, for instance in the threedimensional RM model. The interested reader is referred to Kuznetsov (2004)
for more background information, and to Baer et al. (2006) for an application
of the BT bifurcation in population dynamics.

1.3.4

Global bifurcations

We have already discussed the possibility of homo- and heteroclinic connections occurring in ode systems. Structurally stable connections can exist in
a range of parameter values, that is bounded by tangencies. The appearance
or disappearance of such a connection under parameter variation is referred
to as a global bifurcation. Observe, that it is not possible to detect a global
bifurcation by just evaluating the equilibria and/or limit cycles individually.
It requires a global overview of the dynamics of the model. An example is
shown for the logistic map in Fig 1.6, right panel. For example, the orbits
starting at Yn = 0.5 and Yn = 1 end in Yinf = 0, despite Yinf = 0 not being a
stable equilibrium.
As of yet, the conditions under which these bifurcations occur, the methods to detect and continue them, and the biological consequences of their
occurrence, have all been poorly studied. However, it is known that global
bifurcations are responsible for the destruction of chaotic attractors in at least
some food web models (Boer et al., 1999, 2001). In Chapters 4 and 5 we will
elaborate on this. Also, a globally connecting point-to-point connection, the
so-called Shil’nikov homoclinic loop, functions as a “skeleton” in some food
chain models, from which an infinite set of local bifurcations emerge, including
flip bifurcations that culminate in chaos (Boer et al, 1998; Kuznetsov et al.,
2001; Kuznetsov, 2004). In Chapter 7 of this Thesis we will see an example of
this, and also in the analysis of the 3D Rosenzweig-MacArthur food chain in
Section 1.5.
Because of these examples, it is assumed that global bifurcations can play
an important role in the understanding of the dynamics of ecological food web
models in which they occur. All the later chapters of this Thesis will deal with
techniques on how to locate and continue globally connecting orbits and their
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bifurcations, and what the ecological consequences of their occurrences might
be.
The next section provides some background on numerical bifurcation analysis, and why the numerical analysis differs significantly from the analytical
one. Also, we provide some background on the use of boundary conditions, in
preparation for the techniques discussed in Chapters 3, 4 and 5. To the reader
who is not interested in the subject or who wants to save time, it is suggested
to skip this next section and proceed to Section 1.5.

1.4

Numerical techniques

Most of the numerical work in this Thesis has been done by using the software
package auto (Doedel et al., 1997; Doedel and Oldeman, 2009), that is specialised in the detection and continuation of bifurcations. To apply bifurcation
analysis, first an equilibrium or a limit cycle of the model has to be found. For
many systems of one, two or three ode’s this can be done analytically, either
by hand or with the help of appropriate computer packages, like maple, matlab or mathematica. In the case of larger or more complex ode models one
has to resort to numerical techniques to solve an initial value problem (ivp),
i.e, the equations provide only a general solution that needs to be specified by
having a specific initial value at t = 0. In auto an ode-solver, a first-order
backward finite difference scheme, is applied for integration in time. It can
also be used to find stable limit cycles (it is then generally referred to as shooting), but the location of saddle limit cycles can only be approximated roughly
by evaluating where the orbits are still attracted toward the cycle and where
they are repelled again.
For the continuation of an equilibrium as function of a bifurcation parameter this method is severely restricted. The problem is that there is one more
free parameter (the selected bifurcation parameter), and no more equations
or initial conditions to solve for. The method is good for obtaining diagrams
depicting chaos, but for bifurcation diagrams this method quickly becomes
rather time-consuming. Furthermore, the step size should be variable in order
to exactly pinpoint bifurcation points. The solution is the use of a predictorcorrector method. In auto a found or calculated equilibrium can be continued
as a function of one parameter by using a tangent predictor with a variable
step-size combined with the Newton corrector in a plane orthogonal to the
tangent vector. The detection of bifurcations in a continuation auto is then
done by monitoring different so-called test functions.
The continuation of a limit cycle requires more than the use of a predictorcorrector method: a so-called boundary value problem (bvp) has to be defined and discretised. In auto, the bvp is solved by using a discretisa39

tion method, named orthogonal collocation. For more on the details of the
predictor-corrector continuation method, test functions, or orthogonal collocation, the interested reader is referred to Kuznetsov (2004, Ch. 10).

1.4.1

Boundary conditions

Boundary conditions (bc’s) and boundary value problems will be discussed
in more detail here, since they are generally applicable for the detection and
continuation of limit cycles, local bifurcations, and globally connecting orbits.
A bvp of an ode system consists of boundary conditions (bc), and in the case
of globally connecting orbits and limit cycles, also an integral condition (ic)
can be used.
Let us first give an example of how boundary conditions can be used to
detect a tangent or transcritical bifurcation of an equilibrium. The normal way
to find numerically in auto a fold bifurcation is by using a test function. Since
the fold bifurcation occurs under the conditions that one eigenvalue λ = 0,
we have to monitor the eigenvalues. The test function for this multiplies all
(numerical) eigenvalues

ψt (X, p) = λ1 λ2 ... λm ,

(1.13)

where m is the dimension of the system. It detects a fold when it equals zero.
However, for demonstrative purposes, let us see how we can use the bvp-solver
to detect a fold bifurcation in the system
dX
= φ(ξ, p) .
dt

(1.14)

We then first rewrite the equilibrium conditions as bc’s, so the right hand
side of the ode’s equal zero. For that we rewrite Eq. (1.9), used to determine the eigenvalues and eigenvectors, as bc’s, and add a condition for the
normalisation of the eigenvectors. The total set of defining equations now
becomes

φ(ξ, p) = 0 ,

φξ (ξ, p)v − λv = 0 ,
(1.15)

hv, vi − 1 = 0 ,

where ξ is an equilibrium, p is the parameter set, v the eigenvector, λ the
eigenvalue, and hx, ui is the inner product x1 u1 + x2 u2 + ... + xm um . In auto
the system can be continued by taking all variables and the parameters v
and λ as continuation parameter, and one free continuation parameter from
the set p. By varying this free parameter p1 we try to detect λ = 0. For
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the continuation of the tangent bifurcation in two parameter dimensions this
last condition λ = 0 becomes an extra bc in the bvp. Observe that a set of
equations like above is a subset of the bvp’s we will discuss in Chapters 4 and
5.
To detect or continue a limit cycle more information is required. While
an equilibrium is fully defined by the right-hand side of the ode equations set
to zero, with a limit cycle the variables vary periodically in time. Hence, an
integral condition is required to fix the phase of the cycle period

Ψ[u] =

Z

1
0

hu(τ ), v̇(τ )idτ = 0 ,

(1.16)

where the time τ is rescaled so that the period T0 ∈ [0, 1], u is the timedependent variable, and v(τ ) is some “old” solution. Observe, that this old
solution can be any approximation, and that it is not necessarily a good one.
Also, for a limit cycle the starting point and the end point coincide
u(0) = u(1) ,

(1.17)

a condition that can be used to obtain a “good” limit cycle from approximate
starting data. The full bvp for a limit cycle now becomes
 du
 dτ = T0 f (u) ,
(1.18)
u(0) = u(1) ,

Ψ[u] = 0 ,

where T0 is the cycle period. This bvp can be solved after discretisation. Test
functions exist to detect bifurcations of the limit cycle.
The continuation, and even more importantly the detection, of globally
connecting orbits is more difficult. A globally connecting orbit can have coinciding starting and end points (homoclinic) or not (heteroclinic), but because
both ends are asymptotical, it takes an infinite amount of time to complete
the orbit. Since it is impossible to make numerical calculations for such a
system, the problem needs to be truncated, i.e., the edges of the connection
are “cut off”. As a result, the connection period is finite, but there is also an
error in the calculations, that increases for more “shortened” connections. A
second problem is that these connections terminate at saddle points at both
ends. Any orbit that is not exactly on the attracting manifold (i.e, the exact connection) is always repelled when it approaches one end, as visualised
in Fig. 1.5, right panel, independent of in what direction time runs. This
is why integration in time, or shooting, gives problems in localising a global
connection.
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Both problems are dealt with together by using so-called projection boundary conditions for the connecting orbit (Beyn, 1990, 1994, and references
therein). They are based on the adjoint, or transposed, Jacobian matrix, that
has the same eigenvalues as the Jacobian, but eigenvectors that are adjoint
to the eigenvectors of the Jacobian. The idea is that the truncated orbit at
both ends terminates at planes that are orthogonal to the regular eigenvectors
involved in the connection (in other words, they form a right angle with each
other). One can visualise this as having to find a specific point in a river in a
meadow: this is much easier when you first look for the river, then follow it
up to the desired endpoint. Here we want the connection to terminate on the
planes, then tinker with it to fit the “correct” connection.
In the Appendix of Chapter 3 more on this technique is discussed as applied
in auto and for two-dimensional systems. For systems of three dimensions
the basic technique of using the projection bc’s for globally connecting orbits
are adapted in Chapters 4 and 5.

1.5

Model analyses

Let us now use the discussed bifurcation analysis techniques to analyse the previously introduced predator-prey models. In Chapter 2 the two-dimensional
variant of the Rosenzweig-MacArthur (RM) model is extensively discussed,
and in Chapters 4 and 5 the three-dimensional variant. The chemostat model
Eqn. (1.7) is used in Chapter 6. Hence, below analyses will be given of these
models as a background for understanding the results that are presented in
the coming chapters of this Thesis.

1.5.1

2D Rosenzweig-MacArthur model

Before giving a bifurcation analysis of the two-dimensional Rosenzweig-MacArthur model Eqn.( 1.5), we look at the state space of the model at different
values of K. In Fig. 1.7, left panel, for K = 15 the system has a stable positive
equilibrium (X1∗ = 6, X2∗ = 9). All positive orbits end in this equilibrium. For
K = 25, depicted in the right panel, the positive equilibrium (X1∗ = 6, X2∗ ≈
Table 1.2: List of rescaled variables and parameters of the two-dimensional RM
model.

r = 0.5
y1,2 = 0.4

A1,2 = 0.5
γ1 = 0.08
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κ1,2 = 9
K free

11.5) is unstable. The depicted orbits converge to a stable limit cycle. This
means that a Hopf bifurcation can be found.
Strikingly, the biomass of the prey X1 does not vary anymore as a function
of K when there is a predator biomass X2 > 0. This can be understood by
looking at the symbolic expressions of the isoclines
r(K − X1 )(κ1,2 + X1 )
,
KA1,2
γ1 κ
X1 =
,
y1,2 A1,2 − γ1

(1.19a)

X2 =

(1.19b)

where it is seen that the X2 -isocline is a parabolic function of X1 and K. The
X1 -isocline depends only on parameters that remain fixed in the one-parameter
continuation. The Hopf bifurcation occurs exactly when at a specific value of
K the top of the parabolic isocline curve intersects with the straight and
fixed isocline. Observe, that this is no general property, but just occurs “by
coincidence” in this model.
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Figure 1.7: Isocline pictures of the 2D RM-model, Eqn (1.5). The isocline
dX1 /dt = 0 is the solid parabolic curve, the isocline dX2 /dt = 0 is the dashed
line. Arrows indicate the direction of the orbits. Left panel: K = 15, the
system has a positive equilibrium. Right panel: K = 25, the system has a
limit cycle attractor.

1.5.2

The paradox of enrichment

Figure 1.8 displays the one-parameter bifurcation diagram of the model. In
this diagram the asymptotical values of X1 and X2 , so X1∗ and X2∗ , are depicted
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Figure 1.8: One-parameter bifurcation diagram of the 2D RM-model,
Eqn (1.5), with K as free parameter. At K = 6 a transcritical bifurcation
occurs, which marks the invasion boundary for the predator species X2 . At
K = 21 the Hopf bifurcation occurs, and for a further increase in K the limit
cycle grows in amplitude. For larger limit cycles extinction through stochasticity becomes a plausible possibility, hence the name paradox of enrichment
(see text).

as a function of the parameter K. It shows that the predator species X2 can
invade the system after the transcritical bifurcation T C : X1 = 6. At K ≈ 21
there is a Hopf bifurcation. After the Hopf bifurcation the equilibrium loses
stability. In the diagram the equilibrium is now depicted as a dashed curve,
indicating its instable nature. The extreme values of the limit cycle (the
minima and the maxima) are depicted as solid curves, indicating the limit
cycle has become the attractor.
For any further increase of K the limit cycle grows in amplitude. For
high values of the carrying capacity the limit cycles are such, that both the
prey and the predator populations become very small and remain small for a
significant amount of time, as compared to the total period of the limit cycle,
making extinction through stochasticity of either one of these species likely.
This phenomenon is known as the paradox of enrichment (POE), that has
received significant attention in the theoretical and experimental literature.
In the chemostat model we see the same phenomenon: a limit cycle occurs
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for larger values of the nutrient input parameters, that also grows in size under
further increase of the nutrient input. Theoretical ecologists have proposed
a huge number of mechanisms to avoid the Hopf bifurcation from occurring
in models, thus avoiding the POE. The POE, and stabilizing mechanisms to
avoid the POE, are discussed more extensively in Chapter 2.

1.5.3

3D Rosenzweig-MacArthur model

The three-dimensional Rosenzweig-MacArthur model Eq. 1.6 includes a top
predator species. In an analysis of the state space of this model the “ground
floor”, where the top-predator is absent, is the dynamics of the two-dimensional
RM model discussed above, given that the parameter values are chosen correspondingly. Rescaling makes the system dimensionless and easier to analyse

ẋ1 = x1 (1 − x1 ) − f1 (x1 )x2 ,

(1.20a)

ẋ2 = f1 (x1 )x2 − d1 x2 − f2 (x2 )x3 ,

(1.20b)

ẋ3 = f2 (x2 )x3 − d2 x3 ,

(1.20c)

where the variables and parameters are given in Table 1.3
The carrying capacity has disappeared in the rescaling process, therefore it
can no longer be used as bifurcation parameter. The two death rate parameters
di are the most obvious selection to perform a two-dimensional bifurcation
analysis of the model, since the other remaining parameters are associated to
physiological properties and can therefore be assumed to remain fixed.
The equilibria of System (1.20) are

Table 1.3: List of rescaled variables and parameters of the three-dimensional RM
model.

x1 =
x2 =
x3 =

X1
K
X2
Ky1,2
X3
Ky1,2 y2,3

t = rT

a1 =
a2 =
b1 =
b2 =

KA1,2 y1,2
= 5.
rκ1,2
KA2,3 y1,2 y2,3
=
rκ2,3
K
κ1,2 = 3.
Ky1,2
κ2,3 = 2.
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d1 =
0.1

d2 =

γ1
r
γ2
r

f1 (x1 ) =
f2 (x2 ) =

a1 x1
1+b1 x1
a2 x2
1+b2 x2

E0 = (0, 0, 0) ,

(1.21a)

E1 = (1, 0, 0) ,
d1
a1 − d1 (b1 + 1) 
E2 =
,
,0 ,
a1 − b1 d1
(a1 − b1 d1 )2
E3 = (x∗1 , x∗2 , x∗3 ) ,

(1.21b)
(1.21c)
(1.21d)

where

x∗1

=

b1 − 1 +

q

(b1 + 1)2 −
2b1

d2
,
a2 − b2 d2
f1 (x∗1 ) − d1
.
x∗3 =
a2 − b2 d2
x∗2 =

4a1 b1 d2
a2 −b2 d2

,

(1.22a)
(1.22b)
(1.22c)

for 0.16 ≤ d1 ≤ 0.32, 0.0075 ≤ d2 ≤ 0.015 (see also Klebanoff and Hastings,
1994).
The stability of the equilibria, and the local bifurcation analysis of the
RM model, are described in detail by Kuznetsov and Rinaldi (1996). We will
give a short overview here of the system, that is rich in bifurcations, both for
equilibria and limit cycles.
Figure 1.9, upper panel shows a one-parameter local bifurcation diagram,
with d1 = 0.25 and d2 as free parameter. The value of x3 is displayed as a
function of d2 . In the case that it is a limit cycle, the minimal and maximal
values of x3 are also displayed. The system has a stable equilibrium E3 where
all three species exist only between the two Hopf bifurcations H − and H + .
Increasing the value of d2 , at the subcritical H + the stable equilibrium becomes
a saddle point, while an unstable limit cycle is born. The unstable limit
cycle can be continued up to a cycle tangent bifurcation Tc , where also a
stable limit cycle emerges. This stable limit cycle disappears from the positive
plane at a transcritical bifurcation T Cc . The saddle point collides with an
unstable equilibrium, born from a transcritical bifurcation T Ce , in the tangent
bifurcation Te .
On the other side, when decreasing the value of d2 , at the supercritical H − ,
the stable equilibrium E3 is replaced as the system’s attractor by a stable limit
cycle. The equilibrium becomes a saddle point. When decreasing the value of
d2 further the stable limit cycle goes through a series of flip bifurcations, until
a chaotic attractor appears, as is depicted in the lower panel of Figure 1.9.
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Figure 1.9: Upper panel: One-parameter bifurcation diagram of the 3D RM
model, Eqn. (1.20), with d2 as free parameter (d1 = 0.25). Depicted are the
equilibrium densities and the extremum values of x3 . Solid indicates stable,
dotted indicated saddle or unstable. Lower panel: Detail of the Upper panel
Figure, now with the regions indicated where chaos occurs. The labels are
explained in the main text.
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Figure 1.10: Left panel: Diagram of the 3D RM model Eqn. (1.20), where
T0 is plotted as a function of d1 , with d2 = 0.01. The cycle period goes to
infinity after an infinite series of tangent and flip bifurcations. Each turning
point is a tangent bifurcation. Flip bifurcations are not indicated. This leads
to a Shil’nikov global bifurcation, the organising centre of chaos in this model.
Right panel: Three-dimensional state space where d2 = 0.01. There are two
point-to-point connections: one single-period (dashed-dotted) at d1 ≈ 0.3166,
and one double-period (dotted) connection very close by at a different value
of d1 .
The “skeleton” of the route to chaos is a Shil’nikov bifurcation, which
is a point-to-point connection from the equilibrium E3 , which has become a
saddle point after the Hopf bifurcation H − , to itself. Figure 1.10, left panel,
displays a two-parameter diagram, where d2 = 0.1, and d1 and the cycle
period T0 are varied. The cycle period goes to infinity at d1 ≈ 0.3166, after an
infinite number of tangent and flip bifurcations. This figure indicates there is
a Shil’nikov global bifurcation, of which the connection has one spiralling end.
The point-to-point connection can be detected, and continued, using the
techniques discussed in Chapter 4, in adapted form. There are actually two
connections very close to each other, as can be seen in Figure 1.10, right panel.
One connecting orbit connects from the saddle equilibrium to itself after one
rotation (dashed-dotted). The other orbit makes two full rotations before
connecting (dotted).
Figure 1.9, lower panel, also shows that the chaos suddenly disappears.
The parameter values where this happens are the values where the minimal
value of the chaotic attractor collides with the minimal value of the unstable
limit cycle. At the left-hand side, at a lower parameter value, a similar thing
happens. At those parameter values a global bifurcation occurs, that destroys
the chaotic attractor (Boer et al., 1999, 2001).
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In Figure 1.11, upper panel, a two-parameter diagram is shown with d1
and d2 as bifurcation parameters. Two extra local bifurcations are visible
now. The first is the transcritical bifurcation T Ce , where the stable threedimensional equilibrium appears. The second is the planar Hopf bifurcation
Hp . For values of d1 lower than where Hp occurs, a two-dimensional stable
limit cycle exists, that functions as the system attractor when the top predator
does not exist. Most local bifurcations (Te , both T Ce , Hp , T Cc , and H + )
originate from the same organising centre, a point M of higher codimension.
This point has been analysed in detail by Kuznetsov and Rinaldi (1996). The
two Hopf bifurcations H + and H − collide in a second codim-2 point, a Bautin
point B, which is also the end point for the curve Tc .
In the middle panel of Figure 1.11, a detail of the two-parameter bifurcation
diagram is shown. The first and second order flip bifurcations F 1,2 of the stable
limit cycle are displayed, and indicate where approximately the region of chaos
is located. They originate from the Shil’nikov bifurcation curve, labeled as
G=
e . Also originating from the Shil’nikov are cycle tangent bifurcations Tc ,
of which one is depicted. The full unfolding around a Shil’nikov bifurcation
has been discussed in detail by Kuznetsov et al. (2001). The region of chaos
is bounded internally by the global bifurcation curve G=
c , that indicates a
homoclinic cycle-to-cycle connection that creates the “eye” in the region of
=
chaos. Observe also, that the two global bifurcation curves G=
e and Gc do not
intersect.
Finally there is also a curve G6= , that indicates a heteroclinic point-to-cycle
connecting orbit. This connection forms the boundary of the region, where
there is a separatrix, that divides two basins of attraction. Orbits starting
in one basin evolve to the limit cycle or chaotic attractor, orbits in the other
basin converge to a planar solution (see then the analysis of the 2D RM model),
where the top predator goes extinct (Boer et al., 1999).
In Figure 1.11, lower panel, the bifurcation diagram has been simplified to
indicate the biological different regions in parameter space. The region above
the subcritical Hopf bifurcation curve H + is indicated by 0, meaning there
is no positive system attractor there. In the region labeled E there exists a
stable three-dimensional equilibrium. It is bounded by the subcritical Hopf
bifurcation curve H + , the supercritical Hopf bifurcation curve H − and the
transcritical bifurcation T Ce . The region below H − , bounded right of Tc , and
then below T Cc , contains a non-equilibrium attractor. In the regions indicated
by P it is a limit cycle, in the gray region marked C it is a chaotic attractor.
In the “hole” bounded by the global bifurcation G=
c the top predator does not
exists.
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Figure 1.11: Upper panel: Two-parameter bifurcation diagram of the 3D RM
model, Eqn. (1.20), with d1 and d2 as free parameters. Middle panel: Detail
of the upper panel, where also flip and global bifurcations are depicted. Lower
panel: Biologically separated regions. See text for further explanation.
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1.5.4

Chemostat model

The chemostat model is used as a basis for the work presented in Chapter 6.
There we introduce sublethal toxicants into the system. Here we analyse the
“core” system Eqn. 1.7. Fig. 1.12 shows the system for two sets of parameters,
that differ in the value of the nutrient availability Xin . As in the RM model,
there is a region in parameter space where there is a positive stable equilibrium
E2 = (X0∗ , X1∗ , X2∗ ) where all species exists (Xin = 125, upper panel), and there
is a region where the species’ biomasses fluctuate regularly in time (limit cycle
attractor, Xin = 187, lower panel). These two regions are separated by a Hopf
bifurcation.
As compared to the Rosenzweig-MacArthur model, the introduction of
species into the system is more step-wise. In Fig. 1.13 we see, that for low
values of Xin the only stable equilibrium is E0 = (X0∗ , 0, 0). Only the nutrient
X0 exists in the system, while the prey species X1 and the predator species
X2 cannot exist in the system. At some value of Xin ≈ 20 a transcritical
bifurcation T Ce1 occurs. The equilibrium E0 becomes a saddle point, while
there is also a positive stable equilibrium E1 = (X0∗ , X1∗ , 0). This means that
a population of the consumer species X1 can be maintained after invasion.
For Xin ≈ 110 a second transcritical bifurcation T Ce2 occurs. The stable
equilibrium is now E2 , which means that also the predator species X2 can be
maintained (the situation depicted in Fig. 1.12, upper panel). At Xin ≈ 185
a Hopf bifurcation occurs, and this equilibrium becomes unstable, while the
born limit cycle takes over as the system’s attractor (the situation depicted in
Fig. 1.12, lower panel).
Figure 1.14 displays a two-parameter bifurcation diagram, where D and
Xin are the free parameters. These parameters have a clear experimental interpretation, and can also be varied experimentally. The two transcritical curves
T Cei , with i = 1, 2, mark the boundaries in parameter space where the prey
or the predator and the prey can exists, respectively. As such, these curves
can be interpreted as either invasion or extinction boundaries, depending on
which way one moves in the diagram.
The two-dimensional diagram also compares nicely with Figure 1A in Fussmann et al. (2000). In that paper a chemostat system was studied consisting

Table 1.4: List of parameter values for the chemostat model.
A0,1 = 1.25
A1,2 = 0.333
D = 0.1

κ0,1 = 8.
κ1,2 = 9.
M1 = 0.025
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y0,1 = 0.4
y1,2 = 0.6
M2 = 0.01
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Figure 1.12: Temporal behaviour of the chemostat system with a predator
on a consumer species Eqn. (1.7) for D = 0.1. Upper panel: The system for
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of nitrogen, unicellular green algae Chlorella vulgaris as prey, and planktonic
rotifers Brachionus calyciflorus as predator. Points in the figure, indicating
the long-term behaviour of the experimental chemostat, were plotted into the
two-dimensional bifurcation diagram. This allowed for a comparison between
model outcome and experimental results. Although only stable behaviour and
periodic behaviour were measured and considered, the results of the experiment show great similarity with the outcome of the chemostat model. The
invasion pattern and the transition pattern from one type of behaviour to the
next under an increase of the dilution rate appears to agree at least qualitatively with the invasion pattern and bifurcation pattern of the chemostat
model.
In the above chemostat model analysis I have not included the further
bifurcation pattern. However chaos can occur also in the chemostat model.
Becks et al. (2005) have showed the occurrence of chaos in a chemostat experiment consisting of the ciliate Tetrahymena pyriformis as predator and
two coexisting prey bacteria, the rod-shaped Pedobacter and the coccus Brevundimonas. However, they did not compare their measurement data with
model outcomes as was done by Fussman et al. (2000). Any other relevant
bifurcations in chemostat models will be discussed in Chapter 6.
Despite the better biological match between model and experiment for the
chemostat models, I will mainly use the Rosenzweig-MacArthur in this Thesis.
The RM model is simpler and has been studied much more extensively in
the literature, making it a better test case for the new techniques that are
developed in this Thesis.
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Chapter 2

Stabilisation due to predator
interference: Comparison of
different approaches
G.A.K. van Voorn, D. Stiefs, T. Gross, B.W. Kooi, U. Feudel
and S.A.L.M. Kooijman
Mathematical Biosciences and Engineering, 5(3):567-583, 2008.

We study the influence of the particular form of the functional response
in two-dimensional predator-prey models with respect to the stability of the
nontrivial equilibrium. This equilibrium is stable between its appearance at
a transcritical bifurcation and its destabilisation at a Hopf bifurcation, giving
rise to periodic behaviour. Based on local bifurcation analysis, we introduce a
classification of stabilising effects. The classical Rosenzweig-MacArthur model
can be classified as weakly stabilising, undergoing the paradox of enrichment,
while the well known Beddington-DeAngelis model can be classified as strongly
stabilising. Under certain conditions we obtain a complete stabilisation, resulting in an avoidance of limit cycles. Both models, in their conventional
formulation, are compared to a generalised, steady-state independent twodimensional version of these models, based on a previously developed normalisation method. We show explicitly how conventional and generalised models
are related and how to interpret the results from the rather abstract stability
analysis of generalised models.
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2.1

Introduction

One central issue in the field of theoretical ecology deals with the stability
properties of ecosystems. Since the observation that several classical ODE
food chain models, such as the Rosenzweig–MacArthur model (Rosenzweig
and MacArthur, 1963), display oscillatory dynamics after a significant increase
in the value of parameters associated with enrichment (Huffaker et al., 1963;
Rosenzweig, 1971; Gilpin, 1972), an enormous literature has amounted regarding this subject.
Although the paradox is now deemed an artifact, it has been concluded
there must be stabilising mechanisms functioning in the currently existing
ecosystems (Van Nes and Scheffer, 2005). A very large number of such mechanisms or factors have been proposed, which, ironically, all more or less seem
to claim general applicability, although it is much more likely that they all
attribute to some degree under different circumstances. Some of these are age
or size structure in the predator or prey population (Hastings, 1983, 1992);
anti-predator behaviour of the prey (Matsuda et al., 1993); spatial heterogeneity (Jansen, 1995; Scheffer and De Boer, 1995; Petrovski et al, 2004);
self-limitation of the prey (Kirk, 1998); nonlinear mortality of the predator
(Bazykin, 1998); stoichiometric food supply constraints (Loladze et al., 2000);
maturation delays (Gourley and Kuang, 2004). Observe, however, that some
of these mechanisms can also have the opposite effect (destabilisation), depending on the strength of the mechanism. See also Roy and Chattopadhyay
(2007) for a recent review on stabilising factors in simple predator–prey food
chain models.
Many of the (de)stabilising mechanisms involve manipulation of the functional response. The functional response describes the predation rate as a
function of the abundances of predator and prey. One of the most commonly
used functional responses is the Holling type-II functional response (Holling,
1959), which is exclusively prey-dependent. However, several of the alternative functional response formulations are also predator-dependent or not
exclusively prey-dependent. Some formulations involve the inclusion of nonstandard prey populations, among them inedible populations (Kretzschmar et
al., 1993); Genkai-Kato and Yamamura, 1999), invulnerable prey (Abrams and
Walters, 1996), decoy species (Wilkinson, 2001), and inducible defended prey
(Vos et al., 2004). In Kohlmeier and Ebenhoh (1995), predator cannibalism
was incorporated, which modifies the functional response. Predator intraspecific interference has been included in a functional response by many authors
(e.g. Beddington, 1975; De Angelis et al., 1975; Ruxton et al., 1992), and
it has been shown that such functional responses with predator interference
included can even dampen the oscillations in medium-sized food webs (Rall et
al., 2008).
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Another approach to analysing the influence of the exact mathematical
formulation of the functional response is the use of generalised models, in
which the functional response is not a priori specified (Gross et al., 2004,
2005; Gross and Feudel, 2006). This method allows the investigation of the
stability properties of nontrivial equilibrium states in a very general form and
enables one to conclude that any biological effect that changes the form of
the functional response at least slightly can potentially have a large impact
on the stability of the system. As such, the stability of ecological systems is
extremely sensitive to the exact form of the functional response (Gross et al.,
2004; Fussman and Blasius, 2005).
One point of criticism raised with regard to the use of the term stability
in biological papers must be mentioned. Grimm and Wissel (1997) made an
extensive list summarising 163 definitions of 70 different stability concepts.
They concluded that “the general term ‘stability’ is so ambiguous as to be
useless.” Rinaldi and Gragnani (2004) made related observations, stating that
the validity of robust conclusions regarding (de)stabilising factors in data analysis or simulations is highly questionable. Throughout this paper we use the
mathematical definition of stability of steady states with respect to small perturbations (Guckenheimer and Holmes, 1985; Stiefs et al., 2008).
Here we study the classical two-level food chain model (Rosenzweig-MacArthur, 1963, abbreviated RM) with the default Holling type-II functional
response (Holling, 1959) and compare it with the Beddington–DeAngelis functional response (Beddington, 1975; DeAngelis et al., 1975, abbreviated BD).
We analyse these models using two different approaches. On the one hand we
perform a classical stability analysis, and on the other hand we represent both
models in terms of generalised predator-prey model formulations to compare
both approaches. In conventional model formulations it is difficult to study
how the choice of one specific functional form affects the stability, since any
variation of a function will in general cause a variation of the equilibrium values and will therefore affect all other processes in the model as well. Hence,
one cannot distinguish between direct and indirect effects. By contrast, in generalised model formulations the stabilising or destabilising effect is captured
by generalised parameters, independent of the equilibrium values. However,
since generalised models and their analysis are rather abstract, we show here
explicitly how both approaches are related to each other and how to interpret
the results of such a generalised investigation. Both stability analyses yield a
classification of stabilising effects resulting in weak, strong, or complete stabilisation.
The models are analysed using local bifurcation analysis. Several types
of bifurcation points can be interpreted in an ecological way (Kooi, 2003).
The Hopf bifurcation is generally interpreted as a point of destabilisation,
while the fold bifurcation is generally associated with persistence, especially
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the transcritical bifurcation (Boldin, 2006). In light of the debate regarding
the use of the term stability, our stability classification specifically compares
the point of destabilisation (the location of the Hopf bifurcation) with the
persistence boundary (the location of the transcritical bifurcation), where the
two studied models (RM and BD) function as example cases.
The paper is organised as follows. In Section 2.2 we discuss the definition
of stability and the local bifurcation types involved, after which in Subsection
2.2.2 the stability properties of the RM and the BD models in a conventional
formulation are discussed. In Section 2.3 we introduce an adapted version of
the generalised predator-prey model by Gross et al. (2004), and we define the
generalised parameters. In Section 2.4 we specify the generalised parameters
for the RM and BD models and give the local bifurcation analyses of these
models. Also, we discuss the stability properties of the generalised model
formulations. Finally, in Section 2.5 we put the results in a broader context.

2.2

Bifurcation analysis

For the analysis of our models we introduce three types of stabilisation, based
on local bifurcation analysis and limited to a two-dimensional setting. Stability
itself is defined as the local linear asymptotic stability of an equilibrium, also
called a steady state. Taking a two-dimensional system of ode’s
Ẋ1 = F1 (X1 , X2 ) ,

(2.1a)

Ẋ2 = X2 F2 (X1 , X2 , p) ,

(2.1b)

the stability of an equilibrium (X1∗ , X2∗ ) of this system can be determined by
evaluating the eigenvalues of the Jacobian matrix

J=

J11 J12
J21 J22

!

,

(2.2)

X1 =X1∗ ,X2 =X2∗

where

J11 =

∂F2 (X1 , X2 )
∂F1 (X1 , X2 )
∂F1 (X1 , X2 )
, J12 =
, J21 = X2∗
,
∂X1
∂X2
∂X1

∂F2 (X1 , X2 )
+ F2 (X1∗ , X2∗ ) .
∂X2
This definition applies only to an individual equilibrium. A stable equilibrium
corresponding to the situation in which all eigenvalues have negative real parts
J22 = X2∗
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refers to a locally attracting node or spiral, while an unstable equilibrium
where at least one real eigenvalue is positive or a conjugate complex pair of
eigenvalues has positive real parts can be a locally repelling node or spiral or
a saddle equilibrium.

2.2.1

Bifurcation points

In bifurcation analysis the stability of separate equilibria is monitored under
smooth, continuous parameter variation. A change in stability of an equilibrium at a specific parameter value indicates a bifurcation point (for more
information, see Guckenheimer and Holmes, 1985; Wiggins, 1990; Kuznetsov,
2004, and for the applications in ecological models Bazykin, 1998; Kooi, 2003).
For the classification two bifurcation types are of importance: the transcritical
and the Hopf bifurcation. Two expressions can be derived from the Jacobian
matrix equation (2.2) that are useful in localising these bifurcations, and that
we use in the stability classification, namely

det(J) = J11 J22 − J12 J21 = 0 ,
tr(J) = J11 + J22 = 0 ,

(2.3a)
(2.3b)

which are the determinant and the trace of the Jacobian matrix, respectively.
Transcritical bifurcation A fold bifurcation occurs at a specific parameter
value where one real eigenvalue is zero. When two equilibria X∗ ,X̃ merge to
form a saddle-node equilibrium, this is a saddle-node or tangent bifurcation.
The transcritical bifurcation (T C) is a degenerate type of fold bifurcation that
occurs for

F2 (X̃1 , X̃2 , pT C ) = 0 ,

(2.4)

where X̃2 = 0. The transcritical bifurcation is also defined by det(J) = 0.
The T C can biologically be interpreted as an existence boundary for a
species, given it occurs at a zero biomass equilibrium for this species (Kooi,
2003). In the specific ecological models meant in this paper the equilibrium
X̃2 = 0 is stable for p < pT C and becomes unstable at pT C . The stability
then is taken over by an invading equilibrium X∗ in the region p > pT C , which
means there is a stable positive biomass X2∗ . We refer to this latter condition
as persistence.
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Hopf bifurcation The second type of bifurcation we consider is the Hopf
bifurcation, denoted H. Such a bifurcation occurs when the real part of a
complex pair of eigenvalues becomes zero. At the Hopf bifurcation the involved
equilibrium switches from stable to unstable (or vice versa). The criterion for
the Hopf bifurcation is met when the trace equals zero, while the determinant
is positive. The arising limit cycle can be either stable (supercritical Hopf) or
unstable (subcritical Hopf). The models considered here exhibit a supercritical
Hopf bifurcation, where a stable limit cycle attractor is born that gives rise to
periodic behaviour.
The transition from a stable equilibrium to stable periodic behaviour is
often connected to destabilisation, as meant by Rosenzweig (1971). Under
enrichment of a predator-prey system first a Hopf bifurcation occurs, and after
further enrichment the periodic cycle tends to increase in size until stochastic
extinction becomes very likely.

2.2.2

Stability in the RM and BD models

Both the RM and the BD models have logistic growth of the prey X1 and
linear mortality R of the predator X2 , written as
X1 
dX1
= rX1 1 −
− G(X1 , X2 )X2 ,
dt
K
dX2
= κG(X1 , X2 )X2 − RX2 ,
dt

(2.5a)
(2.5b)

where κ is the yield or efficiency, the ratio between ingested biomass X1 and
the production of biomass X2 from it, which is taken smaller than 1 and
assumed to be constant. The scaled functional response, denoted G(X1 , X2 ),
is in the RM model the standard Holling type-II functional response

G(X1 ) =

X1
,
TS + TH X1

(2.6)

where TS is the searching time and TH is the handling time per prey item. Both
these parameters can be rewritten as given in Table 2.1, which will give more
insight further on. The BD model has a Beddington–DeAngelis functional
response (DeAngelis et al., 1975), written as

G(X1 , X2 ) =

X1
,
TS + TH X1 + TI X2

(2.7)

which includes mutual interference of the predator individuals, with interaction time TI per predator individual.
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The location of the two above-mentioned bifurcations, the transcritical
bifurcation T C as the existence boundary of the positive equilibrium X2∗ , and
the Hopf bifurcation H, corresponding to the destabilisation of X2∗ , determines
the stability interval in parameter space. In particular, the distance between
T C and H is the crucial quantity to be estimated. As such, by comparison
of the curves of the Hopf bifurcation and the transcritical bifurcation in twoparameter space, where one parameter is the enrichment parameter K and the
other is the mortality rate R, we can define two types of stabilisation occurring
in a model. Figure 2.1 gives the two possible scenarios.
Continuation in K and, for instance, R in the RM model results in weak
stabilisation, as shown in Figure 2.1, upper panel. The stable region of the
unique positive equilibrium can be described purely algebraically, using the
trace and determinant of the Jacobian matrix. After substitution in Equation (2.4, 2.3b) we get
RC
,
µ−R
C(R + µ)
µC
=
= KT C +
.
µ−R
µ−R

KTRM
C =

(2.8a)

RM
KH

(2.8b)

RM
With increasing R towards µ the interval |KTRM
C − KH | becomes infinite.
Calculation of the asymptotes of the two bifurcations for R, called RTRM
C and
RM , with K → ∞, yields
RH
RM
lim RTRM
=µ.
C = lim RH

K→∞

K→∞

(2.9)

RM
In other words, the interval |RTRM
C − RH | → 0 for increasing K; hence we
term that behaviour weak stabilisation.
In the BD model with mutual predator interference continuation in the
same parameters K and R results in strong stabilisation, as shown in Figure
2.1, lower panel. The same limit case analysis as in the RM model gives

KTBD
C =
BD
KH
=

RC
,
µ−R

(2.10a)

C(RTI µ − µ − R)2
,
(TI µ − 1)(µ2 (rTI + RTI − 1) + R2 (1 − TI µ))

(2.10b)

where we assume that the time spent on an interaction TI > 0. Intraspecific
interactions do not play a role at the transcritical bifurcation since X̃2 = 0,
RM
BD
RM
so KTBD
C = KT C and also limK→∞ RT C = limK→∞ RT C = µ. Calculation
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BD results in a rather lengthy expression, which is not given
of limK→∞ RH
BD
here, but there is a finite range limK→∞ RTBD
C < R < limK→∞ RH where the
system has a stable positive equilibrium for all values of K. This means that
BD
the distance |RTBD
C − RH | remains finite for all K as denoted by the arrow A
BD
in Figure 2.1. As a consequence, the distance |KTBD
C − KH |, which is rather
small for small R (arrow B), becomes infinite for all R between limK→∞ RTBD
C
BD (arrow C). Within this rather large interval of R the Hopf
and limK→∞ RH
bifurcation as the existence boundary of stable steady state is avoided leading
to strong stabilisation.
If we consider the variation of a third parameter, namely the interaction
time TI , we can observe an additional effect. The size of the interval of R where
the Hopf bifurcation is avoided depends on TI . By increasing the value of TI
it is possible to avoid the Hopf bifurcation in the whole range of 0 < R < µ
BD with
and for all K > 0. Rewriting the lengthy expression for limK→∞ RH
respect to TI , the minimal value of TI required for complete avoidance of the
Hopf bifurcation is given as

T̃I = lim TI,H =
K→∞

µ2 − R 2
,
µ(µ(r + R) − R2 )

(2.11)

where 0 < R < µ, i.e., for TI > T̃I destabilisation does not occur for any K.
We call this effect complete stabilisation.
Strong stabilisation was shown earlier by Vos et al. (2004), who considered
a two-parameter bifurcation diagram displaying both the transcritical and the
Hopf bifurcation curves for a model with a predator and a prey species with
two subpopulations, one defensible and one indefensible. A similar type of
stabilisation was shown by Kretzschmar et al. (1993, Fig. 5), although there
the intrinsic growth rate r was considered as the enrichment parameter.

2.3

Generalised model formulation

It is difficult to compare models with different terms of interaction, since
each change in the functional form would also affect the value of the steady
state. To draw more general conclusions on stabilisation effects in models,
we use generalised parameters, adapted from those as described in Gross et
al., (2004). Such generalised models allow to analyse specific equilibriumindependent effects.
In the generalised approach the response function G(X1 , X2 ) is not specified in Equation (2.5). Furthermore, we assume that there are (at least) two
equilibria, one positive steady state denoted by X∗ = (X1∗ , X2∗ ), and one zero
equilibrium denoted by X̃ = (X1∗ , 0).
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It is important to mention that the following consideration of the generalised models differs from the one introduced in Gross et al. (2004) in the sense
that here it has been explicitly taken into account that the functional response
is at least linear in the predator, so that it can be written as G(X1 , X2 )X2 .
This particular form can be regarded as a restriction or loss of generality compared to Gross et al. (2004), but it is necessary to distinguish between the
positive and the zero equilibrium. In the following we make use of this distinction. Furthermore, we note that we do not aim at a stability analysis of
the generalised models in their whole generality but rather to show how one
can relate generalised models to conventional models. This is a nontrivial task
since there is no one-to-one correspondence between generalised parameters,
describing the shape of the functional response and parameters in conventional
models. Nevertheless it is possible to find and explore this relationship as we
show next.

2.3.1

The positive equilibrium

To substitute the unknown equilibrium X∗ we introduce the normalised variables

xi =

Xi
,
Xi∗

(2.12)

with i = 1, 2 and the normalised functions

g(x1 , x2 ) =

G(X1∗ x1 , X2∗ x2 )
.
G(X1∗ , X2∗ )

(2.13a)

After substitution into Equation (2.5) we get the equations
rX1∗2 2
dx1
= rX1∗ x1 − g(x1 , x2 )G(X1∗ , X2∗ )X2∗ x2 −
x ,
dt
K 1
dx2
= κg(x1 , x2 )G(X1∗ , X2∗ )X2∗ x2 − RX2∗ x2 .
X2∗
dt

X1∗

(2.14a)
(2.14b)

Because of normalisation, the system now has a positive equilibrium x∗i = 1,
i = 1, 2 and for the function g(x1 , x2 ) holds g(x∗1 , x∗2 ) = 1, which is the strong
point of the generalisation method. Observing the above equations in the
equilibrium results in the following expressions for time scales at both levels
xi
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α1 := r =

G(X1∗ , X2∗ )X2∗
rX1∗
+
,
X1∗
K

α2 := R = κG(X1∗ , X2∗ ) .

(2.15a)
(2.15b)

Additional scaling parameters can be defined

m :=

X1∗
,
K

(2.16a)

n := 1 − m =

G(X1∗ , X2∗ )X2∗
,
α1 X1∗

(2.16b)

where n and m represent the relative importance of the predatory and nonpredatory loss terms, respectively. We can now rewrite Equation (2.5) in the
normalised system

2.3.2


dx1
= α1 x1 − ng(x1 , x2 )x2 − mx21 ,
dt

dx2
= α2 x2 g(x1 , x2 ) − 1 .
dt

(2.17a)
(2.17b)

The zero equilibrium

To deal with a zero equilibrium X̃, it is not possible to use the normalised
variable x2 = X2 /X̃2 since X̃2 = 0. Instead, we use
x1 =

X1
, x2 = X2 .
X̃1

(2.18)

Note that this is not a strict normalisation, because the variable x2 is not
dimensionless. The following normalised functions are redefined accordingly:

g̃(x1 , x2 ) =

G(X̃1 x1 , x2 )
.
G(X̃1 , 0)

(2.19)

After substitution into Equation (2.5) we have the ode’s

X̃1

r X̃12 2
dx1
= r X̃1 x1 − g̃(x1 , x2 )G(X̃1 , 0)x2 −
x ,
dt
K 1
dx2
= κg̃(x1 , x2 )G(X̃1 , 0)x2 − Rx2 .
dt
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(2.20a)
(2.20b)

Table 2.1: List of parameters used in the RM/BD models. For the bifurcation
parameters a range has been given.
symbol

value

meaning

K
r
µ
κ
C
TS = Cκ/µ
TH = κ/µ
R
TI

[0, ∞i
0.5
0.2
0.4
9.
18.
2.
h0, µ]
[0, ∞i

carrying capacity
prey specific growth rate
predator specific growth rate
yield; conversion coefficient
saturation constant
searching time
handling time
natural mortality
interaction time per predator

Based on these equations, some of the scaling parameters differ from those
defined in the previous subsection. Considering Equation (2.20a) in the zero
equilibrium yields α1 = r = r X̃1 /K and therefore X̃1 /K = 1. By defining

α21 := κG(X̃1 , 0) ,

(2.21a)

α22 := R ,

(2.21b)

ñ :=

G(X̃1 , 0)
X̃1 ,
α1

(2.21c)

we can now rewrite Equation (2.5) as

dx1
= α1 x1 − ñg̃(x1 , x2 )x2 − x21 ,
dt

dx2
= x2 α21 g̃(x1 , x2 ) − α22 .
dt

(2.22a)
(2.22b)

Note that in general α21 6= α22 in case of a zero equilibrium.

2.3.3

Generalised parameters

We can define generalised parameters for the generalised model formulation
that can function as bifurcation parameters. The advantage of generalised
parameters is that they describe generic, rather than specific, properties of
the model.
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We define the following generalised parameters, adapted from Gross et al.,
(2004):

γi =

∂g(x1 , x2 )
∂xi

,

(2.23)

x=x∗

where i = 1, 2. Parameter γ1 reflects the dependence of the predator on the
prey, where γ1 → 0 for abundant prey, while larger values of γ1 are interpreted
as prey scarcity. Parameter γ2 denotes the predator sensitivity with respect
to the predator species. For γ2 = 0 (the RM model) there are no predator
mutual interference effects, while for γ2 < 0 (the BD model) there are mutual
interference effects.

2.3.4

Generalised stability criteria

The Jacobian matrix for the two-dimensional normalised model at the positive
equilibrium is

J=

−α1 (1 + n(γ1 − 2)) −α1 n(γ2 + 1)
α2 γ1

α2 γ2

!

.

(2.24)

Observe that x∗1 = x∗2 = g(x∗1 , x∗2 ) = 1. The condition for the Hopf bifurcation
in a generalised form then is given as
tr(J) = −α1 (1 + n(γ1 − 2)) + α2 γ2 = 0 ,

(2.25)

and det(J) > 0.
The condition for a transcritical bifurcation is given by the determinant of
the Jacobian. In case of a positive equilibrium we would get
det(J) = α1 α2 (nγ1 + γ2 (2n − 1)) = 0 .

(2.26)

However, since we are interested in the transcritical bifurcation where the
positive equilibrium intersects with the zero equilibrium, we can also consider
the determinant of the Jacobian of the zero equilibrium.
The Jacobian evaluated at the zero equilibrium is

J=

−α1

−α1 ñ

0

α21 − α22
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!

.

(2.27)

R

K
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N
A
C
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R

H
◭

B

◮

K
Figure 2.1: Demonstration of two types of stability in two-parameter bifurcation sketches. Upper panel: weak stability. The transcritical and Hopf
bifurcations approach each other for K → ∞. Lower panel: strong stability.
The transcritical and Hopf bifurcation have different asymptotic values of R
for K → ∞. In the BD model for TI = 0 holds that the distance A = 0, while
for an increase in TI the distance A also increases. There is a value TI = T̃I
where A is maximal.
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The condition for the transcritical bifurcation is then given by

det(J) = −α1 (α21 − α22 ) = 0 .

(2.28)

Thus, in the case of a transcritical bifurcation we have α21 = α22 .

2.4

Model analyses

In this section we want to discuss the local bifurcation analyses obtained for
the generalised model formulations in terms of the RM and BD model, and
how results from the conventional model formulations correspond to them.
This is not trivial, since the functions describing the relationship between the
generalised and the conventional parameter sets are not invertible.

2.4.1

Generalised parameter expressions

We denote the conventional parameter space as P = {R, K, r, µ, κ, C, TI } for
the used models (recall that TS and TH are not independent, but they depend
on µ, κ and C), with the default parameter values given by Table 2.1. We
distinguish between environmental parameters (K and R), that can easily
be manipulated by an experimenter, and vital parameters, that are based
on physiological processes of the species and their trophic interactions and
describe the biotic system. We primarily vary the environmental parameters in
the conventional bifurcation analyses, and the parameter TI , that is considered
to be the factor related to the effects on the ecosystem functioning as defined
in (Rinaldi and Gragnani, 2004).
For comparison of the results between the generalised and the conventional
model formulations we analyse how the scaling and the generalised parameters, given in Equations (2.15, 2.16, 2.23), affect each other if we assume the
functional response of that of the BD model (given in Eq. (2.7); it is the RM
model for T1 = 0). We find that
γ1 = 1 − TH G(X1∗ , X2∗ ) = 1 −
γ2 = −

TI X2∗
G(X1∗ , X2∗ ) ,
X1∗

α2
,
µ

(2.29a)
(2.29b)

where µ by default is a constant since it is a vital parameter. Please recall
that the scaling parameters defined in Equations (2.15, 2.16) are related to
the conventional parameters by
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α1 = r ,

(2.30a)

α2 = R ,
X∗
m= 1 ,
K
n=1−m.

(2.30b)
(2.30c)
(2.30d)

Hence, the bifurcation analyses of the RM and BD model in the generalised
formulation use only two (α2 , m) or three (α2 , m, γ2 ) parameters, respectively.
Note that we give up the generality to obtain Equation (2.29). In the case
of the functional response of the BD model Equation (2.7), we have 0 < γ1 < 1
and −1 < γ2 < 0. Adding Equation (2.29) we get
γ1 + γ2 =

TS
,
TS + TH X1∗ + TI X2∗

(2.31)

and therefore γ1 + γ2 > 0 or γ1 /γ2 < −1.

2.4.2

Results

We proceed with discussing the bifurcation analysis of the generalised model.
In the generalised analysis, we have two solutions of det(J) = 0 for the positive
equilibrium, namely m = 1, γ2 = 0 and γ1 /γ2 = 1/n − 2. Since 0 ≤ n ≤ 1
and γ1 /γ2 < −1, the latter condition cannot be satisfied in the BD model.
However, in the following we will consider the case γ1 /γ2 = −1 as the boundary
of validity of the BD model. As we will see, the first condition is exactly the
T C of the BD and RM models. The analysis of the zero equilibrium X̃ yields
the condition α21 = α22 for the transcritical bifurcation. However, at the
transcritical bifurcation where the positive equilibrium X∗ intersects with the
zero equilibrium X̃ we have not only α21 = α22 = α2 , but also X∗ = X̃, and
therefore m = X1∗ /K = X̃1 /K = 1, n = ñX̃2 = 0 and g̃(x1 , x2 ) = g(x1 , x2 ).
This shows that the condition for the positive equilibrium m = 1, γ2 = 0
satisfies equally the condition for the zero equilibrium.
Figure (2.2) shows the bifurcation diagram of the generalised model if we
assume γ1 = 1 − α2 /µ with µ = 0.2. The transcritical bifurcation is the line
(m, γ2 ) = (1, 0). The Hopf bifurcation surface is given by Equation (2.25) and
limited by the conditions det(J) > 0 (computed using an algorithm developed
in ). For the BD model, only the parameter space above the surface γ2 =
−γ1 = 1 − α2 /µ is of interest, and for the RM model only the plane γ2 = 0.
First, we observe that the Hopf bifurcation line in the plane γ2 = 0 does not
approach the T C at m = 1, but instead ends at m = 0.5 for α2 = R = µ = 0.2.
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Figure 2.2: Three-dimensional local bifurcation diagram of the generalised
model, with the BD functional response. The Hopf bifurcation surface is
bounded by a curve where two eigenvalues are zero; i.e., det(J) = 0. However,
this boundary is never reached, because the plane γ1 = −γ2 , for which K → ∞,
prevents this.
Second, for K → ∞ we would expect m → 0, so that the distance between
the H and T C would increase with increasing K. In the RM model, however,
we find that X1∗ = TS R/(κ − RTH ). By substitution of the parameters in
the generalised Hopf condition Equation (2.25), and using the relations in
equations (2.29, 2.30), where γ2 = 0 for the RM model, we get the solution
m = X1∗ /K = R/(R + µ). This results in
KR
TS R
=0.
−
κ − RTH
R+µ

(2.32)

Since µ and κ are assumed to be constant this condition results in R → 0.2 for
K → ∞, since TH = κ/µ. In return we find that m = X1∗ /K = R/(R + µ) →
0.5 for K → ∞. Therefore, the Hopf bifurcation curve approaches indeed the
point (m = 0.5, α2 = µ = 0.2, γ2 = 0) for K → ∞.
The above, however, does not explain our first observation. The distance
between the T C and the Hopf bifurcation that becomes zero in the conventional bifurcation diagram for K → ∞ is the distance in R = α2 . But this
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distance becomes zero in the generalised bifurcation diagram as well. Both
bifurcation lines H and T C in the generalised bifurcation diagram for the RM
model (γ2 = 0) end at the plane α2 = R = µ = 0.2. This is the same limit
value as in the conventional bifurcation analysis.
In the case of the BD model (TI > 0) we have γ2 < 0 for the Hopf
bifurcation (considering the positive equilibrium X2∗ > 0) and γ2 = 0 for the
T C. The T C is the same as in the RM model with the limit value α2 = R =
µ = 0.2. Because of the restriction γ2 > −γ1 = α2 /µ − 1, we immediately
see that for any γ2 < 0 there is a finite distance between the Hopf bifurcation
surface and the surface α2 = 0.2. Thus the Hopf bifurcation cannot reach the
limit value of the T C anymore, leading to strong stabilisation.
Let us now discuss how the conventional and generalised bifurcation diagrams are connected in detail. Figure 2.3 shows the results of continuations
of bifurcations in K and R in the conventional model and how they display in
the generalised model, where the default values for the vital parameters are
adopted from Table 2.1 and TI = 1. Curve (1) is a one-parameter continuation
in K with R = 0.08, while curve (2) is a one-parameter continuation in R with
K fixed. Both curves terminate on the transcritical bifurcation line T C and
on the Hopf bifurcation surface H. Starting a two-parameter continuation in
K and R on the Hopf bifurcation then results in the curve (3), for decreasing
values of these parameters, and curve (4), for K → ∞.
The same figure also shows the conditions for which complete stabilisation
occurs. From Equation (2.11) it can be derived that for R → 0 the value of
T̃I → 1/r. A one-parameter continuation in R for K → ∞ from the T C to
the Hopf bifurcation surface is always a straight line starting at (m, α2 , γ2 ) =
(1, 0.2, 0) and ending at the curve S, depending on the value of TI . When TI =
2, the end of the continuation line (the straight line labeled TI = 2) coincides
with the Hopf bifurcation surface in (m, α2 , γ2 ) = (0, 0, −1) (recall that r = 0.5
and fixed). This means that in the case of TI > 2 no destabilisation at all
occurs.

2.5

Discussion

The stability of food chains has been discussed extensively in the theoretical
ecological literature, and several model mechanisms have been proposed that
work stabilising. For instance, by De Angelis et al. (1975) it was concluded
that intraspecific predator interactions strongly stabilise the BD model dynamics. However, one note of criticism has been raised with regard to the
ambiguous use of the term “stability” that makes it difficult to draw comparable conclusions (Grimm and Wissel, 1997; Rinaldi and Gragnani, 2004).
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Figure 2.3: Continuation curves in one (K) and two (K and R) parameters,
with R = 0.08 if fixed and TI = 1. Upper panel: Three-parameter bifurcation
diagram of the generalised BD model. Lower panel: Two-parameter bifurcation diagram in K and R of the conventional BD model. For explanation, see
text. Observe that the curve S is the intersection curve of the Hopf bifurcation
surface with the plane γ1 = −γ2 .
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The stability classification given in this paper is based on local bifurcation
analysis, and compares the limit cases of two biologically interpretable bifurcations under enrichment. The strong stabilisation in the BD model corresponds
to the existence of a region in parameter space where even infinite enrichment
does not lead to limit cycles. There is also a minimal amount of intraspecific
interactions TI = T̃I for which this parameter region is maximal.
Other non-exclusively prey-dependent functional responses display the same
type of stabilisation, although the results are not shown here. We mention
the presence of inedible prey species (Kretzschmar et al., 1993; Wilkonsin,
2001, induced defences in prey species (Vos et al., 2004), predator cannibalism
(Kohlmeier and Ebenhoh, 1995), and the presence of hawk-dove tactics in the
predator (Auger et al., 2005).
In an attempt to generalise these results we apply the normalisation method
by Gross et al. (2004, 2005) and Gross and Feudel (2006). The used stability
classification also works in the generalised formulations of the RM and BD
models, but in a slightly different way than expected. There is no convergence
of the Hopf bifurcation to the transcritical bifurcation corresponding to m = 1
in the generalised parameter space. The Hopf bifurcation surface in the generalised model is bounded by the equality γ1 = −γ2 for K → ∞. For the RM
model, this boundary coincides with the boundary of α2 = µ = 0.2. In the
BD model, this value of α2 is not reached; instead, the continuation curves in
K and R and thus the Hopf bifurcation curve are bounded by γ1 = −γ2 only.
Although this effect is not intrinsic in the generalised model and cannot be
understood without comparison to the conventional formulation of the model,
we gain insight in the way how stabilisation works.
Although the comparison between the conventional and generalised formulations of the RM and BD models results in better understanding of the
stability properties of the two models, these results are not at all applicable
in general. Other functional response functions than the ones discussed here
may generate other dependencies of the scaling or generalised parameters, or
both. The limitation caused by the equality γ1 = −γ2 , that is vital for the
strong stabilisation, is specific for the used functional response(s) and might
not exist in other models. Instead, other limitations may exist that alter the
stability properties in turn.
Additionally, in many systems there exist more than one positive equilibrium for the same parameter set. In this case one has to do the analysis for
each of the equilibria separately and then combine these analyses. It might
happen that different equilibria are related to different stabilisation effects.
Note that for conventional models the bifurcation points for different equilibria can be combined in a single diagram. In generalised models the bifurcation
diagram is independent of the specific equilibrium and therefore identical for
all equilibria of the model.
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The classification of stabilisation is demonstrated only with models of two
interacting species. Nevertheless, the whole method can be extended to models
where more species interact. However, then one cannot use the trace of the
Jacobian as the condition for the appearance of Hopf bifurcations, but one has
to resort to a different method, for instance the method of resultants (Gross
and Feudel, 2004).
This paper shows that the combination of the generalised model approach
and conventional approaches of the RM and BD models can lead to a better
understanding of destabilisation effects. The approach of generalised models
was originally used to analyse systems where the functional forms of some
processes are not known in detail. Points in the generalised parameter space
represent a class of conventional models. Therefore it is difficult to identify
where exactly in this generalised parameter space a given conventional model
is located. Though the conclusions that can be drawn from the stability analysis of generalised models are much more general as demonstrated in Gross and
Feudel (2004), we restrict ourselves here to a generalised formulation of specific
conventional models in order to compare the two methods and to show their
equivalence. As it is demonstrated above, the bifurcation curves are bounded
in parameter space if we specify the processes (i.e., the functional response)
in the generalised formulation. For this reason, not the whole generalised parameter space is represented in each conventional model of the same class.
However, as we have shown these boundaries can explain the stability properties with respect to certain parameters of the conventional models, that we
classify as either weakly or strongly stabilising. As such, the generalised model
formulation contributes to our understanding of the stability of equilibria in
simple food chain models.
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Chapter 3

Heteroclinic orbits indicate
overexploitation in
predator-prey systems with a
strong Allee effect
G.A.K. van Voorn, L. Hemerik, M.P. Boer, and B.W. Kooi
Mathematical Biosciences, 209: 451–469, 2007.

Species establishment in a model system in a homogeneous environment
can be dependent not only on the parameter setting, but also on the initial
conditions of the system. For instance, predator invasion into an established
prey population can fail and lead to system collapse, an event referred to as
overexploitation. This phenomenon occurs in models with bistability properties, such as strong Allee effects. The Allee effect then prevents easy reestablishment of the prey species. In this paper we deal with the bifurcation
analyses of two previously published predator–prey models with strong Allee
effects. We expand the analyses to include not only local, but also global bifurcations. We show the existence of a point-to-point heteroclinic cycle in these
models, and discuss numerical techniques for continuation in parameter space.
The continuation of such a cycle in two-parameter space forms the boundary
of a region in parameter space where the system collapses after predator invasion, i.e. where overexploitation occurs. We argue that the detection and
continuation of global bifurcations in these models is of vital importance for
the understanding of the model dynamics.
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3.1

Introduction

Since the pioneering work by Lotka (1925) and Volterra (1926) two-dimensional
spatially homogeneous models of predator–prey interactions have been studied
thoroughly. With the study of the functioning and structure of predator–prey
systems two issues are important. Firstly, in many models the prey species
grows to a carrying capacity in absence of the predator, for instance with logistic growth. The question is whether it is always possible for a prey species
to establish a viable population in a habitat in absence of a predator species.
Secondly, if the predator invades, there is always a region in parameter space
were the model has a positive attractor. This implies that invasion of the
predator is always followed by coexistence of the prey and the predator.
In regard of the first issue we recall that in some cases the initial numbers
of a species determine the long-term behaviour of the system. Population
models with an incorporated Allee effect have this property. This effect is
named after Allee (1931), who described the phenomenon that under natural circumstances populations can benefit from the presence of conspecifics
(Prokopy and Roitberg, 2001). Such benefits, as mentioned by Stephens and
Sutherland (1999), could, among others, be predator dilution, reduction of inbreeding, genetic drift and predator swamping. In addition, the species can at
low density suffer from inverse density dependent effects, when the individuals
have problems to find food or a mate. Allee effects have been shown in all
major taxonomic groups of animals (Taylor and Hastings, 2005; Wittmer et
al., 2005), and even in plants (Groom, 1998), for instance in the case where
reduced density or quality of compatible mates or scarcity of pollinators can
give rise to an Allee effect (Morgan et al., 2005).
Two types of Allee effects are recognised (Taylor and Hastings, 2005): socalled weak Allee effects, also named non-critical depensation, and strong Allee
effects, also referred to as critical depensation in fisheries literature (Turchin,
2003). With weak Allee effects the net population growth rate at low population densities is still positive, though not at its maximum value. However,
the long-term behaviour of the system is not expected to differ depending on
the initial conditions of the system. With strong Allee effects the population
growth rate is negative at low population densities. Thus there is bistability:
a critical threshold exists, above which the species profits but below which the
species suffers from negative effects. This is then often referred to as an extinction threshold (Morgan et al., 2005), a minimal viable population density
or number of individuals below which the population inevitably goes extinct
under deterministic dynamics. The same system may exhibit both effects for
different settings, for instance in semi-arid systems where plants may facilitate
their own growth by decreasing water run-off, leading to a weak Allee effect
if water run-off causes light soil degradation or a strong Allee effect when it
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Figure 3.1: In absence of the predator the prey population possesses two
positive prey equilibria, E1 and E2 . There are three possible scenarios how an
invasion of a small predator population in a system with a prey population
subject to a strong Allee effect in equilibrium (E2 ) can end: 1/ the invasion
fails, 2/ both species will coexist, 0/ the invasion leads to extinction of both
species (see also text).
leads to severe soil degradation (Van de Koppel and Rietkerk, 2000).
Not only local populations can suffer from Allee effects. In the current age
of degrading landscapes by humans, the fragmentation of habitats is of major
importance to species’ meta-population dynamics. A meta-population model
with an Allee effect directly active at the meta-population level was analysed
by Amarasekare (1998). A thorough analysis of incorporating an Allee effect
at the local population level in discrete and continuous time deterministic or
stochastic models of meta-populations and its effect on the meta-population
is given by Etienne and Hemerik (2005).
Now, what happens when predators are introduced into the system when
the prey population is in equilibrium? Figure 3.1 depicts three possible scenarios, where E1 is the Allee threshold for the prey species and E2 is the prey
equilibrium at carrying capacity. The first scenario is that the predator species
is not able to establish itself and will go extinct, i.e. the prey density in E2 is
too low and the prey maintains itself in the system at carrying capacity. The
second option is that the predator species can successfully invade the system.
Coexistence then occurs between the predator and prey species, either as a
steady state or a stable limit cycle. A third, dramatic option is that predator
invasion causes the extinction of both species. We refer to this scenario as
overexploitation.
How does overexploitation occur? For that, one has to realize which of the
three above-mentioned scenarios occurs will depend on the parameter values of
the system (see section 3.4). Specific parameter values at which system dynamics change qualitatively are bifurcations. The transition from the first scenario
85

(only prey, no predator establishment) to the second scenario (predator–prey
coexistence) is associated with a local bifurcation, i.e. the only information
required is about the equilibrium involved in the transition. However, the
transition from coexistence to overexploitation is associated with periodic solutions that are destroyed. The kind of bifurcation associated with this event
is a global bifurcation, i.e. we require more than just local information.
In this paper, we address these issues by studying two models with strong
Allee effects. The means to do this is by both local and global bifurcation
analysis. In the Bazykin-Berezovskaya (BB)-model (Bazykin, 1998) there is a
strong Allee effect for the prey population, formulated by incorporation of an
extra factor in the logistic growth equation such that the population growth
rate is negative at zero biomass. The trophic interaction is modelled with a
linear Lotka-Volterra functional response. In the model by Kent et al. (2003)
the prey population is still described by a logistic growth term but also by an
in- or out-flux of prey, effectively modelling prey immigration or emigration.
This model is referred to as the prey flux (PF)-model, where the prey out-flux
is considered an Allee effect that destabilises the prey dynamics.
The paper continues as follows. In section 3.2 we briefly introduce the
two models that we analyse. After that, in section 3.3, we discuss the theory
on heteroclinic cycles in predator–prey models. In section 3.4 we give the
bifurcation analyses of the models. In section 3.5 we then discuss the different
results. An appendix 3.7 is added in which we discuss the required numerical
techniques for successful detection and continuation of global bifurcations in
two-dimensional systems, which have not been standarized yet.

3.2

Formulation of the models

In this section we describe the two models from the literature mentioned in
the introduction (the BB-model (Bazykin, 1998) and the PF-model (Kent et
al., 2003). In both models we denote the size of the scaled prey population
by x1 (t) ≥ 0 and of the scaled predator population by x2 (t) ≥ 0. Table
3.1 explains the different parameters used in both models, which are equal if
possible.

3.2.1

The BB-model

The dimensionless equations of the BB-model are written as
dx1
= x1 (x1 − l)(k − x1 ) − x1 x2 ,
dt
dx2
= c(x1 − m)x2 ,
dt
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(3.1a)
(3.1b)

Table 3.1: Explanation of the parameters used in the BB-model and the PF-model.
Parameters without a default value but with a parameter range are considered bifurcation parameters.
symbol description

value
(BB)

value
(PF)

a
b
c
d
k
l
m

1
1
[0, 1]
[0, 1]

[−1, 1]
0.1
0.1
[0, 1]
1
-

in-/out-flux of prey
searching to handling ratio per predator
conversion ratio consumed prey to biomass
predator extinction threshold
carrying capacity
extinction threshold
mortality rate of predator

where k is the carrying capacity (see also Table 3.1). The growth of the prey
population in absence of the predator is modelled with an adapted logistic
growth. Only if the prey extinction threshold l > 0 the prey species suffers
a strong Allee effect. Predation is modelled as a Lotka–Volterra functional
response, the feeding efficiency is described by c and the predator mortality
rate by cm.
The system has the trivial equilibrium E0 = (0, 0), two positive equilibria for the prey population E1 = (l, 0) and E2 = (k, 0), and one internal
equilibrium E3 = (m, (m − l)(k − m)), where the prey and predator coexist.
Equilibrium E3 is only positive for l 6 m 6 k in the region 0 6 l 6 k.

3.2.2

The PF-model

The dimensionless equations of the PF-model are written as
x1 x2
dx1
= (x1 − a)(k − x1 ) −
,
dt
b + x1
dx2
cx2
=
(x1 − d) ,
dt
b + x1

(3.2a)
(3.2b)

where d is the predator extinction threshold (analogous to l in the BB-model).
The prey population increases following a logistic growth adapted by immigration a < 0 or emigration a > 0. Here we concentrate on the case with
emigration, since it models a strong Allee effect on the prey population. However, note that we include the weak Allee effect in our bifurcation analysis also
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for comparison with Kent et al. (2003). Predation is modelled as an adapted
Holling type II functional response (Holling, 1959).
The system does not give rise to the trivial equilibrium E0 = (0, 0). There
exist two positive equilibria with only prey present E1 = (a, 0) and E2 = (k, 0),
and one internal equilibrium


(d − a)(1 − d)(b + d)
.
E3 = d,
d
Equilibrium E3 is only positive for a 6 d 6 1 in the region 0 6 a 6 1.

3.3

Heteroclinic cycle formulation

Before discussing the analyses of the BB- and PF-models we need to explain
how we can detect global bifurcations. For that, let us define the heteroclinic
cycle (or loop) that occurs at the global bifurcation, denoted G6= in the results,
which consists of two connections between two saddle equilibria. One connection occurs at the boundary of the positive quadrant of the state space (x1 , x2 ),
from the equilibrium E1 to the equilibrium E2 . This is the trivial branch where
the predator is absent (x2 = 0) and the dynamics of the prey population is
given by (3.1a) or (3.2a), depending on the model. Hence this branch is not
discussed further. The other connection is a nontrivial branch from E2 to E1 .
The space encapsulated by the heteroclinic loop contains equilibrium E3 .
Mathematically we write this as follows. Let us denote the starting point
E2 of the nontrivial point-to-point connection as x ∈ R2 and the end-point E1
as y ∈ R2 . Let us also define the flow ϕt : R2+ → R2+ by ϕt (z0 ) = z(t, z0 ),
where the function z(t), considered as a function of t, is the solution of
dz
= f (z) ,
(3.3)
dt
starting at z0 . We have a heteroclinic connecting orbit, denoted Γ0 , to the
equilibria x and y of system (3.3) if
ϕt (z0 ) → x

,

t

ϕ (z0 ) → y

,

t → −∞ ,
t→∞,

(3.4a)
(3.4b)

(see Kuznetsov, 2004, p. 195).
Let us now define the stable and unstable manifolds W u (x) and W s (y) as
W u (x) = {z ∈ R2 |ϕt (z) → x as t → −∞} ,
s

2

t

W (y) = {z ∈ R |ϕ (z) → y as t → ∞} .
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(3.5a)
(3.5b)

One property of the heteroclinic connection is that the unstable manifold
W u (x) of equilibrium x coincides with the stable manifold W s (y) of equilibrium y, that is
Γ0 ⊂ W u (x) ∩ W s (y) ,

(3.6)

(see Kuznetsov, 2004, p. 195).
The numerical schemes used to calculate and continue the heteroclinic
cycles are discussed in the appendix. As is demonstrated in the appendix for
a fixed value of one parameter a decreasing value of another parameter yields
a critical value where the period of the limit cycle goes to infinity while it
approaches both saddle points E2 and E1 closely. The global bifurcation is
fixed by the parameter value where the cycle breaks via the heteroclinic cycle
defined by (3.4).

3.4

Bifurcation analysis

In this section we provide the local bifurcation analyses of the two previously
mentioned models. Also, we depict and discuss the heteroclinic cycles occurring in these models. Table 3.1 gives the default values for the different
parameters used in both models, when applicable.

3.4.1

The BB-model

The local bifurcations in the BB-model are analysed in Bazykin (1998, p. 85)
and in the textbook by Kot (2001, ch. 8). The parameters l and m serve as
bifurcation parameters. Here we provide a summary of the results.
Local bifurcation analysis
Figure 3.2 gives a one-dimensional bifurcation diagram, where the biomasses
of the prey and predator population are a function of m, and l = 0.5 is fixed.
There are two transcritical bifurcation curves denoted by T C: at m = 0.5
and at m = 1, where the equilibrium value for the predator population equals
zero. A Hopf bifurcation point occurs at m = 0.75, denoted by H3 . Let
J be the Jacobian matrix evaluated at the equilibrium E3 , and λ1,2 the two
eigenvalues.
At the Hopf bifurcation point we have Re(λ1,2 ) = 0, where λ1,2 =
√
(tr J ± disc J)/2, for tr (J) = m(k − 2m + l) and det(J) = mc(m + l)(k − m),
so that disc J = tr J2 − 4 det J. The Hopf bifurcation occurs when tr (J) = 0,
while the transcritical bifurcation T C2 occurs when det(J) = 0. Below the
Hopf bifurcation point the positive equilibrium is unstable and a stable limit
cycle around this point exists, which becomes a stable attractor of the system.
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Figure 3.2: One-parameter bifurcation diagram with free parameter m for
BB-model (l = 0.5). Points T C1 and T C2 are transcritical bifurcation points.
Point H3 is the Hopf bifurcation point and G6= indicates the heteroclinic orbit.
Between these two points the solution is a stable limit cycle of which the
extrema are plotted. At the heteroclinic orbit the prey biomass ranges from
0.5 to 1 while the predator biomass becomes very small during one cycle of
which the period is infinitely large.

The two-parameter bifurcation diagram is given in Figure 3.5. Substitution
of m = 0 in Eqn. (3.1a) shows that with x1 = 0 all values for x2 give an
equilibrium, so there is a continuum of solutions. The curve m = 0 is a curve
where each point is an equilibrium with two zero eigenvalues. The diagonal
transcritical bifurcation curve T C1 indicates where the equilibria E1 and E3
coincide. The horizontal curve m = 1 is a transcritical bifurcation where
the equilibria E2 and E3 exchange stability, and E3 becomes the positive
system’s attractor. The vertical transcritical bifurcation curve l = 1 labelled
T C3 indicates where the equilibria E1 and E2 coincide. However, this last
bifurcation has no biological relevance for m < 1. The Hopf bifurcation curve
H3 is described by the relationship m = 0.5l + 0.5k.
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Figure 3.3: A three-dimensional bifurcation diagram with one free parameter
and two state variables: x1 , m, x2 . A solid line indicates a stable solution and
a dashed line an unstable one. The projection on the left face is Fig 3.2 again.
The projection on the ground face gives a x1 , m diagram. It is obvious how an
increasing limit cycle leads to the destruction of the system attractor at the
heteroclinic cycle.
Global bifurcation analysis
Considering the one-dimensional bifurcation diagram again (Figure 3.2) we
see that lowering m gives an increasing period of the limit cycle that exists
after the Hopf bifurcation. The period goes to infinity at a global bifurcation
point, denoted by G6= . At that point the peak value of the prey equals k = 1
(the carrying capacity) and the minimal value of the prey equals l, while the
minimum value of the predator during the cycle goes to zero. Figure 3.3
provides a three-dimensional picture of predator and prey densities and the
bifurcation parameter m, and clarifies the occurrence of the heteroclinic cycle
in the system.
In order to get more insight into the dynamics around the global bifurcation
point G6= we study the dynamics in the phase plane in three consecutive panels
of Figure 3.4 with fixed l = 0.5 while we vary m. The manifolds in the figures
were calculated using dstool (Back et al., 1992).
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Figure 3.4: State space pictures of the BB-model with l = 0.5. Upper
panel: Bistability at m = 0.74837. Middle panel: Heteroclinic cycle for
m ≈ 0.73544234950. Lower panel: Complete system extinction at m = 0.735.
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Fig. 3.4, upper panel, shows the unstable manifold W2u (dashed curve) for
the saddle E2 and the stable manifold W1s (solid curve) for the saddle E1 at
the parameter values m = 0.74837 and l = 0.5. Since the m-value is between
the values of m of the Hopf bifurcation H3 and the heteroclinic orbit G6= ,
there is a stable limit cycle. All orbits above this manifold converge to the
zero equilibrium E0 , while all orbits below the stable manifold W1s converge
to the stable limit cycle, i.e. the manifold W1s acts as a separatrix for the
stable limit cycle and the stable equilibrium E0 . The unstable manifold W2u
converges towards the stable limit cycle enclosed by W1s .
In Fig. 3.4, middle panel, the unstable manifold W2u and the stable manifold W1s intersect at m ≈ 0.73544234950, and thus form a heteroclinic cycle which is broken into two heteroclinic connections between the two saddle
points (0.5, 0) and (1, 0). Outside the heteroclinic cycle the solution goes
asymptotically to the stable zero state E0 , while inside the heteroclinic cycle
there is convergence towards the heteroclinic cycle.
Fig. 3.4, lower panel, then shows the stable and unstable manifolds for
m = 0.735, thus below G6= . Observe, that the separatrix has disappeared at
the global bifurcation. The manifold W1s now connects the saddle equilibrium
E1 to the positive equilibrium E3 , which has become a spiral source, since
the m-value is closely below the Hopf bifurcation value. Starting exactly
on this manifold the solution converges to E1 . All other trajectories with
x2 > 0, independent of what side of the manifold W1s they start, converge
to E0 . This seems strange, since orbits below the curve W2u cannot leave the
region by crossing the stable manifold W1s because it is invariant, and due to
uniqueness of the solution. The explanation is that they converge to E0 by
making oscillations until they ”escape” through a narrow ”tunnel”, bounded
by the stable manifold W1s and the unstable manifold W2u . When the stable
limit cycle breaks open, at the point where the heteroclinic cycle occurs, the
stable manifold of E1 and the unstable manifold of E2 mismatch, and the
tunnel is born.
The global bifurcation can be continued in two-parameter space, and the
resulting curve is also given in Fig. 3.5, upper panel. The diagram furthermore
displays two codimension-two points, namely Z + (point (1, 1)) and Z − (point
(0, 0)). The point Z + is on the intersection of the two transcritical bifurcation
curves T C2 and T C3 , the Hopf bifurcation curve H3 and the global bifurcation
curve G6= . In Z + we have E1 = E2 = E3 = (1, 0), because m = l = 1. At the
other point Z − the T C1 coincides with the global bifurcation. At this point
we have E0 = E1 = E3 = (0, 0), since m = l = 0. Also in this point there is
a continuum of solutions x1 = 0 and x2 ∈ R, so the predator biomass is not
determined. In appendix 3.7, numerical procedures are discussed to calculate
the global bifurcation curve G6= .
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Figure 3.5: Upper panel: Two-parameter bifurcation diagram for the BBmodel with l and m as bifurcation parameters. The T C2 curve m = 1 indicates
a predator invasion boundary. Curve H3 is the supercritical Hopf bifurcation
curve and G6= the heteroclinic cycle curve. The points Z + (1, 1) and Z −
(0, 0) are different types of codim 2 points. For more information see text.
Lower panel: The same two-dimensional diagram of the BB-model, but now
the regions are indicated where there are qualitatively different outcomes.
Region 1 indicates that only the prey can exist. In region 2 both the prey and
predator can coexist after predator invasion. In region 0 the prey can exist at
carrying capacity. However, any predator invasion leads to system extinction,
a situation referred to as overexploitation.
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3.4.2

The PF-model

Kent et al. (2003) gave a stability analysis of their model in terms of isocline
analyses. We connect to their analysis by providing a local bifurcation diagram
for the parameters a (equal to −D in Kent et al., 2003) and d (equal to σ in
Kent et al., 2003). Recall the strong Allee effect exists only for a > 0, but we
add the local bifurcation diagram for −1 < a < 0 for easier comparison with
the results published by Kent et al. (2003).
Local bifurcation analysis
We directly provide a two-dimensional bifurcation diagram in Figure 3.6, upper figure, which resembles Figure 3 from Kent et al (2003), but note that it is
a mirror image of that figure. There is also an extra transcritical bifurcation
T C1 for d = a in the relevant interval a ∈ [0, 1].
For d > 1 E2 is the only biologically relevant equilibrium. All positive
initial values for x1 , x2 go to this stable equilibrium E2 . For d = 1 there is
a transcritical bifurcation T C2 occurring. Note that Kent et al. refer to this
bifurcation as ”an extinction threshold for predators”. For d < 1 equilibrium
E3 is biologically relevant also, and E2 and E3 have exchanged their stability.
Equilibrium E3 now is a stable node or a stable focus, while E2 is a saddle.
Thus, there is coexistence of the predator–prey system.
Crossing the axis x1 = 0 leads to convergence to minus infinity x1 → −∞,
a biologically irrelevant situation. In reality when the prey population density
becomes zero in a finite time, it remains zero while the predator population
goes extinct as well. So, this asymptotic behaviour takes over the role of the
equilibrium E0 in the BB-model.
For positive values of a equilibrium E1 also applies, and this solution is
always a saddle in that parameter regime. The line a = 0 is not a bifurcation
curve, but indicates where equilibrium E1 is exactly 0. In the region a > 0 the
stable manifold W1s is a separatrix. That means that initial values of x1 , x2
on the ”wrong” side of the manifold will lead to extinction. Initial values of
x1 , x2 starting within the space enclosed by this stable manifold and the axis
x2 = 0 will lead to coexistence.
Also shown is a Hopf bifurcation curve H3− . To the right of this curve limit
cycles occur, while the equilibrium E3 is unstable.
Global bifurcation analysis
If a limit cycle is continued in two parameters a and T , where T is the cycle
period, this results in T tending to infinity at, for example, a ≈ 0.01077219,
d = 0.4. At this point the non-trivial orbit connects the saddle E2 to the
saddle E1 , going around the non-trivial equilibrium E3 .
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Figure 3.6: Upper panel: Two-parameter diagram of the PF model with a
and d as bifurcation parameters. The T C2 curve d = 1 indicates a predator
invasion boundary. The curve H3 indicates the Hopf bifurcation and the curve
G6= is the heteroclinic cycle curve. Points Z + (1, 1) and Z − (0, 0) are different
types of codim 2 points. For more information see text. Lower panel: The
same two-dimensional diagram of the PF model, but now with the indication
of regions with qualitatively different behaviour. Notation and meaning are
equal to Fig. 3.5, lower panel.
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In Figure 3.6, upper panel, the continuation curve of the heteroclinic connecting orbit in the parameter space a, d is depicted as G6= . It can readily
be seen that this curve is very close to the Hopf bifurcation curve for a large
parameter region (a ≫ 0, 1 > d & 0.5). Limit cycles are therefore almost
immediately destroyed. For values of a a little greater than zero and d ≈ 0.45
there is still a significant parameter region where limit cycles do exist, however. Within this region there exists also the mentioned separatrix W1s , which
means that starting at certain values in state space leads to extinction. At the
other side of the curve G6= , beyond the point where the heteroclinic point-topoint connection occurs, the system goes extinct for all positive initial values
of x2 . The prey population can persist, but only when x1 (0) > a, x2 (0) = 0,
or when the initial point is placed exactly on the separatrix.

3.4.3

Implications of global bifurcations

The occurrence of a heteroclinic cycle in the discussed models has serious
implications for the system dynamics. Overall we can distinguish three regions
both in Fig. 3.5, lower panel, and Fig 3.6, lower panel. In the medium grey
region, denoted by region 1 and bounded by the horizontal local bifurcation
curve T C2 , any predator invasion is unsuccessful. The prey population is then
either at carrying capacity (E2 ) or absent (E0 ), depending on the initial state
of the system.
Below the T C2 curve there is a positive equilibrium E3 , which implies
coexistence of the predator–prey system. In this dark grey region, denoted
2, lies the Hopf bifurcation, where a stable limit cycle is born. This local
bifurcation curve changes the system’s attractor from an equilibrium to a
periodic solution.
Region 2 then is bounded on the other side by the global bifurcation curve
G6= , also the boundary of the lightest grey region denoted by 0. The trivial
solution E0 is the global attractor in that region and the system collapses for
all x2 (0) > 0. The prey population can settle at saddle point E2 , provided
we have x1 (0) > x∗ , x2 (0) = 0, where x∗ is the x1 -value of E1 . However, any
predator invasion knocks the prey population out of the saddle equilibrium
and leads to system extinction.

3.5

Discussion

Two two-dimensional food chain models with a strong Allee effect for the prey
species, discussed in this paper, display overharvesting: the extinction of the
prey and the predator after predator invasion in the system. Overharvesting
occurs through the destruction of a stable limit cycle by a global bifurcation.
This phenomenon does not occur in the standard food chain models like the
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Rosenzweig–MacArthur model (1963), where we can distinguish two regions in
parameter space, separated by a transcritical bifurcation curve. In one region
the predator cannot invade, since mortality is too high to be compensated by
birth, i.e. predators “die too quickly”. In the other region, where mortality
is sufficiently low, the predator can invade and coexist with the prey species.
In the models with Allee effect discussed in our paper, there is a third region,
bounded by a global bifurcation, where the predator species can also “die too
slowly”, i.e. the mortality rate is low such that overexploitation, or “ecological
suicide”, occurs. It seems counterintuitive that, in that case, higher mortality
leads to predator persistence, but on second thought it is clear that shorterlived predators have a lower lifetime consumption.
The global bifurcations found in the two models are heteroclinic cycles
that consist of two heteroclinic connections between two saddle equilibria in
the zero biomass plane of the predator. Previously the position of the global
bifurcation curve for the Bazykin–Berezovskaya model was only sketched in
Bazykin (1998, p. 86), while for the model by Kent et al. (2003) this type
of bifurcation was not considered. We consider the catastrophic boundary
between regions 0 and 2 in Figure 3.6, lower panel, to be important, but it
cannot be calculated easily without a successful technique for the detection
and continuation of a global bifurcation.
We can elaborate even further on the importance of global bifurcation
analyses especially in the case of the model by Kent et al. (2003). They
indicated that limit cycles are not sustained by the Allee effect. Indeed, limit
cycles in the PF-model that occur because of a supercritical Hopf bifurcation
are almost immediately destroyed again through a heteroclinic cycle. Thus, we
have complemented their local bifurcation diagram by showing the existence
of two coupled heteroclinic point-to-point connections in their model. The
disappearance of the limit cycles is associated with the occurrence of these
heteroclinic connections.
The use of models with strong Allee effects is particularly of interest for
the fisheries literature. In the case of harvested fish populations, as reported
in Mullon et al. (2005), it was suggested that a surreptitiously changing
parameter was the cause of collapse in 1 out of 5 observed population collapses.
In Mullon et al. (2005) continuous-time models of a prey population under
harvesting with various renewal functions were studied. These models all
showed ‘crashes’ after a plateau-shaped yield under surreptitiously increasing
catch levels (i.e. a varied bifurcation parameter) if the renewal function was
negative for stock sizes lower than a given threshold. These crashes might be
associated with a global bifurcation.
The Allee effect has also been studied in a spatial context. For a review
on the types of spatial predator–prey models, and the effects of spatial and
temporal heterogeneity together with dispersal on stability and persistence of
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these models, see Briggs and Hoopes (2004). A strong Allee effect on the prey
population in spatial models can reduce the wave speed of an prey invasion
wave (Lewis and Kareiva, 1993), while a subsequent predator invasion can even
reverse a prey invasion wave (Owen and Lewis, 2001[19]). The Allee effect can
also lead to patchy invasion patterns, although only when prey and predator
invade together (Petrovskii et al., 2002). As we suppose an established prey
population, comparison with our results seems limited. Nevertheless, after
overharvesting re-invasion by the prey might be seriously hampered by the
Allee effect in a spatial setting.
Not just in models with a strong Allee effect, but also in models in general
that display alternative steady states for a certain range of a parameter (a phenomenon known as ‘hysteresis’; for a review see Scheffer et al. (2001), global
bifurcations occur that drive phenomena similar to overharvesting. A threedimensional pest-forest model (Antonovsky et al., 1990), for instance, displays
heteroclinic connections from an equilibrium with young and old trees present
but no pest to the system’s trivial equilibrium. Extinction through overexploitation by the pest occurs in this model as well. In a system with symbiosis,
where two consumer populations feed on separate resources but also need each
other’s products (Kooi et al., 2004), the resource and the excretion product of
one consumer species form two separate, non-interchangeable resources for the
second consumer species. This results in the creation of a deadlock system,
and thus leads to bistability and the occurrence of a global bifurcation.
Because of this study we argue that the detection and continuation of
global bifurcations is vital for understanding the dynamics of models with
Allee effects. We also expect that the application of our continuation technique
leads to improved model analyses of models in general.
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3.7

Appendix

In this appendix we formulate the truncated boundary conditions, used in the
calculations in this Chapter, and discuss their performance.

3.7.1

Formulating truncated BC’s

Calculating the global bifurcation curve boils down to solving the boundary
value problem (bvp) given in Eq. (3.4), followed by continuation in two pa99

rameters. The bvp is truncated into a finite time interval (−T, T ) where T
is large enough, and certain boundary conditions (bc’s) at the end-points of
that interval are imposed. An appropriate ode solver can be used to calculate
the orbit. In the following we will discuss two techniques.
First the boundary conditions have to be adapted to this finite time interval. The local linear approximation of the unstable invariant manifold W u (x)
is denoted as T u (x) and of the stable invariant manifold W s (y) is denoted
as T s (y). This requires calculation of the Jacobian matrix evaluated at the
saddle points, its eigenvalues and eigenvectors.
The saddle equilibria and the eigenvalues and eigenvectors of the Jacobian
matrix evaluated at those points are calculated by solving
f (z) = 0 .

(3.7)

where z (x or y) is the equilibrium and
Jp=λp,

(3.8)

hp, pi = 1 ,

(3.9)

where λ is the eigenvalue, p the associated normalised eigenvector and hr, si =
rT s is the standard scalar product in R2 .
Now we can have two kinds of bc formulations. In projection bc formulations (Beyn, 1990, 1990a) instead of the normal Jacobian matrices the adjoint
Jacobian matrices in the appropriate saddle points are used. With explicit bc
formulations (Friedman and Doedel, 1991) we use the local linearisations of
the stable and unstable manifolds at E2 and E1 , respectively.
The equilibrium values, the eigenvalues and the eigenvectors are determined numerically (although analytical expressions are possible in this specific case). Each set of equations for the two saddles E2 and E1 leads to the
additional scalar equations for additional scalar variables which are solved at
each continuation step.
We mostly used the explicit bc’s, which are written as
z(−T ) = x + εpu2 ,
z(T ) = y

+ ξps1

,

(3.10a)
(3.10b)

where ε and ξ are two fixed sufficiently small parameters. The eigenvector pu2
belongs to the positive eigenvalue at E2 , in Fig. 3.4 tangent to the unstable
manifold W2u , while ps1 is the eigenvector belonging to the negative eigenvalue
at E1 in Fig. 3.4, tangent to the stable manifold W1s .
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3.7.2

Numerical techniques to solve and continue BVP

In order to solve the bvp we can distinguish between two popular numerical
techniques, namely the (single and multiple) shooting method and the finite
differences techniques, of which the orthogonal collocation method is a good
example. The methods are used in combination with either projection and/or
explicit boundary condition formulations. To start the calculation of the heteroclinic connection in both approaches, we have to start with an appropriate
initial guess for the connection. This can be obtained by continuation of the
limit cycle in one bifurcation parameter while monitoring the cycle period Tc .
We select the limit cycle for which approximately Tc → ∞, in practice a value
of Tc large enough and where the value of the bifurcation parameter does
not change visibly anymore. A part of this limit cycle is then converted to a
starting connection (the non-trivial branch of the connection where x2 > 0).

3.7.3

Shooting methods

Shooting methods for solving bvp’s of ode-systems are combinations of an
initial value problem (ivp) solver and a solver for a system of non-linear equations. In shooting, first the initial conditions must be formulated. For that
we calculate exactly the unstable eigenvector pu2 and the positive eigenvalue
of E2 using the Jacobian matrix. Similarly, we calculate the stable eigenvector
ps1 and negative eigenvalue of E1 . Next, assuming we use explicit bc’s, the
end-point is determined that should be reached by a time-integrated orbit by
setting ξ (according to Equation 3.10b). Some freedom is required to obtain
an orbit that fulfils these conditions. We select one of two choices: either we
fix ε and vary the integration time or we fix the integration time and vary
ε. Either way, we are left with one unknown initial variable and one equation. We can solve this by using, for instance, Newtonian non-linear equation
solvers.
With shooting there is a constant build-up of error with every integration
step. To improve the performance of the time-integration one can implement
a so-called multiple shooting method for the calculation of the heteroclinic
cycle of the system. Multiple shooting has been used before already for the
continuation of global bifurcations in both biological and non-biological ode
systems, for instance see Boer et al. (1999, 2001), Kooi et al. (2002), and Dieci
and Rebaza (2004). We describe a simple version of this method appropriate
for two-dimensional systems.
In the BB-model (3.1) single shooting gives spurious results near de codim
two points, so multiple shooting is used to improve the results for the whole
parameter range close to l = 1 and m = 1. We introduce a mid-point u that
divides the heteroclinic orbit into two pieces in the plane given by
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u = ϕ0 (x + εpu2 ) ,

(3.11a)

0 = hx − y, u − 0.5(x + y)i .

(3.11b)

The initial point at t = −T is given by the identity ϕ−T (x + εpu2 ) = x + εpu2
– recall ϕt is the flow (see section 3.3) – and the end-point at t = T by
ϕT (x + εpu2 ) = y + ξps1 . Eqn. (3.11b) is an inner product that, when solved for
0, gives a projection condition that places point u on the line perpendicular
to the axis x2 = 0. The truncated heteroclinic cycle starts at the distance
fixed by the scalar ε from E2 , with equilibrium point x on the local linear
approximation T u (x) of the unstable manifold W2u (x), fixed by the eigenvector
corresponding to the positive eigenvalue of the Jacobian evaluated at x.
Starting in this point the system is solved numerically using a Runge-Kutta
method for a fixed time period T . This point is denoted by u. Thereafter
integration starts from point u until a point on the stable manifold W1s of E1 at
distance ξ from the equilibrium point y is reached. We used a fixed truncation
time interval T and free values for ξ and ǫ. Note that the introduction of
the mid-point generates an extra condition and thus there is an extra free
parameter.
After a connecting orbit was found, the continuation of the connection
was done by means of a predictor-corrector continuation method with stepsize control (Allgower, 1990; Kuznetsov, 2004; Parker and Chua, 1989).

3.7.4

Orthogonal collocation methods

With collocation methods the solution is approximated by piecewise polynomials leading to a huge system of non-linear equations which has to be solved
numerically using some Newtonian method. In the computer package auto
(Doedel et al., 1997) this technique is efficiently implemented together with a
pseudo-arclength continuation technique. For local bifurcations the code detects higher order codimension bifurcations and also calculates the emanating
branches of these bifurcations after detection. The use of an orthogonal collocation method has serious advantages, like a division of error over the mesh
points and super-convergence, which leads to a better performance.
We used auto in two modes. Firstly, we used the part of auto called
HomCont (Doedel et al., 1997, ch. 16; Champneys et al., 1996), a collection
of easy to use subroutines for the continuation of homo- and heteroclinic cycles.
Secondly, we implemented the bc’s in auto using facilities described in Doedel
et al (1997, Ch. 11) to solve the bvp’s. The bvp solver implemented in auto
gives flexibility in the choice of the formulation of the boundary conditions.
The cost however is that all boundary and integral conditions need coding
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and there is no detection of the various higher order bifurcation points as
implemented in HomCont.

3.7.5

Performance

Both (multiple) shooting and collocation methods can be used together with
either explicit or projection boundary conditions. In this paper we primarily
used the explicit bvp’s in combination with orthogonal collocation for the
detection and continuation of the heteroclinic cycles. For the BB-model we
also used the multiple shooting method with one intermediate step, described
in section 3.7.3. A third method employed was the use of the more user-friendly
HomCont. All methods give comparable results.
One important note is that the accuracy of the continuation of the heteroclinic connection decreases near the codim 2 points. In some cases this leads
to spurious results. A pragmatic solution is to stop continuation in two parameters when approaching a codim 2 point, then fix one primary bifurcation
parameter and increase the truncation time interval T , which gives a better
accuracy, then restart continuation in two parameters with the higher value of
T (Champneys and Kuznetsov, 1994). Starting with a high T does not work,
since ε and ξ of the end-points in Eq. (3.10) are then numerically zero, which
makes continuation impossible.
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Chapter 4

Continuation of connecting
orbits in 3D-ODE’s: (I)
point-to-cycle connections
E.J. Doedel, B.W. Kooi, G.A.K. van Voorn and Yu.A. Kuznetsov
International Journal of Bifurcation and Chaos, 18: 1889–1903, 2008.

In this Chapter new methods are proposed for the numerical continuation
of point-to-cycle connecting orbits in 3-dimensional autonomous ode’s using
projection boundary conditions. In our approach, the projection boundary
conditions near the cycle are formulated using an eigenfunction of the associated adjoint variational equation, avoiding costly and numerically unstable
computations of the monodromy matrix. The equations for the eigenfunction
are included in the defining boundary-value problem, allowing a straightforward implementation in auto, in which only the standard features of the
software are employed. Homotopy methods to find connecting orbits are discussed in general and illustrated with several examples, including the Lorenz
equations. Complete auto demos, which can be easily adapted to any autonomous 3-dimensional ode system, are available for download from the
web-page http://www.bio.vu.nl/thb/research/project/globif/, and described as
demo’s in the latest version of auto (Doedel and Oldeman, 2009).

4.1

Introduction

Many interesting phenomena in ode systems can only be understood by analysing
global bifurcations. In Chapter 3 it has been shown, for instance, that the
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occurrence of a point-to-point connection, that is also directly a global bifurcation because of the codimension, results in the disappearance of the only
positive attractor in a two-dimensional Allee model, causing the extinction of
all species. Other such examples also exist in three-dimensional models, for
instance the occurrence and disappearance of chaotic behaviour. For example,
the classical Lorenz attractor appears in a sequence of bifurcations, where homoclinic orbits connecting a saddle equilibrium to itself and heteroclinic orbits
connecting an equilibrium point with a saddle cycle, are involved (Afraimovich
et al., 1977). In an ecological context, Boer et al. (1999, 2001) showed that
regions of chaotic behaviour in parameter space in some food chain models
are bounded by bifurcations of cycle-to-cycle connections, while bifurcations
of point-to-cycle connections are related to the boundaries of regions where
several attractors exist simultaneously.
Thus, in order to gain more knowledge about the global bifurcation structure of a model, information is required on the existence of homoclinic and
heteroclinic connections between equilibria and/or periodic cycles. The first
type is a connection that links an equilibrium or a cycle to itself (asymptotically bi-stable, so it necessarily has nontrivial stable and unstable invariant
manifolds). The second type is a connection that links an equilibrium or a
cycle to another equilibrium or cycle.
The continuation of connecting orbits in ode systems has been notoriously
difficult. Doedel and Friedman (1989) and Beyn (1990) developed direct numerical methods for the computation of orbits connecting equilibrium points
and their associated parameter values, based on truncated boundary value
problems with projection boundary conditions. Moreover, Doedel et al. (1993)
have proposed efficient methods to find starting solutions by successive continuations (homotopies). These continuation methods have been implemented
in HomCont, as incorporated in auto (Doedel et al., 1997; Champneys and
Kuznetsov, 1994; Champneys et al., 1996). HomCont is only suitable for
the continuation of homoclinic point-to-point and heteroclinic point-to-point
connections.
More recently, significant progress has been made in the continuation of
homoclinic and heteroclinic connections involving cycles. Dieci and Rebaza
(2004a, 2004b) developed a method based on earlier works by Beyn (1994) and
Pampel (2001). Their method is also based on projection boundary conditions,
but uses an ad hoc multiple shooting technique and requires the numerical
determination of the monodromy matrix associated with the periodic cycles
involved in the connection. Furthermore we refer to 1 .
1

During the proofprinting stage for this article another paper was accepted for publication
that discussed a different technique for the detection and continuation of point-to-cycle
connections. The reference to this paper is herewith respectfully given: B. Krauskopf, T.
Rieß, A Lin’s method approach to finding and continuing heteroclinic connections involving
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In this Chapter, we propose new methods for the numerical continuation of
point-to-cycle connections in 3-dimensional autonomous ode’s using projection
boundary conditions. In our approach, the projection boundary conditions
near each cycle are formulated using an eigenfunction of the associated adjoint
variational equation, avoiding costly and numerically unstable computation
of the monodromy matrix. Instead, the equations for the eigenfunction are
included in the defining boundary-value problem, allowing a straightforward
implementation in auto.
This Chapter is organised as follows. In Section 4.2 we recall basic properties of the projection boundary condition method to continue point-to-cycle
connections. In Section 4.3 this method is adapted to efficient numerical implementation in a special – but important – 3D case. Homotopy methods to
find connecting orbits are discussed in Section 4.4. Section 4.5 demonstrates
that the algorithms allow for a straightforward implementation in auto, using only the basic features of this software. Three well-known examples (the
three-dimensional Lorenz system, the electronic circuit model of Freire et al.,
1993, and the three-level food chain model by Rosenzweig–MacArthur, 1963)
are used in Section 4.6 to illustrate the power of the new methods.

4.2

Truncated BVP’s with projection BC’s

Before presenting a bvp for a point-to-cycle connection, we set up some notation.
Consider a general system of ode’s
du
= f (u, α),
(4.1)
dt
where f : Rn × Rp → Rn is a sufficiently smooth function of the state variables
u ∈ Rn and the control parameters α ∈ Rp . Denote by ϕt the (local) flow
generated by (4.1)2 .
Let O− be either a saddle or a saddle-focus equilibrium, say ξ, and let O+
be a hyperbolic saddle limit cycle of (4.1). A solution u(t) of (4.1) defines a
connecting orbit from O− to O+ if
lim dist(u(t), O± ) = 0

t→±∞

(4.2)

(see Figure 4.1 for illustrations). Since u(t + τ ) satisfies (4.1) and (4.2) for any
phase shift τ , an additional scalar phase condition
ψ[u, α] = 0

(4.3)

periodic cycles, Nonlinearity, 21:1655–1690, 2008.
2
Whenever possible, we will not indicate explicitly the dependence of various objects on
system parameters.

111

is needed to ensure uniqueness of the connecting orbit. This condition will be
specified later.
For numerical approximation, the asymptotic conditions (4.2) are replaced
by projection boundary conditions at the end-points of a large truncation interval [τ− , τ+ ]: The points u(τ− ) and u(τ+ ) are required to belong to the linear
subspaces that are tangent to the unstable and stable invariant manifolds of
O− and O+ , respectively.
u
Let n−
u be the dimension of the unstable invariant manifold W− of ξ, i.e.,
−
the number of eigenvalues λu of the Jacobian matrix fu = Du f evaluated at
the equilibrium which satisfy
ℜ(λ− ) > 0.
Denote by x+ (t) a periodic solution (with minimal period T + ) corresponding to O+ and introduce the monodromy matrix
+

M + = Dx ϕT (x)

x=x+ (0)

,

i.e., the linearisation matrix of the T + -shift along orbits of (4.1) at point
+
+
+ are called the Floquet multipliers;
x+
0 = x (0) ∈ O . Its eigenvalues µ
exactly one of them equals 1, due to the assumption of hyperbolicity. Let
s
+
m+
s = ns + 1 be the dimension of the stable invariant manifold W+ of the
+
+
cycle O ; here ns is the number of its multipliers satisfying
|µ+ | < 1.
A necessary condition to have an isolated family of point-to-cycle connecting
orbits of (4.1) is that (see Beyn (1994))
−
p = n − m+
s − nu + 2

(4.4)

The projection boundary conditions in this case can be written as

+

L− (u(τ− ) − ξ) = 0 ,
+

L (u(τ+ ) − x (0)) = 0 ,

(4.5a)
(4.5b)

where L− is a (n − n−
u ) × n matrix whose rows form a basis in the orthogonal
complement of the linear subspace that is tangent to W−u at ξ. Similarly, L+
is a (n − m+
s ) × n matrix, such that its rows form a basis in the orthogonal
complement to the linear subspace that is tangent to W+s of O+ at x+ (0).
It can be proved that, generically, the truncated bvp composed of (4.1),
a truncation of (4.3), and (4.5) has a unique solution family (û, α̂), provided
that (4.1) has a connecting solution family satisfying (4.3) and (4.4).
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Figure 4.1: Point-to-cycle connecting orbits in R3 : (a) n−
u = 1; (b) nu = 2.

The truncation to the finite interval [τ− , τ+ ] implies an error. If u is a
generic connecting solution to (4.1) at parameter value α, then the following
estimate holds:
k(u|[τ− ,τ+ ] , α) − (û, α̂)k ≤ Ce−2 min(µ− |τ− |,µ+ |τ+ |) ,
where k · k is an appropriate norm in the space C 1 ([τ− , τ+ ], Rn ) × Rp , u|[τ− ,τ+ ]
is the restriction of u to the truncation interval, and µ± are determined by the
eigenvalues of the Jacobian matrix and the monodromy matrix. See Pampel
(2001) and Dieci and Rebaza (2004a, 2004b) for exact formulations, proofs,
and references to earlier contributions.

4.3

New defining systems in R3

Here we explain how the projection boundary conditions (4.5) can be implemented efficiently in a special – but important – case n = 3. Thereafter we
specify the defining system used to continue connecting orbits in 3D-ode example systems with auto. A saddle cycle O+ in such systems always has
+
m+
s = mu = 2.

4.3.1

The equilibrium-related part

The equilibrium point ξ, an appropriate solution of f (ξ, α) = 0, cannot be
found by time-integration methods because it is a saddle. There are two
different types of saddle equilibria that can be connected to saddle cycles
in 3D-ode’s. These are distinguished by the dimension n−
u of the unstable
− = 2 (see Figure 4.1).
=
1
or
n
invariant manifold W−u of ξ: We have either n−
u
u
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Figure 4.2: BVP’s to approximate connecting orbits: (a) n−
u = 1; (b) nu = 2.

In the former case, the connection is structurally unstable (has codim 1) and,
according to (4.4), we need two free system parameters for its continuation
(p = 2). In the latter case, however, the connection is structurally stable and
can be continued, generically, with one system parameter (p = 1). There is a
small difference in the implementation of the projection boundary condition
(4.5a) in these two cases.
If n−
u = 1 (see Figure 4.2(a)), then the following explicit projection boundary condition replaces (4.5a):
u(τ− ) = ξ + εv,

(4.6)

where ε > 0 is a given small number, and v ∈ R3 is a unit vector that is tangent
to W−u at ξ. Notice that this fixes the phase of the connecting solution u, so
that (4.3) becomes (4.5a) in this case. The vector v in (4.6) is, of course,
a normalised eigenvector associated with the unstable eigenvalue λu > 0 of
the Jacobian matrix fu evaluated at the equilibrium. Hence, we can use the
following algebraic system to continue ξ, v and λu simultaneously:

f (ξ, α) = 0 ,

fξ (ξ, α)v − λu v = 0 ,
(4.7)

hv, vi − 1 = 0 ,
where hx, ui = xT u is the standard scalar product in Rn .
u
If n−
u = 2 (see Figure 4.2(b)), then W− is orthogonal to an eigenvector v
T
of the transposed Jacobian matrix fu corresponding to its eigenvalue λs < 0,
so that (4.5a) can be written as
hv, u(τ− ) − ξi = 0.
114

(4.8)

To continue ξ, v, and λs , we use a system similar to (4.7), namely:

f (ξ, α) = 0 ,

T
f (ξ, α)v − λs v = 0 ,
 u
hv, vi − 1 = 0 .

(4.9)

As a variant of the phase condition (4.3) in this case, we can use
hη, u(τ− ) − ξi = 0,

(4.10)

which places the starting point of the truncated connecting solution in a plane
containing the equilibrium ξ and orthogonal to a fixed vector η (not collinear
with v).

4.3.2

The cycle and eigenfunctions

The heteroclinic connection is linked on the other side to a saddle limit cycle
O+ (see Figure 4.2). Thus, we also need a bvp to compute it. We use the
standard periodic bvp:
 +
ẋ − f (x+ , α)
=0,
(4.11)
+
+
+
x (0) − x (T ) = 0 ,

which is augmented by an appropriate phase condition that makes its solution unique. This phase condition is actually a boundary condition for the
truncated connecting solution, and will be introduced below.
To set up the projection boundary condition for the truncated connecting
solution u near O+ , we also need a vector, say w(0), that is orthogonal at
x(0) to the stable manifold W+s of the saddle limit cycle O+ (see Figure 4.2).
It is well known that w(0) can be obtained from an eigenfunction w(t) of
the adjoint variational problem associated with (4.11), corresponding to its
eigenvalue
1
µ = +,
µu
+
where µ+
u is a multiplier of the monodromy matrix M satisfying

|µ+
u| > 1
(see Appendix). The corresponding bvp is

 ẇ + fuT (x+ , α)w = 0 ,
w(T + ) − µw(0) = 0 ,

hw(0), w(0)i − 1 = 0 ,

(4.12)

where x+ is the solution of (4.11). In our implementation the above bvp is
replaced by an equivalent bvp
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 ẇ + fuT (x+ , α)w + λw = 0 ,
w(T + ) − sw(0) = 0 ,

hw(0), w(0)i − 1 = 0 ,

(4.13)

where s = sign µ = ±1 and

λ = ln |µ|
(see Appendix). In (4.13), the boundary conditions become periodic or antiperiodic, depending on the sign of the multiplier µ, while the logarithm of its
absolute value appears in the variational equation. This ensures high numerical robustness.
Given w satisfying (4.13), the projection boundary condition (4.5b) becomes
hw(0), u(τ+ ) − x+ (0)i = 0.
(4.14)

4.3.3

The connection

Finally, we need a phase condition to select a unique periodic solution among
+
+
those which satisfy (4.11), i.e., to fix a base point x+
0 = x (0) on the cycle O
(see Figure 4.2). Usually, an integral condition is used to fix the phase of the
periodic solution. For the point-to-cycle connection, however, we need a new
condition, since the end point near the cycle should vary freely. To this end
we require the end point of the connection to belong to a plane orthogonal to
the vector f0+ = f (x+ (0), α). This gives the following bvp for the connecting
solution:


4.3.4

u̇ − f (u, α) = 0 ,
hf (x+ (0), α), u(τ+ ) − x+ (0)i = 0 .

(4.15)

The complete BVP

The complete truncated bvp to be solved numerically consists of (4.7), with
u(0) = ξ + εv,

(4.16)

hv, u(0) − ξi = 0 ,

(4.17a)

or (4.9), with

hη, u(0) − ξi = 0,
as well as
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(4.17b)

ẋ+ − T + f (x+ , α) = 0,
+

+

(4.18a)

x (0) − x (1) = 0,

(4.18b)

ẇ + T + fuT (x+ , α)w + λw = 0,

(4.18d)

w(1) − sw(0) = 0,

(4.18e)

u̇ − T f (u, α) = 0,

(4.18g)

+

hw(0), u(1) − x (0)i = 0,

hw(0), w(0)i − 1 = 0,
+

+

hf (x (0), α), u(1) − x (0)i = 0.

(4.18c)

(4.18f)
(4.18h)

Here the time variable is scaled to the unit interval [0, 1], so that both the
cycle period T + and the connecting time T become parameters.
If the connection time T is fixed at a large value, this bvp allows to continue
simultaneously the equilibrium ξ, its eigenvalue λu or λs , the corresponding
eigenvector v, the periodic solution x+ corresponding to the limit cycle O+ , its
period T + , the logarithm of the absolute value of the unstable multiplier of this
cycle, the corresponding scaled eigenfunction w, as well as (a truncation of) the
connecting orbit u. These objects become functions of one system parameter
(when dim W−u = 2) or two system parameters (when dim W−u = 1). These
free system parameters are denoted as αi .
If dim W−u = 2 then, generically, limit points (folds) are encountered along
the solution family. These can be detected, located accurately, and subsequently continued in two system parameters, say, (α1 , α2 ), using the standard
fold-following facilities of auto.

4.4

Starting strategies

The bvp’s specified above can only be used if good starting data are available.
This can be problematic, since global objects – a saddle cycle and a connecting
orbit – are involved. However, a series of successive continuations in auto can
be used to generate all necessary starting data, given little a priori knowledge
about the existence and location of a heteroclinic point-to-cycle connection.

4.4.1

The equilibrium and the cycle

The equilibrium ξ, its unstable or stable eigenvalue, as well as the corresponding eigenvector or adjoint eigenvector can be calculated using maple
or matlab. Alternatively, this saddle equilibrium can often be obtained via
continuation of a stable equilibrium family through a limit point (fold) bifurcation.
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To obtain the limit cycle O+ , one can continue numerically (with auto
or content, for example) a limit cycle born at a Hopf bifurcation to an
appropriate value of α, from where we start the successive continuation.

4.4.2

Eigenfunctions

In the first of such continuations, the periodic solution corresponding the limit
cycle at the particular parameter values is used to get an eigenfunction. To
explain the idea, let us begin with the original adjoint eigenfunction w. Consider the periodic bvp (4.18a)–(4.18b) for the cycle, to which the standard
integral phase condition is added,
Z

1
0

+
hẋ+
old (τ ), x (τ )idτ = 0 ,

as well as a bvp similar to (4.12), namely:

 ẇ + T + fuT (x+ , α)w = 0 ,
w(1) − µw(0) = 0 ,

hw(0), w(0)i − h = 0 .

(4.19)

(4.20)

In (4.19), x+
old is a reference periodic solution, typically the one in the preceding
continuation step. The parameter h in (4.20) is a homotopy parameter, that
is set to zero initially. Then (4.20) has a trivial solution
w(t) ≡ 0, h = 0,

for any real µ. This family of trivial solutions parametrised by µ can be
continued in auto using a bvp consisting of (4.11) (with scaled time variable
t), (4.19), and (4.20) with free parameters (µ, h) and fixed α. A Floquet
multiplier of the adjoint system then corresponds to a branch point at µ1 along
this trivial solution family (see Appendix). auto can accurately locate such a
point and switch to the nontrivial branch that emanates from it. Continuing
this secondary family in (µ, h) until, say, the value h = 1 is reached, gives a
nontrivial eigenfunction w corresponding to the multiplier µ1 . Note that in
this continuation the value of µ remains constant, µ ≡ µ1 , up to numerical
accuracy.
The same method is applicable to obtain a nontrivial scaled adjoint eigenfunction. For this, the bvp

 ẇ + T + fuT (x+ , α)w + λw = 0 ,
(4.21)
w(1) − sw(0) = 0 ,

hw(0), w(0)i − h = 0 ,
where s = sign(µ), replaces (4.20). A branch point at λ1 then corresponds to
the adjoint multiplier seλ1 . Branch switching then gives the desired eigendata.
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4.4.3

The connection

Sometimes, an approximation of the connecting orbit can be obtained by timeintegration of (4.1) with a starting point satisfying (4.6) or (4.8) and (4.10).
These data (the periodic solution corresponding to the limit cycle, its nontrivial eigenfunction, and the integrated connecting orbit) must then be merged,
using the same scaled time variable and mesh points. This only works for
non-stiff systems provided that the connecting orbit and its corresponding parameter values are known a priori with high accuracy, which is not the case
for most models.
A practical remedy in most cases is to apply the method of successive
continuation first introduced by Doedel, Friedman and Monteiro (1993) for
point-to-point problems. This method does not guarantee that a connection
will be found but works well if we start sufficiently close to a connection in the
parameter space. Here we generalise this method to point-to-cycle connections.
We first consider the case dim W−u = 1. To start, we introduce a bvp
composed of (4.7), (4.16), and a modified version of (4.18), namely:
ẋ+ − T + f (x+ , α) = 0,
+

+

x (0) − x (1) = 0,

(4.22b)

Ψ[x ] = 0,

(4.22c)

ẇ + T + fuT (x+ , α)w + λw = 0,

(4.22d)

w(1) − sw(0) = 0,

(4.22e)

u̇ − T f (u, α) = 0,

(4.22g)

+

hw(0), w(0)i − 1 = 0,
+

(4.22a)

+

hf (x (0), α), u(1) − x (0)i − h1 = 0,

(4.22f)
(4.22h)

where Ψ in (4.22c) defines any phase condition fixing the base point x+ (0) on
the cycle O+ ; for example
Ψ[x+ ] = x+
j (0) − aj ,
where aj is the jth-coordinate of the base point at some given parameter
values, and h1 is a homotopy parameter.
Take an initial solution to this bvp that collects the previously found
equilibrium-related data, the cycle-related data (x+ , T + ) including x+ (0), the
eigenfunction-related data (w, λ), as well as the value of h1 computed for the
initial “connection”
u(τ ) = ξ + εveλu T τ , τ ∈ [0, 1],
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(4.23)

which is a solution of the scaled linear approximation of (4.1) in the tangent
line to the unstable manifold W−u of ξ. By continuation in (T, h1 ) for a fixed
value of α, we try to make h1 = 0, while u(1) is near the cycle O+ , so that T
becomes sufficiently large.
After this is accomplished, we introduce another bvp composed of (4.7),
(4.16), and
ẋ+ − T + f (x+ , α) = 0,
+

+

x (0) − x (1) = 0,
+

hw(0), u(1) − x (0)i − h2 = 0,
ẇ +

T + fuT (x+ , α)w

(4.24b)
(4.24c)

+ λw = 0,

(4.24d)

w(1) − sw(0) = 0,

(4.24e)

u̇ − T f (u, α) = 0,

(4.24g)

hw(0), w(0)i − 1 = 0,
+

(4.24a)

+

hf (x (0), α), u(1) − x (0)i = 0,

(4.24f)
(4.24h)

where h2 is another homotopy parameter.
Using the solution obtained in the previous step, we can activate one of
the system parameters, say α1 , and aim to find a solution with h2 = 0 by
continuation in (α1 , h2 ) for fixed T . Then we can improve the connection by
continuation in (α1 , T ), restarting from this latest solution, in the direction of
increasing T . Eventually, we fix a sufficiently large value of T and continue the
(approximate) connecting orbit in two systems parameters, say (α1 , α2 ), using
the original bvp without any homotopy parameter as described in Section
4.3.4. All these steps are illustrated for the Lorenz example in Section 4.6.1.
In practice, intermediate continuations in ε or other system parameters may
be necessary to obtain a good approximation to the connecting orbit.
When dim W−u = 2, a minor modification of the above homotopy method
is required. In this case, we replace (4.17) by the explicit boundary conditions
u(0) − ξ − ε(c1 v (1) + c2 v (2) ) = 0,

c21 + c22 = 1,

(4.25a)
(4.25b)

where ε is a small parameter specifying the distance between u(0) and ξ, v (j)
are two linear-independent vectors tangent to W−u of the saddle ξ, and c1,2
are two new scalar homotopy parameters. Note that if v = (v1 , v2 , v3 )T is a
solution to (4.9) with v2 6= 0, then one can use the normalised vectors




v2
0
v (1) =  −v1  , v (2) =  v3  .
0
−v2
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Now consider a bvp composed of (4.9), (4.25), and (4.22). The initial data for
this bvp are the same as in the case dim W−u = 1, except for
c1 = 1, c2 = 0.
The initial “connection” in this case is
u(τ ) = ξ + εeτ T A v (1) , τ ∈ [0, 1],

(4.26)

where A = fu (ξ, α), to be used to compute the initial value of h1 in (4.22h).
By continuation in (T, h1 ) (and, eventually, in (c1 , c2 , h1 )) for fixed values
of all other parameters, we aim to locate a solution with h1 = 0, with u(1)
near the base point of the cycle O+ , so that T becomes sufficiently large. We
then switch to the bvp composed of (4.7), (4.25), and (4.24), and we aim to
locate a solution with h2 = 0, by continuation in (c1 , c2 , h2 ) for fixed T . When
this is achieved, we have a solution to the original bvp (4.9), (4.17), and (4.18)
introduced in Section 4.3.4 and containing no homotopy parameters. Using
this bvp, we can continue the approximate connecting orbit in one system
parameter, say α1 , with T fixed.
Examples of such successive continuations will be given in Section 4.6.3,
where we consider the standard model of a 3-level food chain. In that section
also an alternative bvp formulation for (4.25) is given. When one system
parameter is varied, limit points (folds) can be found and then continued in
two system parameters.

4.5

Implementation in AUTO

Our algorithms have been implemented in auto, which solves the boundary
value problems using super-convergent orthogonal collocation with adaptive
meshes. auto can compute paths of solutions to boundary value problems
with integral constraints and non-separated boundary conditions:
U̇ (τ ) − F (U (τ ), β) = 0 , τ ∈ [0, 1],
b(U (0), U (1), β) = 0 ,
Z 1
q(U (τ ), β)dτ = 0 ,
0

where
U (·), F (·, ·) ∈ Rnd , b(·, ·) ∈ Rnbc , q(·, ·) ∈ Rnic ,
and
β ∈ R nf p .
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Figure 4.3: Continuation in T : (a) T = 1.43924; (b) T = 1.54543; (c) T =
2.00352.
Here β represents the nf p free parameters that are allowed to vary, where
nf p = nbc + nic − nd + 1.

(4.28)

The function q can also depend on U̇ and on the derivative of U with respect to
pseudo-arclength, as well as on Û , the value of U at the previously computed
point on the solution family.
For our primary bvp problem (4.7) or (4.9) with (4.16) or (4.17), respectively, and (4.18), we have
nd = 9, nic = 0,
and nbc = 19 or 18, respectively, since (4.7) and (4.9) are treated as boundary
conditions.

4.6

Examples

In this section we illustrate the performance of our algorithm by applying it
to three model systems, namely, the Lorenz equations, an electronic circuit
model, and a biologically relevant system.

4.6.1

The Lorenz system

One of the best-known dynamical systems that has a heteroclinic point-tocycle connection is the three-dimensional Lorenz system, given by

 ẋ1 = σ(x2 − x1 ),
ẋ = rx1 − x2 − x1 x3 ,
 2
ẋ3 = x1 x2 − bx3 ,
122

(4.29)

with standard parameter values σ = 10, b = 8/3, and where r is the usual
bifurcation parameter. With these parameter values, a supercritical pitchfork
bifurcation from the trivial equilibrium occurs at r = 1, giving rise to two
symmetric nontrivial equilibria. At r ≈ 13.962 there are two symmetry-related
orbits of infinite period that are homoclinic to the origin, and from which two
families of saddle cycles arise (together with a nontrivial hyperbolic invariant
set). A subcritical Hopf bifurcation of nontrivial equilibria takes place at
rH ≈ 24.7368, where these two cycles disappear.
At a critical value rhet there is a heteroclinic point-to-cycle connection,
that generates a chaotic attractor, see Afraimovich et al. (1977). Its domain
of attraction is bounded by the stable invariant manifolds of the saddle cycles.
Beyn (1990) found rhet ≈ 24.05, and later Dieci and Rebaza (2004) calculated
rhet = 24.057900322267 . . .
The heteroclinic connection can be continued in two parameters, for example r and σ with b fixed. The resulting curve in the r, σ-plane was first shown
in Appendix II, written by L.P. Shil’nikov, to the Russian translation of the
book by Marsden and McCracken. (See Pampel (2001), Dieci and Rebaza
(2004), for more recent related results). As shown by Bykov and Shilnikov
(1992), the canonical Lorenz attractor appears by crossing only a part of the
heteroclinic connection curve.
We begin at r = 21.0 and consider a saddle limit cycle O+ of (4.29) with
the base point
x+ (0) = (9.265335, 13.196014, 15.997250)
and period T + = 0.816222. This cycle can be obtained easily by continuation
in auto and has two nontrivial multipliers:
+
µ+
s = 0.0000113431, µu = 1.26094.

To compute the eigenfunction w, we first continue the trivial solution of
the bvp (4.18a), (4.18b), (4.19), and (4.21), to detect a branch point at
λ = ln(µ+
u ) = 0.231854,
from which a nontrivial branch is followed until the value h = 1 is reached.
This gives a nontrivial eigenfunction w(t), with kw(0)k = 1, namely,
w(0) = (0.168148, 0.877764, −0.448616)T .
In these continuations all problem parameters, that is r, σ, and b, are fixed.
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Figure 4.4: Two profiles of the truncated connecting orbit in the Lorenz system
scaled to the unit time interval: (a) T = 2.00352; (b) T = 3.0.
The next step is to find an approximation to the connecting orbit. For
this, we consider the bvp (4.7), (4.16), and (4.22) with
Ψ[x+ ] = x+
1 (0) − 9.265335
and continue its solution at fixed system parameters with respect to (T, h1 ).
Figure 4.3 shows three consecutive solutions with h1 = 0. The end point of the
last solution (with T = 2.00352) is located near the base point x+ (0) of the
cycle O+ . Using this solution as the initial data for the bvp (4.7), (4.16), and
(4.24), we do a continuation in (r, h2 ) with T fixed until h2 = 0 is detected.
This occurs at r = 24.0720, and ensures that the end point of the connection
is in a plane orthogonal to w(0), i.e., in the tangent plane to W+s at x+ (0).
For further continuation runs, the primary bvp consisting of (4.7), (4.16),
and (4.18) is used. First, the length of the connecting orbit is increased by
continuation in (r, T ) until T = 3.0. The corresponding parameter value r =
24.0579 gives a good approximation for rhet , since the ‘tail’ of the connecting
orbit follows the cycle O+ several times; (see Figure 4.4).
Finally, continuation in the two system parameters (r, σ) with T fixed,
gives the bifurcation curve corresponding to the point-to-cycle connection in
(4.29), see Figure 4.5.

4.6.2

A circuit model

The next example is one from the HomCont demos of Champneys et al.
(1999), namely, the electronic circuit model of Freire et al. (1993; see also the
auto demos tor and cir ). The equations are
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 r ẋ1 = −(β +ν)x1 +βx2 −a3 x31 +b3 (x2 −x1 )3 ,
ẋ2 = βx1 − (β +γ)x2 − x3 − b3 (x2 −x1 )3 ,

ẋ3 = x2 ,

(4.30)

where γ = 0, r = 0.6, a3 = 0.328578, b3 = 0.933578, and ν and β are bifurcation parameters. With HomCont it was shown previously that a homoclinic
connection to the origin occurs for
νinit = −0.721309 , βinit = 0.6
with truncated time interval T = 200. Continuation in two-parameter dimension then leads to a Shil’nikov-Hopf bifurcation at
ν = −1.026445 , β = −2.330391 · 10−5 ,
where a limit cycle bifurcates from the equilibrium, effectively turning the
homoclinic connection into a heteroclinic one (see auto demo cir ). We can
now compare the results from the continuation in HomCont with the results
from the application of our bvp system.
The equilibrium in this system is a saddle-focus, and we therefore have
−
n−
s = 2 and nu = 1. To generate appropriate starting data we locate a Hopf
bifurcation, with β as free parameter, from where a cycle is continued up to
a selected value of β, say, β = −0.32. The saddle limit cycle O+ has the base
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point
x+ (0) = (0.03448278, 0.46460323, 0.4737975)
and period T + = 6.3646138. The nontrivial multipliers are
−6
+
µ+
s = 3.986051 · 10 , µu = 18.85438

The eigenfunction of this cycle is computed as described in Section 4.4.2,
which yields
w(0) = (0.99950, −0.019205, 0.024767)T
and the log multiplier
λ = −13.579343187.
An approximation of the connecting orbit is then obtained using bvp (4.7),
(4.16), and (4.22), with
Ψ[x+ ] = x+
2 (0) − 0.46460323.
The software content is used to get a good approximation of the connection
period T , after which shooting in matlab is used to obtain the orbit itself for
the given period.
Continuation of this approximate orbit with respect to (T, h1 ) yields several
orbits with h1 = 0. For T = 11.59816 the orbit is close enough to the x2 base
coordinate to use the data for the bvp (4.7), (4.16), and (4.24). Continuation
in (ν, h2 ) is done until a zero of h2 is reached.
The primary bvp (4.7), (4.16), and (4.18) is used in the subsequent computations. Continuation in (ν, T ) gives orbits of any desired period T ; we used
T = 20 with
ν = −1.500498.
At this point continuation can be done in (ν, β).
In Figure 4.6 we see a point-to-cycle connection in a x1 ,x2 -plot at some
selected parameter values. It is apparent that the homotopy method has resulted in a good approximation of the connecting orbit. Figure 4.7 shows the
composite results of the two-parameter continuation of the homoclinic connection in HomCont and our continuation of the heteroclinic connection.
Label 5 is the starting point of the continuation of the homoclinic connection
that terminates at the solution labelled 1. Beyond this solution HomCont
gives spurious results. Note that label 1 coincides with label 9, where the
curve of the heteroclinic connection turns back onto itself, i.e., the continuation reverses direction approximately at the point where the Shil’nikov-Hopf
bifurcation occurs. Plots in auto of the limit cycle data (not shown) reveal
that indeed the cycle shrinks practically to a point, before the continuation
reverses direction.
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Figure 4.6: A point-to-cycle connection of the electronic circuit model, projected onto the x1 , x2 -plane.

4.6.3

A food chain model

The following three-level food chain model from theoretical biology is based
on the Rosenzweig-MacArthur (1963) prey-predator model. The equations are
given by

 ẋ1 = x1 (1 − x1 ) − f1 (x1 , x2 ),
ẋ = f1 (x1 , x2 ) − f2 (x2 , x3 ) − d1 x2 ,
(4.31)
 2
ẋ3 = f2 (x2 , x3 ) − d2 x3 ,
with Holling Type-II functional responses
fi (u, v) =

ai uv
, i = 1, 2.
1 + bi u

The death rates d1 and d2 are used as bifurcation parameters, with the
other parameters set at a1 = 5, a2 = 0.1, b1 = 3, and b2 = 2.
It is well known that this model displays chaotic behaviour in a given parameter range, see Hogeweg and Hesper (1978), Klebanoff and Hastings (1994),
McCann and Yodzis (1995), Kuznetsov and Rinaldi (1996), and Kuznetsov et
al. (2001).
Previous work by Boer et al. (1999, 2001) has also shown that the regions
of chaos are intersected by homoclinic and heteroclinic global connections. In
particular, a heteroclinic point-to-cycle orbit connecting a saddle with a twodimensional unstable manifold to a saddle cycle with a two-dimensional stable
manifold can exist. It was shown that the stable manifold of this limit cycle
forms the basin boundary of the interior attractor and that the boundary has
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Figure 4.7: Continuation in (ν, β) of the point-to-cycle connection, as explained in detail in the text.
a complicated structure, especially near the equilibrium, when there are heteroclinic orbit is present. These and other results were obtained numerically
using multiple shooting. In this section we reproduce these results for the heteroclinic point-to-cycle connection. Using our homotopy method we obtain an
accurate approximation of the heteroclinic orbit. A one-parameter bifurcation
diagram then shows limit points, which correspond to tangencies of the abovementioned two-dimensional manifolds. We then continue the limit points in
two parameters.
A starting point can be found, for example, at d1 ≈ 0.2080452, d2 = 0.0125,
where there is a fold bifurcation in which two limit cycles appear. This also
corresponds to the birth of the heteroclinic point-to-cycle connection.
Before using the homotopy method to obtain an approximation of the
point-to-cycle connection, we locate a Hopf bifurcation, for instance at d1 ≈
0.51227, d2 = 0.0125. The limit cycle born at this Hopf bifurcation is continued
up to a selected value of d1 , say, d1 = 0.25.
We now have an equilibrium
ξ = (0.74158162, 0.16666666, 11.997732)
and a saddle limit cycle with the base point
x+ (0) = (0.839705, 0.125349, 10.55289)
and period T + = 24.282248. Its nontrivial multipliers are
2
+
µ+
s = 0.6440615, µu = 6.107464 · 10 .
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The eigenfunction w is obtained as described in the previous sections.
Continuation of the trivial solution of the bvp (4.18a), (4.18b), (4.19), and
(4.21) and the subsequent continuation of the bifurcating family until h = 1,
yields the multiplier
λ = ln(µ+
s ) = −0.439961.

Note that we use the stable multiplier, because of the projection boundary
conditions. The associated nontrivial eigenfunction w(t) with kw(0)k = 1 has
w(0) = (0.09306, −0.87791, −4.69689)T .

We now consider a bvp composed of (4.9), (4.25a), and (4.22). Using
content and matlab we obtain an approximation of the connection with
the boundary condition
Ψ[x+ ] = x+
2 (0) − 0.125349
and period T = 155.905. The starting point is calculated by splitting the
normalised adjoint stable vector (evaluated at d1 = 0.25, d2 = 0.0125)
v = (0.098440, 0.168771, 0.0049532)T
into v (1) and v (2) , as described in Section 4.4.3, and multiplying it by a small
ε, say ε = 0.001. In our case the starting point was
u(0) = (0.742445, 0.166163, 11.997732).
The first homotopy step involves continuation in (h1 , T ). However, this
does not lead to zeroes of h1 . To obtain h1 = 0 we expand the previous set
of bvp’s with (4.25b). Subsequent continuation in (c1 , c2 , h1 ) gives a solution
with h1 = 0 that indeed ends near the base point x+ (0) of the limit cycle.
For continuation in the second homotopy step, a switch is made to a bvp
composed of (4.9), (4.24) and (4.25). Continuation in (c1 , c2 , h2 ) leads to some
solutions with h2 = 0.
The obtained approximate connecting point-to-cycle connection now suffices for continuation in system parameters. Before doing a continuation in
a system parameter the connection is improved by increasing the connection
period. A user-defined point of T = 300 suffices. Next, the parameter ε is
decreased up to a user-defined point of ε = −1·10−5 , so that the starting point
u(0) is slightly away from the equilibrium ξ. Figure 4.8 displays a projection
of the point-to-cycle connection onto the (x2 , x3 )-plane.
Now the connecting orbit can be continued up to a limit point in one
system parameter. Figure 4.9 displays three connecting orbits obtained after continuation with respect to α1 = d1 . Continuations in d1 result in the
detection of the points
d1 = 0.280913

and
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d1 = 0.208045
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Figure 4.8: An approximation to the point-to-cycle connection projected onto
the (x2 , x3 )-plane for the Rosenzweig–MacArthur model with a1 = 5, a2 = 0.1,
b1 = 3, b2 = 2, d1 = 0.25, and d2 = 0.0125.
where the first one is a limit point and the second one a termination point.
This point coincides with a tangent bifurcation for the limit cycle to which
the point-to-cycle orbit connects. Continuations in d2 result in the detection
of the points
d2 = 0.0130272 and d2 = 9.51660 · 10−3
which are both limit points. Any of the detected limit points can now be
used as a starting point for a two-parameter continuation in α = d1 or d2 .
In practice, the connection period may have to be increased or decreased to
obtain the full two-parameter continuation curve. In the demo, the last limit
point (d2 = 9.51660 · 10−3 ) is the one selected for the food chain model. The
two-parameter continuation curve terminates at both ends in codim 2 points
lying on the above-mentioned tangent bifurcation for the limit cycle. These
points coincide with the log multiplier λ = 0. Observe that this corresponds
to the point d1 = 0.208045, detected in the one-parameter continuation, where
also λ = 0.
For the continuation in two system parameters, the bc (4.25) proves ineffective, since it leads to the detection of several spurious limit points. This is,
because the orbit spiralling out from the equilibrium has an elliptical shape.
The circle of a small radius, centred at the equilibrium, intersects the spiral at
several points, one of which is the starting point of the connecting orbit. During continuation, with a changing problem parameter, the spiral will change
size and the starting point on the circle may collide with another such point
where the circle and the spiral intersect. This intersection would correspond
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Figure 4.9: Several point-to-cycle connections in the Rosenzweig–MacArthur
model with different values of d1 .
to a fold with respect to the problem parameter. As a result, to obtain a full
continuation curve of the connecting orbit in two system parameters, some
restarts are required.
In order to avoid these spurious folds, we return to the original bc (4.17)
with (4.17b)
(u(0)j − ξj ) = 0 ,

(4.32)

where j is either 1,2 or 3. By setting j = 2 we are in line with the work by
Boer et al. (2001), who used a Poincaré plane through the equilibrium ξ where
x2 = ξ2 .
Figure 4.10 shows the curve of limit points Thet that is computed with
the method described above, using the standard switching and fold-following
facilities of auto. This curve can be obtained in one run, given the connection
period is chosen conveniently. It agrees with the results previously obtained
by Boer et al. (1999) by laborious shooting.

4.7

Discussion

Our continuation method for point-to-cycle connections, using homotopies in
a boundary value setting is both robust and time-efficient. Detailed auto
demos that carry out the computations described in Section 6 are available at
www.bio.vu.nl/thb/research/project/globif.
Although the method was presented for 3D-systems, it can be extended
directly to point-to-cycle connections in n-dimensional systems, when the un131
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Figure 4.10: A two-parameter bifurcation diagram of the food chain model
that shows the region where there exist point-to-cycle connections. The region
is bounded on one side by the cycle fold, (Tc ), and on the other side by the
curve Thet , the locus of limit points of the heteroclinic connections.
stable invariant manifold of the equilibrium ξ is either one-dimensional or
has codimension one, while the stable invariant manifold of the cycle O+ has
codimension one.
In the next Chapter, we will extend our method to include detection and
continuation of cycle-to-cycle connections. In Chapter 7 we will apply the
techniques, developed in this and the next Chapter, to food chain models of
different dimensional sizes, to study the occurrence and relevance of global
bifurcations in these models.

4.8

Appendix: Monodromy matrices

In order to approximate the invariant manifolds of a limit cycle we use eigenvalues and eigenfunctions of appropriate variational problems. These eigenvalues
in turn are the eigenvalues of the so-called monodromy matrix.
To define an eigenfunction of the periodic solution x(t + T ) = x(t), where
T is the period of the cycle, of an autonomous system of smooth ode’s
u̇ = f (u),

f : Rn → Rn ,

write a solution of this system near the cycle in the form
u(t) = x(t) + ξ(t) ,
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(4.33)

where ξ(t) is a small deviation from the periodic solution. After substitution and truncation of the O(kξk2 )-terms, we obtain the following variational
system:
ξ̇ = A(t)ξ , ξ ∈ Rn ,
(4.34)
where A(t) = fu (x(t)) is the Jacobian matrix evaluated along the periodic
solution; A(t + T ) = A(t).
Now, consider the matrix initial-value problem
Ẏ = A(t)Y ,

Y (0) = In ,

(4.35)

where In is the unit n × n matrix. Its solution Y (t) at t = T is the monodromy
matrix of the cycle:
M = Y (T ).
The monodromy matrix is nonsingular. Any solution ξ(t) to (4.34) satisfies
ξ(T ) = M ξ(0) .

(4.36)

The eigenvalues of the monodromy matrix M are called the Floquet multipliers
of the cycle. There is always a multiplier +1. Moreover, the product of all
multipliers is positive:

Z T
div f (x(t)) dt .
µ1 µ2 · · · µn = exp
0

Together with (4.34), consider the adjoint variational system
ζ̇ = −AT (t)ζ ,

ζ ∈ Rn

(4.37)

and the corresponding matrix initial-value problem
Ż = −AT (t)Z ,

Z(0) = In ,

(4.38)

which is the adjoint system to (4.35). Note, that the multipliers of the adjoint
monodromy matrix
N = Z(T )
are the inverse multipliers of the monodromy matrix M = Y (T ). The proof
of this well-known fact goes as follows. Compute
T

dY
dZ
d T
(Z Y ) =
Y + ZT
dt
dt
dt
= (−AT Z)T Y + Z T AY
= Z T (−A)Y + Z T AY = 0 .
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Since Z(0) = Y (0) = In , we get Z T (T )Y (T ) = In , which implies
N = [M −1 ]T .
Due to (4.36), a multiplier µ satisfies v(T ) = µv(0) with v(0) 6= 0 or,
equivalently, it is a solution component of the following bvp on the unit interval
[0, 1]:

v̇ + T A(t)v = 0 ,

v(1) − µv(0) = 0 ,
(4.39)

hv(0), v(0)i − 1 = 0 .

First assume that µ > 0 and write

µ = eλ , v(t) = eλt w(t).
Then w satisfies a periodic bvp, namely:

 ẇ + T A(t)w + λw = 0 ,
w(1) − w(0) = 0 ,

hw(0), w(0)i − 1 = 0 .

(4.40)

Similarly, when µ < 0, we can introduce

µ = −eλ , v(t) = eλt w(t)
and obtain an anti-periodic bvp

 ẇ + T A(t)w + λw = 0 ,
w(1) + w(0) = 0 ,

hw(0), w(0)i − 1 = 0 .

(4.41)

This technique can easily be adapted to the multipliers of the adjoint variational problem (4.37).
Finally, we note that the eigenvalue problem for a Floquet multiplier
M v − µv = 0
can be considered as a continuation problem with n+1 variables (v, µ) ∈ Rn ×R
defined by n equations. This continuation problem has a trivial solution family
(v, µ) = (0, µ). An eigenvalue µ1 corresponds to a branch point, from which a
secondary solution family (v, µ1 ) with v 6= 0 emanates. This nontrivial family
can be continued using an extended continuation problem

M v − µv = 0 ,
hv, vi − h = 0,
which consists of n+1 equation with n+2 variables (v, µ, h). If h = 1 is reached,
we get a normalised eigenvector v corresponding to the eigenvalue µ1 , since
along this branch µ ≡ µ1 . Generalisation of this procedure to the bvp (4.39)
(as well as to (4.40), (4.41), and their adjoint versions) is straightforward.
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Chapter 5

Continuation of connecting
orbits in 3D-ODE’s: (II)
cycle-to-cycle connections
E.J. Doedel, B.W. Kooi, G.A.K. van Voorn and Yu.A. Kuznetsov
International Journal of Bifurcation and Chaos, 19: 159–169, 2009.

In the previous chapter we discussed new methods for the numerical continuation of point-to-cycle connecting orbits in 3-dimensional autonomous ode’s
using projection boundary conditions. In this second part we extend the
method to the numerical continuation of cycle-to-cycle connecting orbits. In
our approach, the projection boundary conditions near the cycles are formulated using eigenfunctions of the associated adjoint variational equations,
avoiding costly and numerically unstable computations of the monodromy
matrices. The equations for the eigenfunctions are included in the defining
boundary-value problem, allowing a straightforward implementation in auto,
in which only the standard features of the software are employed. Homotopy
methods to find the connecting orbits are discussed in general and illustrated
with an example from population dynamics. Complete auto demos, which
can be easily adapted to any autonomous 3-dimensional ode system, are freely
available.
Note: There is an amount of overlap between this chapter and the previous
one, because these two chapters are different published papers. Having read
the previous chapter, parts of sections 1, 2 and 3, and the complete sections 4
and 5 can easily be skipped.
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5.1

Introduction

In a diversity of scientific fields bifurcation theory is used for the analysis of
systems of ordinary differential equations (ode’s) under parameter variation.
Many interesting phenomena in ode systems are linked to global bifurcations.
Examples of such are overharvesting in ecological models with bistability properties (Bazykin, 1998; Antonovsky et al., 1990; Chapter 3), and the occurrence
and disappearance of chaotic behaviour in such models. For example, it has
been shown (see Kuznetsov et al., 2001 and Boer et al., 1999, 2001) that
chaotic behaviour of the classical food chain models is associated with global
bifurcations of point-to-point, point-to-cycle, and cycle-to-cycle connecting orbits.
In the previous chapter we discussed heteroclinic connections between equilibria and cycles. Here we look at connections that link a cycle to itself (a homoclinic cycle-to-cycle connection, for which the cycle is necessarily saddle), or
to another cycle (a heteroclinic cycle-to-cycle connection). Orbits homoclinic
to the same hyperbolic cycle are classical objects of the Dynamical Systems
Theory. It is known thanks to Poincare (1879), Birkhoff (1935), Smale (1963),
Neimark (1967), and L.P. Shil’nikov (1967) that a transversal intersection of
the stable and unstable invariant manifolds of the cycle along such an orbit
implies the existence of infinite number of saddle cycles nearby. Disappearance
of the intersection via collision of two homoclinic orbits (homoclinic tangency)
is an important global bifurcation for which the famous Hénon map turns to
be a model Poincaré mapping (Gavrilov and Shil’nikov, 1972; 1973 Palis and
Takens, 1993, see also Kuznetsov, 2004).
Numerical methods for homoclinic orbits to equilibria have been devised by
Doedel and Kernevez (1986, but see Doedel et al., 1997), who approximated
homoclinic orbits by periodic orbits of large but fixed period. Beyn (1990)
developed a direct numerical method for the computation of such connecting
orbits and their associated parameter values, based on integral conditions
and a truncated boundary value problem (bvp) with projection boundary
conditions.
The continuation of homoclinic connections in auto (Doedel et al., 1997)
improved with the development of HomCont by Champneys and Kuznetsov
(1994) and Champneys et al. (1996). However, it is only suited for the continuation of bifurcations of homoclinic point-to-point connections and some
heteroclinic point-to-point connections. A modification of this software was
introduced by Demmel et al. (2000), that uses the continuation of invariant subspaces (cis-algorithm) for the location and continuation of homoclinic
point-to-point connections.
Dieci and Rebaza (2004a) have also made significant progress recently, by
developing methods to continue point-to-cycle and cycle-to-cycle connecting
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Table 5.1: List of notation used in the paper.
sym. meaning
x±
v±
w±
u
α
O+
O−
W+s
W−u
µ+
u
µ−
s
µ−
u
µ+
µ−
λ±
T±
T

Periodic solution
Eigenfunction
Scaled adjoint eigenfunction
Connection
Bifurcation parameters
Limit cycle where connection ends
Limit cycle where connection starts
Stable manifold of the cycle O+
Unstable manifold of the cycle O−
Unstable multiplier of the cycle O+
Stable multiplier of the cycle O−
Unstable multiplier of the cycle O−
Adjoint multiplier 1/µ+
u
Adjoint multiplier 1/µ−
s
ln(µ± )
Period of the cycle O±
Connection time

orbits based on another work by Beyn (1994). Their method employs a multiple shooting technique and requires the numerical solving for the monodromy
matrices associated with the periodic cycles involved in the connection.
Recently further progress has been reported. In Chapter 4 we dealt with
a method using boundary conditions for the detection and continuation of
point-to-cycle connections. A different technique employing Lin’s method was
developed by Krauskopf and Rieß (2008), which can also be used for the detection and continuation of cycle-to-cycle connections.
Here our method discussed in the previous chapter is adapted for the continuation of homoclinic and heteroclinic cycle-to-cycle connections. The method is set up such that the homoclinic case is essentially a heteroclinic case
where the same periodic orbit (but not the periodic solution) is doubled. In
Section 5.2 we give a short overview of a bvp formulation to solve a heteroclinic
cycle-to-cycle problem. In Section 5.3 it is shown how boundary conditions
are implemented. In Section 5.4 we discuss starting strategies to obtain approximate connecting orbits using homotopy. In Section 5.5 the bvp is made
suitable for numerical implementation.
Results are presented of the continuation of a homoclinic cycle-to-cycle
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connection in the standard three-level food chain model in Section 5.6. Boer
et al. (1999) previously numerically obtained the two-parameter continuation
curve of this connecting orbit using a shooting method, combined with the
Poincaré map technique. In the previous chapter we reproduced the results
for the structurally stable heteroclinic point-to-cycle connection of the same
food chain model using the homotopy method. In this paper we discuss how
the homoclinic cycle-to-cycle connection can be detected, and continued in
parameter space using the homotopy method. Also, it is set up such that it
can be used as well for a heteroclinic cycle-to-cycle connection.

5.2

Truncated BVP’s with projection BC’s

Before presenting the bvp that describes a cycle-to-cycle connection, let us
first set up some notation. Consider a general system of ode’s
du
= f (u, α),
dt

(5.1)

where f : Rn × Rp → Rn is sufficiently smooth, given that state variables
u ∈ Rn , and control parameters α ∈ Rp . Thus, the dimension of the state
space is n and the dimension of the parameter space is p. The (local) flow
generated by (5.1) is denoted by ϕt . Whenever possible, we will not indicate
explicitly the dependence of various objects on parameters.
We assume that both O− and O+ are saddle limit cycles of (5.1). A solution
u(t) of (5.1) for fixed α defines a connecting orbit from O− to O+ if
lim dist(u(t), O± ) = 0 .

t→±∞

(5.2)

(Figure 5.1 depicts such a connecting orbit in the 3D-space.) Since u(t + τ )
satisfies (5.1) and (5.2) for any phase shift τ , an additional phase condition
ψ[u, α] = 0 ,

(5.3)

should be imposed to ensure uniqueness of the connecting solution. This
condition will be specified later.
For numerical approximations, the asymptotic conditions (5.2) are substituted by projection boundary conditions at the end-points of a large truncation
interval [τ− , τ+ ], following Beyn (1994). It is prescribed that the points u(τ− )
and u(τ+ ) belong to the linear subspaces, which are tangent to the unstable
and stable invariant manifolds of O− and O+ , respectively.
Now, denote by x± (t) a periodic solution (with minimal period T ± ) corresponding to O± and introduce the monodromy matrix
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±

M ± = Dx ϕT (x)

x=x± (0)

,

i.e. the linearisation matrix of the T ± -shift along orbits of (5.1) at point
±
±
x±
0 = x (0) ∈ O . Its eigenvalues are called Floquet multipliers, of which one
+
(trivial) equals 1. Let m+
s = ns + 1 be the dimension of the stable invaris
ant manifold W+ of the cycle O+ , where n+
s is the number of its multipliers
satisfying
|µ| < 1.

−
Along the same line, m−
u = nu + 1 is the dimension of the unstable invariant
−
u
manifold W− of the cycle O , and n−
u is the number of its multipliers satisfying

|µ| > 1.
To have an isolated branch of cycle-to-cycle connecting orbits of (5.1) it is
necessary that
−
p = n − m+
s − mu + 2 ,

(5.4)

(see Beyn, 1994).
The projection boundary conditions in this case become
L± (u(τ± ) − x± (0)) = 0 ,

(5.5)

k(u|[τ− ,τ+ ] , α) − (û, α̂)k ≤ Ce−2 min(µ− |τ− |,µ+ |τ+ |) ,

(5.6)

where L− is a (n − m−
u ) × n matrix whose rows form a basis in the orthogonal
complement to the linear subspace that is tangent to W−u at x− (0). Similarly,
L+ is a (n − m+
s ) × n matrix, such that its rows form a basis in the orthogonal
complement to the linear subspace that is tangent to W+s at x+ (0).
The above construction also applies in the case when O+ and O− coincide,
i.e. we deal with a homoclinic orbit to a saddle limit cycle O+ = O− . Note
that, in general, the base points x± (0) ∈ O± remain different (and so do the
periodic solutions x± (t)).
It can be proved that, generically, the truncated bvp composed of (5.1),
a truncation of (5.3), and (5.5), has a unique solution branch (û(t, α̂), α̂),
provided that (5.1) has a connecting solution branch satisfying (5.3) and (5.4).
The truncation to the finite interval [τ− , τ+ ] causes an error. If u is a generic
connecting solution to (5.1) at parameter α, then the following estimate holds
in both cases:

where k · k is an appropriate norm in the space C 1 ([τ− , τ+ ], Rn ) × Rp , u|[τ− ,τ+ ]
is the restriction of u to the truncation interval, and µ± are determined by the
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Figure 5.1: Cycle-to-cycle connecting orbits in R3 : (a) heterolinic orbit, O+ 6=
O− ; (b) homoclinic orbit, O+ = O− .
eigenvalues of the monodromy matrices. For exact formulations, proofs, and
references to earlier contributions, see Pampel (2001) and Dieci and Rebaza
(2004a, 2004b).

5.3

New defining systems in R3

In this section we show how to implement the boundary conditions (5.5). We
consider the case n = 3 where O− and O+ are saddle cycles and therefore
−
+
+
always m−
s = mu = 2 and ms = mu = 2. Substitution in (5.4) gives the
number of free parameters for the continuation p = 1.
Note that the complete bvp will consist of 15 equations (2 saddle cycles,
2 eigendata for these cycles, and the connecting orbit) and 19 boundary conditions.

5.3.1

The cycle and eigenfunctions

To compute the saddle limit cycles O− and O+ involved in the heteroclinic
connection (see Figure 5.2) we need a bvp. The standard periodic bvp can be
used

ẋ± − f (x± , α) = 0 ,
(5.7)
x± (0) − x± (T ± ) = 0 ,
A unique solution of this bvp is determined by using an appropriate phase
condition, which is actually a boundary condition for the truncated connecting
solution, and which will be introduced below.
To set up the projection boundary condition for the truncated connecting
solution u near O± , we also need a vector, say w+ (0), that is orthogonal at
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O−

O+

u(1)

f0+

Figure 5.2: Ingredients of a bvp to approximate a heteroclinic connecting
orbit. The homoclinic cycle-to-cycle connection is also approached as the
heteroclinic case, where two saddle cycles coincide.
x+ (0) to the stable manifold W+s of the saddle limit cycle O+ , as well another
vector, say w− (0), that is orthogonal at x− (0) to the unstable manifold W−u of
the saddle limit cycle O− (see Figure 5.2). Each vector w± (0) can be obtained
from an eigenfunction w± (t) of the adjoint variational problem associated with
(5.7), corresponding to eigenvalue µ± . These eigenvalues satisfy
µ+ =

1
1
−
+ , µ = − ,
µu
µs

−
±
where µ+
u and µs are the multipliers of the monodromy matrix M with
−
|µ+
u | > 1 , |µs | < 1 .

The corresponding bvp is

 ẇ± + fuT (x± , α)w± = 0 ,
w± (T ± ) − µ± w± (0) = 0 ,

hw± (0), w± (0)i − 1 = 0 ,

(5.8)

where x± is the solution of (5.7). In our implementation the above bvp is
replaced by an equivalent bvp
 ±
 ẇ + fuT (x± , α)w± + λ± w± = 0 ,
(5.9)
w± (T ± ) − s± w± (0) = 0 ,

±
±
hw (0), w (0)i − 1 = 0 ,
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where s± = sign µ± and

λ± = ln |µ± | .
(See Appendix of Part I, Doedel et al., 2007).
In (5.9), the boundary conditions become periodic or anti-periodic, depending on the sign of the multiplier µ± , while the logarithm of its absolute
value appears in the variational equation. This ensures high numerical robustness.
Given w± satisfies (5.9), the projection boundary conditions (5.5) become

hw± (0), u(τ± ) − x± (0)i = 0.

5.3.2

(5.10)

The connection

We use the following bvp for the connecting solution:


u̇ − f (u, α) = 0 ,
hf (x± (0), α), u(τ± ) − x± (0)i = 0 .

(5.11)

For each cycle, a phase condition is needed to select a unique periodic solution
±
among those which satisfy (5.7), i.e. to fix a base point x±
0 = x (0) on the cycle
O± (see Figure 5.2). For this we require the end-point of the connection to
belong to a plane orthogonal to the vector f (x+ (0), α), and the starting point
of the connection to belong to a plane orthogonal to the vector f (x− (0), α).
This allows the base points x± (0) to move freely and independently upon each
other along the corresponding cycles O± .

5.3.3

The complete BVP

The complete truncated bvp to be solved numerically consists of
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ẋ± − T ± f (x± , α) = 0,
±

±

x (0) − x (1) = 0 ,

ẇ± + T ± fuT (x± , α)w± + λ± w± = 0 ,
±

±

±

(5.12a)
(5.12b)
(5.12c)

w (1) − s w (0) = 0,

(5.12d)

u̇ − T f (u, α) = 0 ,

(5.12f)

±

±

hw (0), w (0)i − 1 = 0 ,
+

(5.12e)

+

(5.12g)

−

(5.12h)

+

+

(5.12i)

−

−

hf (x (0), α), u(1) − x (0)i = 0 ,
−

hf (x (0), α), u(0) − x (0)i = 0 ,
hw (0), u(1) − x (0)i = 0 ,

hw (0), u(0) − x (0)i = 0 ,
−

2

2

ku(0) − x (0)k − ε = 0 ,

(5.12j)
(5.12k)

where the last equation places the starting point u(0) of the connection at a
small fixed distance ε > 0 from the base point x− (0). The time variable is
scaled to the unit interval [0, 1], so that both the cycle periods T ± and the
connection time T become parameters. Hence, besides a component of α,
there are five more parameters available for continuation: the connection time
T , the cycle periods T ± , and the multipliers λ± .

5.4

Starting strategies

The bvp described in the previous section are only usable when good initial starting data are available. Usually, such data are not present. Here we
demonstrate how initial data can be generated through a series of successive
continuations in auto, a method referred to as homotopy method, first introduced by Doedel, Friedman and Monteiro (1994) for point-to-point problems
and extended to point-to-cycle problems in Part I of this paper.

5.4.1

Saddle cycles

The easiest way to obtain the limit saddle cycles O± , first calculate a stable
equilibrium using software like maple, matlab or mathematica. Then,
using auto, continue this equilibrium up to an Andronov-Hopf bifurcation,
where a stable limit cycle is generated. A continuation of this cycle can result
in the detection of a fold bifurcation for the limit cycle. This will yield a saddle
limit cycle.
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5.4.2

Eigenfunctions

In order to obtain an initial starting point for the connecting orbit we require
knowledge about the unstable manifold of the saddle limit cycle O− . Also,
we need the linearised adjoint “manifolds” to understand how the connecting
orbit leaves O− and approaches O+ (or the same cycle in the homoclinic case).
For this, we look at the eigendata.
First consider the periodic bvp for O− ,
 −
ẋ − T − f (x− , α) = 0 ,
(5.13)
x− (0) − x− (1) = 0 ,
to which we add the standard integral phase condition
Z

1
0

−
hẋ−
old (τ ), x (τ )idτ = 0 ,

as well as a bvp similar to (5.8), namely

 v̇ − T − fu (x− , α)v = 0 ,
v(1) − µv(0) = 0 ,

hv(0), v(0)i − h = 0 .

(5.14)

(5.15)

In (5.14), x−
old is a reference periodic solution, e.g. from the preceding continuation step. The parameter h in (5.15) is a homotopy parameter, that is set
to zero initially. Then, (5.15) has a trivial solution
v(t) ≡ 0, h = 0,

for any real µ. This family of the trivial solutions parametrised by µ can
be continued in auto using a bvp consisting of (5.13), (5.14), and (5.15)
with free parameters (µ, h) and fixed α. The unstable Floquet multiplier of
O− then corresponds to a branch point at µ = µ−
u along this trivial solution
family. auto can accurately locate such a point and switch to the nontrivial
branch that emanates from it. This secondary family is continued in (µ, h)
until the value h = 1 is reached, which gives a normalised eigenfunction v −
corresponding to the multiplier µ−
u . Note that in this continuation the value of
µ remains constant, µ ≡ µ−
,
up
to
numerical accuracy. For the initial starting
u
−
point of the connection we use v (0).
The same method is applicable to obtain the nontrivial scaled adjoint eigenfunctions w± of the saddle cycles. For this, the bvp
 ±
 ẇ + T ± fuT (x± , α)w± + λ± w± = 0 ,
(5.16)
w± (1) − s± w± (0) = 0 ,

±
±
±
hw (0), w (0)i − h
= 0,
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where s± = sign(µ± ), replaces (5.15). A branch point at λ±
1 then corresponds
±
±
λ
to the adjoint multiplier s e 1 . After branch switching the desired eigendata
can be obtained.

5.4.3

The connection

Time-integration of (5.1), in matlab for instance, can yield an initial connecting orbit, however, this only applies for non-stiff systems. Nevertheless,
mostly when starting sufficiently close to the exact connecting orbit in parameter space the method of successive continuation (Doedel, Friedman and
Monteiro, 1994) can be used to obtain an initial connecting orbit.
Let us introduce a bvp that is a modified version of (5.12)
ẋ± − T ± f (x± , α) = 0 ,
±

±

x (0) − x (1) = 0 ,
±

±

Φ [x ] = 0 ,

±

ẇ +

T ± fuT (x± , α)w± + λ± w±
±
± ±

(5.17b)
(5.17c)

=0,

(5.17d)

w (1) − s w (0) = 0 ,

(5.17e)

u̇ − T f (u, α) = 0,

(5.17g)

±

±

hw (0), w (0)i − 1 = 0 ,
+

(5.17a)

(5.17f)

+

(5.17h)

−

(5.17i)

+

+

(5.17j)

−

−

(5.17k)

hf (x (0), α), u(1) − x (0)i − h11 = 0 ,
−

hf (x (0), α), u(0) − x (0)i − h12 = 0 ,
hw (0), u(1) − x (0)i − h21 = 0 ,

hw (0), u(0) − x (0)i − h22 = 0 ,

where each Φ± in (5.17c) defines any phase condition fixing the base point
x± (0) on the cycle O± . An example of such a phase condition is
Φ+ [x] = xj (0) − aj ,
where aj is the jth-coordinate of the base point of O+ at some given parameter values. Furthermore, hjk , j, k = 1, 2, in (5.17h)–(5.17k) are homotopy
parameters.
For the approximate connecting orbit a small step ε is made in the direction
of the unstable eigenfunction v − of the cycle O− :
−

u(τ ) = x− (0) + εv − (0)eµu T

−τ

, τ ∈ [0, 1] ,

(5.18)

which provides an approximation to a solution of u̇ = T − f (u, α) in the unstable manifold W−u near O− . After collection of the cycle-related data, eigendata
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and the time-integrated approximated orbit, a solution to the above bvp can
be continued in (T, h11 ) and (T, h12 ) for fixed value of α in order to make
h11 = h12 = 0, while u(1) is near the cycle O+ , so that T becomes sufficiently
large. In the next step, we then try to make h21 = h22 = 0, after which a good
approximate initial connecting orbit is obtained.
This solution is now used to activate one of the system parameters, say α1 ,
and to continue a solution to the primary bvp (5.12). Then, if necessary after
having improved the connection first by a continuation in T , continuation in
(α1 , T ) can be done to detect limit points, using the standard fold-detection
facilities of auto. Subsequently a fold curve can be continued in two parameters, say (α1 , α2 ), for fixed T using the standard fold-following facilities in
auto.

5.5

Implementation in AUTO

Our algorithms have been implemented in auto, which solves the boundary
value problems using super-convergent orthogonal collocation with adaptive
meshes. auto can compute paths of solutions to boundary value problems
with integral constraints and non-separated boundary conditions:

U̇ (τ ) − F (U (τ ), β) = 0 , τ ∈ [0, 1],
b(U (0), U (1), β) = 0 ,
Z 1
q(U (τ ), β)dτ = 0 ,

(5.19a)
(5.19b)
(5.19c)

0

where
U (·), F (·, ·) ∈ Rnd , b(·, ·) ∈ Rnbc , q(·, ·) ∈ Rnic ,
and
β ∈ R nf p ,
as nf p free parameters β are allowed to vary, where
nf p = nbc + nic − nd + 1 .

(5.20)

The function q can also depend on F , the derivative of U with respect to
pseudo-arclength, and on Û , the value of U at the previously computed point
on the solution family.
For our primary bvp problem (5.12) in three dimensions we have
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nd = 15, nic = 0,
and nbc = 19, so that any 5 free parameters are allowed to vary.

5.6

Example: food chain model

In this section we describe the performance of the bvp-method for the detection and continuation of a cycle-to-cycle connecting orbit in the standard food
chain model, also used in the previous chapter.

5.6.1

The model

The three-level food chain model from theoretical biology, based on the Rosenzweig-MacArthur (1963) prey-predator model, is given by the following equations

 ẋ1 = x1 (1 − x1 ) − f1 (x1 , x2 ) ,
ẋ = f1 (x1 , x2 ) − d1 x2 − f2 (x2 , x3 ) ,
(5.21)
 2
ẋ3 = f2 (x2 , x3 ) − d2 x3 ,

with Holling Type-II functional responses
f1 (x1 , x2 ) =

a1 x1 x2
1 + b1 x1

and
a2 x2 x3
.
1 + b2 x 2
This standard model has been studied by several authors, see e.g. Kuznetsov
and Rinaldi (1996) and Kuznetsov et al. (2001) and references there.
The death rates d1 and d2 are often used as bifurcation parameters α1 and
α2 , respectively, with the other parameters set at a1 = 5, a2 = 0.1, b1 = 3, and
b2 = 2. For these parameter values the model displays chaotic behaviour in a
given parameter range of d1 and d2 (Hastings and Powell, 1991; Klebanoff and
Hastings, 1994; McCann and Yodzis, 1995). The region of chaos can be found
starting from a fold bifurcation at for instance d1 ≈ 0.2080452, d2 = 0.0125,
where two limit cycles appear. The stable branch then undergoes a cascade
of period-doublings (see Figure 5.3) until a region of chaos is reached.
Previous work by Boer et al. (1999, 2001) has shown that the parameter region where chaos occurs is intersected by homoclinic and heteroclinic
global connections, and that this region is partly bounded by a homoclinic
cycle-to-cycle connection, as shown in Figure 5.3. These results were obtained
numerically using multiple shooting.
f2 (x2 , x3 ) =
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d1

0.26
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0.3

Figure 5.3: One-parameter bifurcation diagram for d2 = 0.0125. The equilibrium is indicated as x̄3 . The dashed line Lp is the x3 -value of the local
minimum of an unstable (saddle) limit cycle. At the point Tc this limit cycle
coincides with a stable limit cycle, of which the local minimum of x3 is also
shown. The stable limit cycle undergoes period doublings until chaos (the
dense regions) is reached. The two dense regions are separated by a region
where homoclinic cycle-to-cycle connections to the limit cycle Lp exist. Both
chaotic regions are bounded by a limit point of the homoclinic connection, indicated by Thom . Observe that near the right chaotic region, between two limit
points exist secondary connecting orbits to the cycle. One of these limit points
coincides with the limit point of the primary connecting orbit that forms the
boundary of the region of chaos (hence Thom twice); after Boer et al., 1999).

5.6.2

Homotopy

Using the technique discussed in this paper we first find the saddle limit cycle
for d1 = 0.25, d2 = 0.0125. Since the cycle O is both O+ and O− , we use the
same initial base point
x± (0) = (0.839783, 0.125284, 10.55288)
and the period T ± = 24.28225. The logarithms of the nontrivial adjoint
multipliers are
λ+ = −0.4399607 , λ− = 6.414681 .
The starting point of the initial “connecting” orbit is calculated by taking the
base point x− (0) and multiplying the eigenfunction v − (0) by ε = −0.001
u(0) = x− (0) + εv − (0) ,
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(5.22)

X3
12.5

11.5

10.5
0.2
0.4

9.5
0

0.6
0.1

X2

0.8

0.2
0.3

X1

1

Figure 5.4: Phase plot of the homoclinic cycle-to-cycle connection.
where
v − (0) = (−1.5855 · 10−2 , 2.6935 · 10−2 , −0.99951) ,
and the resulting
u(0) = (0.839789, 0.125274, 10.55324) .
The connection time T = 503.168.
To obtain a good initial connection we consider a bvp like (5.17), with 6
free parameters: µ± , T ± , T , and, in turn, one of the four homotopy parameters
h11 , h12 , h21 , h22 . The selected boundary conditions (5.17c) are
Φ+ [x] = x−
2 (0) − 0.125274 ,
and
Φ− [x] = x+
1 (0) − 0.839789 ,
so, the first condition uses the x2 -coordinate of the initial base point selected
on the cycle, while the second condition uses the x1 -coordinate of the initial
base point. Observe, that this selection is somewhat arbitrary and that one
can select other base point coordinates.
In the continuation we want h11 = h12 = h21 = h22 = 0. However, there are
several solutions, that correspond to connecting orbits with different numbers
of excursions near the limit cycle, both at the starting and the end-part of the
orbit. Observe that the success of the future continuation in (d1 , d2 ) seems to
depend highly on the number of excursions near the cycle at the end-point of
the connecting orbit. In the food chain model a decrease in d2 is accompanied
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Figure 5.5: Profiles of the homoclinic cycle-to-cycle connections for d2 =
0.0125. The upper panel compares the two profiles of the connections for
d1 = 0.2809078, the lower panel compares the four profiles for d1 = 0.27850,
which is between the limit points for the primary and secondary branches.
The connection time T is scaled to one.
by a decrease in the numbers of excursions near the cycle at the end-point
of the connection, like a wire around a reel. If this number is too low, a
one-parameter continuation in d1,2 will yield incorrect limit points. Also, twoparameter continuations in (d1 , d2 ) will most likely terminate at some point.
Hence a starting orbit is selected with a sufficient number of excursions near
the cycle at the end-point, with T = 454.04705 and ε2 = 0.069414 (see Figure
5.4).

5.6.3

Continuation

The continuation of the connecting orbit can be done in d1,2 using the primary
bvp (5.12). Equation (5.12k) ensures that the base points x± (0) ∈ O± become
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Figure 5.6: Two-parameter curves of the primary (top) and secondary (bottom) homoclinic tangencies in the food chain model. Depicted is also the fold
bifurcation curve of a limit cycle (dashed).
different (and so do the periodic solutions x± (t)).
First, however, using this bvp, the connection can be improved by increasing the connection time, for the same reason as mentioned above with regard
to the number of excursions near the cycle at the end-point. The increase
in T results in an increase of the number of excursions near the cycle at the
end-point of the connecting orbit. Then, the continuation in d1 , T for fixed
d2 = 0.0125 results in the detection of four limit points, of which two are identical. Observe that in this way – in accordance with Figure 5.3 – not only the
primary (d1 = 0.2809078, twice, and d1 = 0.2305987), but also the secondary
(d1 = 0.2776909) branch is detected.
Figure 5.5 shows the profiles of the connecting orbits for d2 = 0.0125.
Observe that for the region of 0.2776909 < d1 < 0.2809078 there are four
different connecting orbits with the same connection time T (see right panel).
Using the standard fold-following facilities for bvp’s in auto, both crit153

ical homoclinic orbits can be continued in two parameters (d1 , d2 ). Along
these orbits the stable and unstable invariant manifold of the cycle are tangent. Starting from d1 = 0.2809078 we continue the primary branch. The
secondary branch is continued from d1 = 0.2776909. Both curves are depicted
in Figure 5.6.

5.7

Discussion

Our continuation method for cycle-to-cycle connections, using homotopies in a
boundary value setting, is a modified method proposed in our previous paper
for the continuation of point-to-cycle connections (Doedel et al., 2007). The
results discussed here seem to be both robust and time-efficient. Detailed
auto demos performing the computations described in Section 6 are freely
downloadable from
www.bio.vu.nl/thb/research/project/globif.
Provided that the cycle has one simple unstable multiplier, the proposed
method can be extended directly to homoclinic cycle-to-cycle connections in
n-dimensional systems.
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Chapter 6

Sublethal toxic effects in a
simple aquatic food chain
B.W. Kooi, D. Bontje, G.A.K. van Voorn and S.A.L.M. Kooijman
Ecological Modelling, 212:304–318, 2008.

In this Chapter we study the sublethal effect of toxicants on the functioning
(biomass production, nutrient recycling) and structure (species composition
and complexity) of a simple aquatic ecosystem in a well-mixed environment
(chemostat reactor). The modelled ecosystem consists of a nutrient consumed
by a prey (e.g. bacteria, alga) which, in turn, is consumed by a predator
(e.g. ciliates, daphnia) population. The dynamic behaviour of this ecosystem
is described by a set of ordinary differential equations (ode’s): one for the
nutrient and one for each population. The system is stressed by a toxicant
dissolved in the in-flowing water. The transport of the toxicant is modelled
using a mass balance formulation leading to an ode. Bio-accumulation in the
prey and predator populations is via uptake from the water phase, in case
of the predator also via consumption of contaminated prey. Mathematically
this process is described by a one-compartment model for the kinetics of the
toxicant: uptake (from water and food) and elimination. The toxicant affects
the development of individuals which make up populations. In the model the
physiological parameters depend on the internal concentration of the toxicant
in individuals. Examples of physiological parameters are cost for growth, assimilation efficiency and maintenance rate. In this Chapter we use bifurcation
theory. In this way the parameter space is divided into regions with qualitatively different asymptotic dynamic behaviour of the system. As logical
choice for bifurcation parameters are the strength of the forcing on the system
determined by the input rate of nutrient and toxicant. Our analysis reveals
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that the relationship between the population biomass and the amount of toxicant in the reactor is of paramount importance. The dynamic behaviour of
the stressed ecosystem can be much more complicated than that of the unstressed system. For instance the nutrient-prey-contaminant system can show
bi-stability and oscillatory dynamics. Due to the toxic effects a total collapse
of the nutrient-prey-predator-contaminant system can occur after invasion of
a predator, in which case both prey and predator population go extinct.

6.1

Introduction

With the theoretical assessment of consequences of toxicants on the functioning of aquatic ecosystems, five steps can be distinguished (Calow et al., 1997):
1. Ecological theory: Modelling of the biological functioning of the system.
For an ecosystem we need
• a model for individual life-cycle

• a model of each population using a model of individual behaviour

• a model for the ecosystem using models of populations, including
their mutual interactions and interactions with the physical environment, such as transport of nutrients.
2. Environmental chemical theory: Modelling of the environmental chemistry and geochemistry to describe the fate of the toxicant in terms of
transport, distribution and exposure of toxicants.
3. Toxicological theory: Modelling the relationship between exposure to a
toxicant, toxicokinetics and behaviour of an individual.
4. Ecotoxicological theory: Modelling the effect of toxic stress on the individual, population and ecosystem level via bio-concentration (exclusively from water), bio-magnification (exclusively via food), and bioaccumulation (from water and food).
5. Risk assessment: Using the ecosystem, exposure and effect models to assess community/ecosystem consequences, e.g., extinction of one or more
populations.
In this Chapter we focus on point (4), where we use existing models for a
simple ecosystem (1), for the fate of the toxicant (2), and an exposure model
(3). It is also briefly discussed how the obtained results can be used for risk
assessment (5).
The dynamical behaviour of small-scale microbial food chains or aquatic
ecosystems, such as a system of nutrient, detritus, phytoplankton, zooplankton
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and fish, have been studied intensively in the literature (for instance DeAngelis,
1992). Generally each population is modelled by one or a few ode’s. Two
ingredients of these systems are state variables, such as nutrient, detritus,
biomass or energy content, and parameters, such as maximum ingestion rate,
assimilation efficiency, immigration or emigration rates, reproduction rate,
searching rate for food, handling time of prey, maintenance rate and mortality
rate. For the long-term dynamics important features of the ecosystem are
persistence of the structural composition of the ecosystem, and the dynamical
behaviour of the ecosystem, i.e., the occurrence of steady states, oscillations,
or chaos.
In an elementary ecological setting these parameters are species-specific
constants or, in the case of diurnal or seasonal forcing (for instance, light intensity), also depending explicitly on time. In a stressed system these parameters may, in turn, depend on external parameters, such as pH, temperature, or
rainfall. In the case of toxic stress, the subject of this Chapter, the population
parameters depend on the concentration of a toxicant in the water, which is a
state variable.
Toxicants are emitted and distributed into the ambient water. The transport of the toxicant is modelled by mass-balanced odes. Exposure of the organisms is by absorption from the water or via consumption of contaminated
food. The kinetics of the toxicant in the organism is modelled with a first order one-compartment model where two processes are involved, namely uptake
(from water and/or food) and elimination. The rates of these processes depend
on the internal and water concentration of the toxicant or contaminated food
availability (Kooijman and Bedaux, 1996). For each species-toxicant combination a concentration-effect relationship describes how the toxicant changes the
population parameters that determine the rate of physiologically processes.
These parameter changes in turn affect the functioning of the ecosystem (extinction of a population, or system destabilisation).
In this Chapter we analyse the lowest level of an aquatic ecosystem. The
model for the populations (e.g., bacteria or algae consumed by ciliates) that
compose the ecosystem is a simplified version of the deb model (Kooijman,
2000). The toxic effects on the population level are described by the debtox
approach for uni-cellular organisms with a simple life-history, namely propagation by binary fission (Kooijman and Bedaux, 1996). The effect module is
not based on parameters estimated from descriptive models, but on processbased models where physiological parameters depend on the internal toxicant
concentration. The possibly affected physiological processes (modes of action)
are assimilation, maintenance, growth and mortality, i.e., these processes can
be the targets of the toxicant. Here we describe the consequences on the
ecosystem behaviour, where nutrients and toxicant are supplied and removed
at a constant rate in a spatially homogeneous chemostat (Smith and Waltman,
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1994).
Bio-accumulation in food webs has also been studied by other authors
(Thomann and Connolly, 1984; Thomann and Mueller, 1987; Thomann, 1989;
Clark et al., 1990; Gobas, 1993; Calow et a., 1997; Traas et al., 2004a; Traas et
al, 2004b). In these papers the transfer of the toxicant through the ecosystem
is decoupled from dynamics of the ecosystem, by assuming the ecosystem
to be in an equilibrium. For the populations, the internal concentration is
assumed to be in equilibrium with the ambient concentration, that is, the
concentration ratio is constant. For the prey, where uptake is only from the
ambient water, this ratio is called the Bio-Concentration Factor (bcf). For the
predator, where intake of the toxicant is also via contaminated prey, it is named
Bio-Accumulation Factor (baf; Thomann, 1989). Hence, for each trophic
level there is an expression that links the two concentrations algebraically,
and no extra ode for the internal toxicant concentration is needed, while the
two exchange rates are replaced by a single bcf parameter. This simplifies
the analysis considerably. Besides the bcf, bmf and baf values, additional
information is needed on the dietary preference matrix, that fixes the feeding
relationships between the prey and predator populations in the ecosystem.
In this way, ecosystem dynamics and the fate of the toxicant are modelled
separately.
This Chapter is organised as follows. In Section 6.2, the modelling and
analysis approaches are introduced. Here we use an approach where ecological processes and the fate of the toxicant, as well as their interactions, are
modelled integratedly (Koelmans et al., 2001). The model for the nutrientprey system in the chemostat is formulated in Section 6.3. The model for
the unstressed system predicts simple dynamical behaviour, which is a stable
equilibrium under sufficient nutrient supply. In Section 6.4 we show, that under toxic stress, the model predicts bi-stability under certain environmental
conditions. In Section 6.5 the model for for the nutrient-prey-predator system is formulated. Expressions for the bcf, bmf and baf are derived. Two
situations are analysed in Section 6.6. In the first case, both the prey (via
water) and the predator (via water and food) population are affected by the
toxicant, for instance when the toxicant is a pesticide. In the second case only
the prey population is affected, for example when the toxicant is a bactericide
(antibiotical) or algicide (herbicide). In the latter case, the model predicts
that, after inoculation of the predator in the nutrient-prey system, a complete
system collapse is possible, whereby both predator and prey species go extinct.
In Section 6.7 we conclude that, due to the dynamics of the toxicant, there is
an extra removal mechanism from the reactor. Presence of the toxicant influences the growth of the populations, which in turn changes the uptake rate
of the toxicant by these populations. This feedback mechanism appears to be
crucial for the occurrence of more complex dynamics in stressed as compared
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Table 6.1:
State variables and control parameter set for nutrient–prey–
predator chemostat model. The environmental parameters, which can be
experimentally manipulated, are D ∈ (0, 0.5) h−1 , Nr ∈ (0, 150) mg dm−3
and cr ∈ (0, 9) µg dm−3 : m mass of toxicant, t time, v is dimension of the
volume of the reactor and V biovolume or biomass of organism.
Var.

Description

Dimension

N
R
P
cW
cR
cP

Nutrient mass density
Prey biomass density
Predator biomass density
Toxicant concentration in the water
Prey internal toxicant concentration
Predator internal toxicant concentration

V v−1
V v−1
V v−1
m v−1
m V−1
m V−1

Par.

Description

Dimension

D
Nr
cr

Dilution rate
Nutrient mass density
Toxicant concentration in influent

t−1
V v−1
m v−1

to unstressed ecosystems. Finally, in Section 6.8 a short summary is given of
the results in this Chapter.

6.2

Model formulations and analysis

Here, we consider a simple food chain model, consisting of a nutrient consumed
by a prey population, which in turn is consumed by a predator population.
This two-trophic level ecosystem exists in a chemostat. The resulting model
can also describe a simple ecosystem in a section of a river that is kept at
constant volume. Water with nutrients flows into the reactor at a given rate,
while water carrying organisms and nutrients flow out at the same rate. The
system is stressed by a toxicant that enters the reactor besides the nutrient.
We use the simplest possible formulation, where the state of each population
is described by its biomass only. The Marr-Pirt model (Pirt, 1965) is used,
which is appropriate for uni-cellular micro-organisms that propagate by binary
fission. A fixed portion of the ingested food is assimilated and the assimilates
are used for maintenance and growth. In this model the temporal changes of
these variables are mathematically given as a system of (odes).
One can get insight into the dynamics of a system and subsequently the
sublethal effects (e.g., extinction of a population or system destabilising) by
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running simulations. The initial value problem is solved with various initial
conditions or parameter settings. Plotting the time-courses for the population
biomasses is possible, but also trajectories in the state-space where one population biomass is plotted against another. This yields direct insight into the
long-term dynamics. Especially when there are multiple stable equilibria this
method is, however, cumbersome and time-consuming.
When the environmental conditions are constant or periodic in time, we
can apply a different and more sophisticated analysis method, namely bifurcation analysis. Based on principles from non-linear dynamic system theory,
bifurcation analysis focuses on the dependency of the long-term dynamical
behaviour on model parameters (Wiggins, 1990; Guckenheimer and Holmes,
1985; Kuznetsov, 2004. At least three different kinds of asymptotic behaviour
can occur: constant (equilibrium), periodic (limit cycle) and chaotic (sensitivity to initial conditions).
The results of a bifurcation analysis are generally presented in bifurcation
diagrams. In bifurcation diagrams the parameter space is divided into regions
with the same long-term dynamical behaviour. The chosen parameters are
called free or bifurcation parameters. In our case especially the chemostat
control parameters, the nutrient and toxicant input and dilution rate, are appropriate. In each point in the parameter space the same species composition
is considered, and only the interaction with the ambient water is changed.
Also toxicological parameters can be used as bifurcation parameters in order
to assess their consequences.
There is a class of bifurcations, called global bifurcations, that cannot
be deduced from local information (e.g., eigenvalues of the Jacobian matrix)
around the stationary solution. Examples are homoclinic and heterocline
point-to-point, point-to-cycle or cycle-to-cycle connections. We found homoclinic point-to-point bifurcation points for the toxic stressed nutrient-prey
system, and heteroclinic point-to-point bifurcation points in the nutrient-preypredator system.
Table 6.1 shows a list of the state variables and the control parameters. In
Table 6.2, we give the parameter values used in this study. The physiological
parameters are those for a bacterium-ciliate system and were also used for
various food web studies, see Kooi (2003) and reference therein.

6.3

Model for nutrient-prey system

In this Section we discuss the nutrient-prey chemostat model with and without
a toxicant.
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Table 6.2: Parameter set for bacterium-ciliate model. Ecological parameters
after Cunningham and Nisbet (1983): m mass of toxicant, t time, v is dimension of the volume of the reactor and V biovolume or biomass of organism.

µN R
IN R
kN R
kRu
kRa
mR0
cRM 0
cRM
bcfW R

Nutrient–Prey
Max. growth rate
Max. ingestion rate
Saturation constant
Uptake rate
Elimination rate
Maintenance rate coefficient
NoEffect Concentration (nec)
Tolerance concentration (ec50 − nec)
Bio-Concentration Factor

t−1
t−1
V v−1
v m−1 t−1
t−1
t−1
m V−1
m V−1
v V−1

0.5 h−1
1.25 h−1
8.0 mg dm−3
—
—
0.025 h−1
0.1 µ g mg−1
0.5 µg mg−1
1.0 dm3 mg−1

µRP
IRP
kRP
kP u

Prey–Predator
Max. growth rate
Max. ingestion rate
Saturation constant
Uptake rate

t−1
t−1
V v−1
v V−1 t−1

kP a

Elimination rate

t−1

mP 0
cP M 0
cP M
bcfW P
bafW P

Maintenance rate coefficient
No-Effect Concentration (nec)
Tolerance concentration (ec50 − nec)
Bio-Concentration Factor
Bio-Accumulation Factor

t−1
m V−1
m V−1
v V−1
v V−1

0.2 h−1
0.333 h−1
9.0 mg dm−3
10
dm3 mg−1 h−1
10
dm3 mg−1 h−1
0.01 h−1
0.1 µg mg−1
0.5 µg mg−1
1.0 dm3 mg−1
—
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6.3.1

Unstressed nutrient-population system

Let N (t) be the nutrient density and R(t) the biomass density of the population. Then the governing equations for the simple ecosystem are
N
dN
= (Nr − N )D − IN R
R,
dt
kN R + N

N
dR
= µN R
− D − mR0 R ,
dt
kN R + N

(6.1a)
(6.1b)

identical to Kooi (2003). The two control parameters that can be experimentally manipulated are the dilution (flow-through) rate D, the fraction of the
volume replaced per unit of time, and the nutrient density Nr in the inflow.
The influx of nutrient, DNr , the outflow of nutrient, DN , and the outflow of
the population, DR, are the terms that model the interaction of the population
with the environment.
The consumption of the nutrient by the population is modelled with a
Holling type II functional response (Holling, 1959), that includes the maximum
ingestion rate IN R , the maximum growth rate µN R (the ratio of the growth
rate and ingestion rate is called the assimilation efficiency in ecology or yield
in microbiology), and the saturation constant kN R . These three parameters
are fixed for a specific prey-nutrient combination, indicated by the double
subscript of the variables. The parameter mR0 is the maintenance rate and
models a reduction of the growth rate due to overhead costs, related to keeping
the organism alive. These costs are assumed to be proportional to the biomass
density of the prey R.

6.3.2

Stressed nutrient-population system

Let cW (t) be the ambient water concentration of the toxicant in the reactor,
and cr the constant concentration of the toxicant in the inflow. The dynamics
of the toxicant are described by the following mass-balance equation

d(cW + cR R)
= cr − (cW + cR R) D ,
dt

(6.2)

where we make the reasonable assumption that the volume of the reactor
is constant. The toxicant enters the reactor via the inlet with a concentration
cr , in a similar way as the nutrients (the term Nr D in (6.1a)). The internal
concentration of the toxicant is denoted by cR (concentration with respect to
the biomass R). The rate at which the toxicant leaves the reactor consists of
two terms, namely transport of the dissolved toxicant in the reactor, cW D,
and the toxicant absorbed by the population, cR RD.
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The one-compartment model for the internal toxicant concentration reads



dcR
N
1 dR
= kRu cW − kRa cR − (IN R − µN R )
+ D + mR (cR ) +
cR ,
dt
kN R + N
R dt
(6.3)
where the last term is due to dilution by growth.
Equivalently, the dynamics of the exchange of the toxicant between the
prey and its ambient water are described by a mass balance model for the total
toxicant content in the population as the product of internal concentration cR ,
and the biomass density R. Using the product rule we obtain



N
dcR R
= (kRu cW − kRa cR )R − (IN R − µN R )
+ D + mR (cR ) cR R ,
dt
kN R + N
(6.4)
where the first term on the right-hand side is the exchange between the water and the organisms, and the second term is the flux of the toxicant into
the organisms that leave the reactor and the flux egested by the organisms
as assimilation and maintenance products. The diffusion transport fluxes are
proportional to the area of the surfaces summed over all organisms. We assume that the surface (e.g., outer membrane) of the organisms is proportional
to their volume. The same holds at the population level. For organisms that
propagate by division this is justified. This means that the surface area to volume ratio is included in the uptake and elimination rate constants. Furthermore, the toxicant is absorbed into the assimilation and maintenance products
and egested into the reactor as dissolved toxicant.
The exchange of the toxicant between the water and the organisms is assumed to be much faster than the other biological processes, including dilution,
assimilation, growth and maintenance. Due to the small size and large area to
volume ratio for phyto- and zooplankton, it is assumed that the uptake and
elimination of toxicants predominate the exchange between the organism and
the water (Gobas, 1993). As in Hallam et al. (1993), for a Daphnia population it is assumed that the characteristic time for the internal distribution is
short compared to the characteristic time for exchange with the water. We
rewrite the system as a singular perturbation problem, where κa = εkRa and
κu = εkRu , with τ = t/ε
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N
dcR R
= (κu cW − κa cR )R − ε (IN R − µN R )
+ D + mR (cR ) cR R ,
dt
kN R + N
(6.5a)

dcW
= −(κu cW − κa cR )R + ε (cr − cW )D + mR (cR )cR R ,
(6.5b)
dτ

where time scale separation occurs when ε ≪ 1.
At the fast time scale we have the sub-model where ε → 0
dcR R
= (κu cW − κa cR )R ,
dτ
dcW
= −(κu cW − κa cR )R ,
dτ

(6.6a)
(6.6b)

where we used (6.2) and (6.4). In equilibrium we obtain
0 = κu c∗W − κa c∗R ,

(6.7)

which gives in turn the quasi-steady state
c∗
κu
kRu
=
= ∗R = bcfW R ,
kRa
κa
cW

(6.8)

where the Bio-Concentration Factor for the population (bcfW R ) is the ratio of the internal toxicant concentration (with respect to the biomass density
of the population) and the external toxicant concentration (with respect to
the reactor volume). This relationship is now also used in non-equilibrium
situations on the slow time scale.
We can now introduce the total toxicant concentration in the reactor cT .
The set of governing equations then becomes
dN
N
= (Nr − N )D − IN R
R,
dt
kN R + N

N
dR
= µN R (cR )
− (D − mR (cR )) R ,
dt
kN R + N
dcT
= (cr − cT )D ,
dt
where cT = cW + cR R = cW (1 + bcfW R R).
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(6.9a)
(6.9b)
(6.9c)

The effect of the toxicant on the physiology of the populations is modelled
as a dependency of physiological parameters, such as growth rate and maintenance rate, on the toxicant concentration. In Kooijman and Bedaux (1996)
the following expressions are proposed

(cR − cRM 0 )+
,
mR (cR ) = mR0 1 +
cRM


(cR − cRG0 )+ −1
µN R (cR ) = µN R0 1 +
,
cRG


(6.10a)
(6.10b)

where the subscript + operator is defined as x+ = max(0, x), which is a
non-smooth switch function. The parameter mR0 is the maintenance rate
coefficient of the unstressed system (cr = 0). The toxicological parameters are
the no-effect concentration (nec), a threshold concentration for the onset of
effects, and cRM , the tolerance concentration for maintenance. Observe that
Kooijman and Bedaux (1996) based these two parameters on the external
concentrations (per volume of the reactor), and not the internal concentration
(per biomass density), as is done here. Similarly, when the growth process is
the mode of action, we have the equivalent parameters cRG0 and cRG .
To calculate cR (t), we use
cT
,
1 + bcfW R R
bcfW R cT
cR =
,
1 + bcfW R R

cW =

(6.11a)
(6.11b)

where t ≥ 0 depends on the two state variables cT (t) and R(t). The expression
(6.11) is substituted into(6.10a) which, in turn, is substituted into (6.9b).

6.4

Analysis of the nutrient-prey system

To apply bifurcation analysis, we first need the system’s equilibria. Equilibria
of a system are fixed by the requirement that the time derivatives of the
state variable are zero. Let equilibrium values N ∗ and R∗ denote a possible
solution. The equation for the dynamics of the toxicant concentration (6.11)
gives in equilibrium situation c∗T = c∗R (1 + bcfW R R∗ )/bcfW R . Depending on
the environmental conditions, there will be one equilibrium E1 , or multiple
positive equilibria E1 , E2 , where N ∗ < Nr , R∗ > 0, c∗W < cr . Besides these
equilibria there is a trivial solution E0 = (Nr , 0, cr ).
For the following analyses the relevant bifurcation types and their descriptions are characterised in Table 6.3.
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Table 6.3: List of bifurcations, codim-one curves and codim-two points (for
two-parameter bifurcation diagrams). The eigenvalues are of the Jacobian matrix evaluated at the equilibrium. The Floquet multipliers of the Monodromy
matrix evaluated at a point on the limit cycle. See also Kuznetsov (2004) for
theoretical consideration.
Bif.
±
T Ca,i

Hi±

T1
G=

G6=

BT ±
B

N

M

Description
Codim-one curves
Transcritical bifurcation: − supercritical, + subcritical;
a = e or empty equilibrium : zero eigenvalue
a = c limit cycle: Floquet multiplier equal one
i = 1: invasion by population prey, i = 2: invasion by predator
Hopf bifurcation: − supercritical, + subcritical ;
zero real parts of pair of conjugate eigenvalues
i = 1: nutrient–prey system becomes unstable,
i = 2: nutrient–prey–predator system becomes unstable,
origin of stable (supercritical) or unstable (subcritical) limit
cycle
Tangent bifurcation for equilibrium: zero eigenvalue
Homoclinic bifurcation;
global bifurcation for connection of equilibrium with itself
of nutrient–prey system
Heteroclinic bifurcation;
global bifurcation for connection between two saddle equilibria
of nutrient–prey–predator system
Codim-two points
Bogdanov-Takens bifurcation point;
global homoclinic cycle originates form this point
Bautin bifurcation point;
transition from sub- to supercritical Hopf bifurcation
origin of tangent limit cycle
Transition from sub- to supercritical transcritical bifurcation
tangent bifurcation curve originates
on boundary of region of bi-stability
Intersection of Hopf and transcritical bifurcation curves for
equilibria
origin transcritical bifurcation for limit cycle curve
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Figure 6.1: A two-parameter bifurcation diagram with nutrient inflow Nr and dilution rate D as free parameters for the population without toxicity stress (cr = 0)
in the chemostat system, Eqn. (6.1), with nutrient inflow Nr and dilution rate D as
free parameters. The dashed curve is the transcritical bifurcation curve T C1− . For
dilution rates above this curve there is wash-out. Below the transcritical bifurcation
curve the population can invade a nutrient system and establish at a stable positive
equilibrium.

6.4.1

Unstressed nutrient-prey system

For the unstressed system (6.1) the two-parameter bifurcation diagram is
shown in Fig. 6.1, where the environmental parameters Nr and D are the
bifurcation parameters. Two regions can be distinguished in the bifurcation
diagram, that are separated by a transcritical bifurcation T C1− . In the upper
region the population cannot establish itself (equilibrium E0 , where R∗ = 0),
for instance because the dilution rate is larger than the maximum growth rate
of the population (D > µN R ). In the lower region the population establishes
itself (equilibrium E1 , where R∗ > 0).
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Figure 6.2: A two-parameter bifurcation diagram with nutrient inflow Nr and dilution rate D as free parameters for the population with toxicity stress in the chemostat
system Eqn. (6.9), where cr = 1. The thin curve labelled cr = 1 was already shown in
Fig. 6.1 and is plotted here for reference. Dashed curves are transcritical bifurcation
curves T C1± , and the dot-dashed curve is the tangent bifurcations T1 . At point N the
tangent curve T1 originates, and the transcritical bifurcation changes from supercritical T C1− to subcritical T C1+ . Wash-out occurs for dilution rates above the tangent
curve T1 . Below the transcritical bifurcation curve the population can invade a virgin
system and establish at a stable positive equilibrium. Between the two curves T1 and
T C1− there is bi-stability (see text).
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Local stability analysis of the positive equilibrium gives the long-term dynamics when the initial values for the state variables, N (0) and R(0), are in
the vicinity of the equilibrium. Calculations show that it is also globally stable
(Smith and Waltman, 1994), that is, for all positive initial values, N (0) > 0,
R(0) > 0, there is convergence to the stable equilibrium. This property makes
the chemostat a popular experimental apparatus for growth of populations of
uni-cellular organisms.

6.4.2

Stressed nutrient-prey-toxicant system

The stressed case, where the toxicant concentrations are considered, is represented by Eqn. (6.9), with
cT (t) = (cT (0) − cr ) exp(−Dt) + cr ,

(6.12)

which is the analytical solution of Equation (6.9c) with cr > 0.
Substitution of this expression into the two-dimensional ecosystem with
state variables N (t) (6.9a) and R(t) (6.9b) yields a non-autonomous system.
For the asymptotic dynamics it suffices to study the autonomous system, where
in Eqn. (6.9a)-(6.9b) cT = cr is substituted (see Smith and Waltman, 1994).
The bifurcation diagram for cr = 1 is shown in Fig. 6.2. In a toxicly stressed
system there is a point N on the transcritical bifurcation curve, where a socalled tangent bifurcation curve T1 emanates from. Below point N at the curve
T C1− the situation is the same as in the unstressed system. However, above
point N , in the parameter region enclosed by T1 and T C1+ , there is a different
kind of behaviour, namely bistability. There are the trivial equilibrium E0
and equilibrium E1 , which are both stable and are both attractors, while the
stable manifold of a third saddle equilibrium E2 functions as a separatrix of
the two basins of attraction for the two equilibria, respectively. The initial
values of the variables determine to which of the two attractors the system
converges.
The bistability disappears at one side at the transcritical bifurcation T C1+ ,
because one of the attracting equilibria disappears. The system then always
converges to the positive attractor. At the other side, at the tangent bifurcation T1 , the bistability is lost together with the non-trivial attractor, since
the positive equilibrium E1 collides with the saddle equilibrium E2 , and they
both disappear. Only the trivial equilibrium E0 remains, which means that in
the region of the diagram above the tangent curve the population always goes
extinct. This is illustrated in Fig. 6.3, a one-parameter bifurcation diagram
for Nr = 150 and cr = 1, with D the free parameter.
We conclude that the transcritical bifurcation curve in Fig. 6.2 changes
character at point N , from supercritical (T C1− ) below N to subcritical (T C1+ )
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above N , while N is the origin for the tangent bifurcation T1 . Furthermore,
the reduction of the dimension of the system by taking CT = cr holds for
the analysis of the stability of the equilibria, but not when global aspects are
involved, for instance, when one wants to determine to which equilibrium the
system will converge when there are multiple equilibria.
Now we discuss the effect for higher toxicological loading (cr > 1). The
region in the parameter space where bi-stability occurs grows with increasing
cr . For higher toxicant stress-levels more complex bifurcation patterns occur
(see Fig. 6.4, where cr = 9). There is a supercritical Hopf bifurcation, denoted by H1− . We saw already that the system is essentially two-dimensional.
With systems of dimension higher than one, oscillatory dynamics can occur,
that is, the equilibrium is stable, but it can be a so-called spiral-node, where
convergence to the equilibrium points is oscillatory instead of monotonous.
More importantly, the equilibrium point can become unstable, where the orbit spirals away from the equilibrium point after a small perturbation. In this
situation there can be a stable limit cycle, where the solution is periodic, and
the orbit in the state-space converges to a closed orbit, called a limit cycle.
On the tangent bifurcation curve T1 there are two Bogdanov-Takens points,
denoted by BT + and BT − . For a more detailed discussion of the BogdanovTakens bifurcation point in ecological models, we refer to Bazykin (1998) and
Baer et al. (2006). Here we discuss only phenomena important for the understanding of the effects of toxic stress on the functioning of an ecosystem.
From the BT + point, a subcritical Hopf bifurcation curve H1+ emanates.
This Hopf bifurcation becomes supercritical at the Bautin bifurcation curve
B. In the two-parameter diagram Fig. 6.4 also a curve G= originates from
the point BT + . HomCont (Doedel et al., 1997, Chapter 16), part of the
computer package auto, can be used to continue this homoclinic cycle global
bifurcation curve. The global bifurcation curve, which emanates from the
BT − -point, is shown in Fig. 6.4, bottom panel.
Figs. 6.5 and 6.6 are one-parameter diagrams for cr = 9 and Nr = 150.
With higher dilution rates there is bi-stability, with two stable equilibria and
one saddle equilibrium, similar to the situation in Fig. 6.3, where cr = 1. For
low dilution rates, below the Hopf bifurcation curve H1− , the equilibrium E1 is
unstable, and a stable limit cycle exists, of which the extrema are depicted in
Fig. 6.6. The amplitude of the limit cycle increases very fast when decreasing
D. Simultaneously, the period of the stable limit cycle increases, while the
orbit stays close to the saddle equilibrium E2 for long episodes. At the critical
point G= the cycle, now called a homoclinic cycle, touches the intermediate
equilibrium E2 , breaks up, and disappears suddenly. For D values below this
point the stable manifold of the saddle equilibrium E2 loses its separation
function, and the stable trivial equilibrium E0 becomes the global attractor.
Hence, below G= there is always extinction.
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Figure 6.3: A one-parameter bifurcation diagram with dilution rate D as free parameter, for the population with toxicity stress in the chemostat system Eqn. (6.9), where
Nr = 150 and cr = 1. Solid curves are stable equilibria E0 , E1 and dashed curves
E2 . Point T1 is the tangent bifurcation, T C1+ the subcritical transcritical bifurcation.
Between the two points T1 and T C1+ there is bi-stability.
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Decreasing the dilution rate further, the zero stable E0 and the saddle
positive equilibrium E2 change stability at the subcritical transcritical bifurcation T C1+ . For dilution rates in the range below G= there is a stable limit
cycle, associated with the Hopf bifurcation and the homoclinic point-to-point
bifurcation, both emanating from the BT − -point. A detailed discussion of
this long-term behaviour is given by Baer et al. (2006).

6.5

Model for nutrient-prey-predator system

We formulate two models for the stressed nutrient–prey–predator system,
where toxicant uptake by prey and predator is from water (bio-concentration),
and for the predator from water and food (bio-accumulation). The state variables are again the nutrient density N (t), the biomass density of the prey
R(t), the total toxicant content cT (t), and additionally the biomass density
of the predator P (t), which consumes the prey population. In one scenario
the toxicant affects both populations, while in the other scenario it affects the
prey population, but is has no effect on the predator population.
The motivation to study these two cases comes from the experimental results obtained by M. Liebig (personal communication with B.W.K.). In a
closed system, single species tests with the mixotrophic phytoflagellate Cryptomonas sp. and the planktonic ciliate Urotricha furcata and multi-species,
where ciliates consume flagellates, were performed. Two toxicants were used:
parathion-methyl (an insecticide) and prometryn (a herbicide). Parathionmethyl had an effect on both the flagellate and the ciliate population at the low
mg/L concentration range, independently whether the organisms were exposed
in the single-species or multi-species test system (first scenario). Promethyn
had an effect on the flagellate population in the single- and multi-species test
at the low mg/L concentration range. Ciliates were affected only in the singlespecies test at the mg/L range (second scenario).

6.5.1

Stressed system: both populations affected by toxicant

The maintenance process of the prey and predator populations are both affected by the toxicant. The maintenance rate now depends on the toxicant
concentration cP as

mP (cP ) = mP 0 1 +

(cP − cP M 0 )+ 
,
cP M

while for the prey population it is given by Eqn. (6.10a).

177

(6.13)

T C1+ H1−

T1

50

R

40
E1

30
20
10

E2
E2

150:0

E0
E0

100
N

E1
50

9:0
E0

c

6

3

E2
E1

0
0

0.1

0.2

0.3

0.4

0.5

D

Figure 6.5: A one-parameter bifurcation diagram with dilution rate D as free parameter, for the population with toxicity stress in the chemostat system Eqn. (6.9),
where Nr = 150 and cr = 9. Solid curves are stable equilibria E0 , E1 or extreme
values of the limit cycles, and dashed curves are unstable equilibria E2 . Point T1
is the tangent bifurcation, T C1+ the subcritical transcritical bifurcation and H1− the
supercritical Hopf bifurcation. A detail for small dilution rates D is given in Fig.6.6.
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The governing set of equations with state variables N , R, P and cP , becomes

dN
dt
dR
dt
dP
dt
dcP P
dt
dcT
dt

= (Nr − N )D − IN R

N
R,
kN R + N

(6.14a)


N
R
− (D + mR (cR )) R − IRP
P ,
(6.14b)
kN R + N
kRP + R

R
= µRP
− (D + mP (cP )) P ,
(6.14c)
kRP + R



(IRP − µRP ) R
= kP u cW − kP a cP P + cR −
cP P , (6.14d)
kRP + D + mP (cP )
= µN R

= (cr − cT )D ,

(6.14e)

where cT = cW + cR R + cP P . The ode (6.14c) describes the dynamics of
the predator population. Compared to the model for the nutrient-prey system (6.9) there is an additional predation term in (6.14b). Uptake of toxicants
by the predator is from the water and the consumed contaminated prey.
Equation (6.14d) has three terms. The first term on the right-hand side
models the exchange rate of the toxicant from the water. The second term
models the uptake rate from the contaminated prey. It is the product of the internal toxicant concentration in the prey cR and the assimilated prey per unit
of time. Here we assume that the efficiency for intake of the toxicant equals
the assimilation efficiency for the prey (µRP /IN R ), and that no biotransformation takes place. The third term is the internal toxicant concentration in the
predator cP times the removal rate of the toxicant, absorbed in the washed-out
predator biomass, plus the egested rate of assimilation and by-products into
the reactor.
The one-compartment model for the internal toxicant concentration for
the prey and predator populations are, using (6.3) and (6.14)



P
1 dR
dcR
= kRu cW − D + mR (cR ) + IRP
+
cR ,
(6.15a)
dt
kRP + R R dt


dcP
µRP R cR
1 dP
= kP u cW − kP a c + P +
− D + mP (cP ) +
cP ,
dt
kRP + R
P dt
(6.15b)
and at equilibrium, and using (6.14b) and (6.14c), we obtain
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µN R N
IRP P ∗
+ D + mR (cR ) +
c∗ ,
kN R + N
kRP + R∗ R
(6.16a)


(IRP − µRP )R
+ D + mP (cP ) c∗P .
= kP a c∗P +
kRP + R
(6.16b)

kRu c∗W = kRa c∗R +

kP u c∗W +

µRP R∗ c∗R
kRP + R∗



We define the following bio-concentration and bio-magnification factors for
both populations
kRu
,
kRa + IN R ((N ∗ )/(kN R + N ∗ ))
kP u
,
=
kP a + IRP ((R∗ )/(kRP + R∗ ))
µRP (R∗ )/(kRP + R∗ )
=
.
kP a + IRP ((R∗ )/(kRP + R∗ ))

BCFW R =

(6.17a)

BCFW P

(6.17b)

BM FRP

(6.17c)

The bio-accumulation factor for the predator population is defined as

BAFW P = BCFW P + BCFW R BM FRP ,

(6.18)

c∗R = BCFW R c∗W ,

(6.19a)

c∗P

(6.19b)

which yields

=

BAFW P c∗W

,

where we also assume for the predator population that the uptake and elimination rates are much faster than other conversion rates. Then the bioconcentration factor (bcf), as given in (6.8), BCFW R = kRu /kRa , and a
similar expression for the predator, BCFW P = kP u /kP a , apply. The total
toxicant concentration cT (t) becomes

cT (t) = cW (t)(1 + BCFW R R(t) + BCFW P P (t)) .

(6.20)

In summary, the food chain model where both prey and predator populations are affected by the toxicant consists of Eqn. (6.14a), (6.14b), (6.14c),
and (6.20).
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6.5.2

Stressed system: predator unaffected by toxicant

We assume now that the toxicant in the prey population is not taken up by
the predator population. Then the mass-balance equations read
dN
dt
dR
dt
dP
dt
dcT
dt

= (Nr − N )D − IN R

N
R,
kN R + N


N
R
− (D + mR (cR )) R − IRP
P ,
kN R + N
kRP + R

R
= µRP
− (D + mP 0 ) P ,
kRP + R
= µN R

= (cr − cT )D ,

(6.21a)
(6.21b)
(6.21c)
(6.21d)

where cT = cW (1 + BCFW R R).
This set of odes reduces to the unstressed system, without the ode that
describes the dynamics of the total toxicant concentration in the reactor cT ,
and the toxicant does not affect the maintenance rate of the prey population, mR (cR ) = mR0 . Note that for the predator population we have always
mP (cP ) = mP 0 , which is a species-specific parameter. When P = 0, it reduces
to the stressed nutrient-prey system (6.9).

6.6

Analysis of nutrient-prey-predator system

First we analyse the unstressed predator-prey system. Thereafter, the two
stressed systems are analysed. In the first system both prey (via water) and
predator (via water and food) populations are affected by the toxicant (herbicide or pesticide). In the second system, the toxicant (bactericide or algicide)
only affects the prey population.

6.6.1

Unstressed nutrient-prey-predator system

For the unstressed nutrient-prey-predator system, Eqn. (6.21) but without
toxicant and substituting mR (cR ) = mR0 , the bifurcation diagram has been
discussed in an earlier paper by Kooi et al. (1998) as part of a food chain with
a top-predator. Figure 6.7 shows the bifurcation diagram with Nr and D as
bifurcation parameters.
The transcritical bifurcation curve T C1− is the same curve shown in diagram Fig. 6.1 for the nutrient-prey system. Bifurcation curves of the nutrientprey system are also relevant for the nutrient-prey-predator ecosystem, when
after a predator population is inoculated in the nutrient-prey system, the
predator is not able to invade. On the other hand, when the predator can
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Figure 6.7: A two-parameter bifurcation diagram with nutrient inflow Nr and dilution rate D as free parameters for the unstressed ecosystem Eqn. (6.21a, 6.21b, 6.21c),
with mR (cR ) = mR0 , consisting of nutrient, prey and predator. Dashed curves T C1−
and T C2− are transcritical bifurcations, the dotted curve is the Hopf bifurcation curve
H2− .

invade, the nutrient-prey bifurcation curve loses its relevance. This is the case
for the region on the right-hand side of the transcritical bifurcation curve T C2−
in Fig. 6.7, where the subscript 2 indicates that the predator population is involved. At this curve both the biomass and the growth rate of the predator
population equal zero, that is, both factors on the right-hand side of (6.21c)
are zero, resulting in a zero eigenvalue of the Jacobian matrix evaluated at
that equilibrium point. Fig. 6.8 shows the one-parameter diagram where the
equilibrium values for the four state variables cW , N , C and P are depicted
with bifurcation parameter Nr , where D is kept constant at D = 0.02. For
low values of the nutrient input Nr only the nutrient is present. Between the
points T C1− and T C2− the prey population can persist, R∗ > 0, but the predator cannot invade and its equilibrium biomass is zero. For Nr -values above
T C2− an interior equilibrium with P ∗ > 0 exists.
When Nr is increased further (an event often referred to as nutrient enrichment) the system becomes unstable at a Hopf bifurcation, denoted by H2− .
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Figure 6.8: A one-parameter bifurcation diagram with nutrient level Nr as free parameter, for a predator-prey system Eqn. (6.21a, 6.21b, 6.21c), consisting of nutrient,
prey and predator. The stationary biomasses of the nutrient N , prey R and predator
P are depicted as a function of the nutrient level Nr . For high nutrient levels above
H2− the system oscillates with extrema indicated. Only stable stationary states are
shown.

Above the H2− there is a stable limit cycle, and in Fig. 6.8 the extreme values
during such a cycle are depicted. The phenomenon that under nutrient enrichment a system starts to oscillate is known as the “paradox of enrichment”
(Rosenzweig, 1971, and see Chapters 1 and 2).

6.6.2

Stressed system: both populations affected by toxicant

In this subsection the toxicant affects the prey and predator maintenance
processes. The dynamics are described by ode system (6.14). The calculated
two-parameter bifurcation diagram, with Nr and D as bifurcation parameters,
is shown in Fig. 6.9, where cr = 9. Compared to the unstressed system, the
transcritical bifurcation T C1− of Fig. 6.1 is replaced by the tangent bifurcation
curve T and those bifurcation curves emanating from the Bogdanov-Takens
bifurcation point BT + , for instance the Hopf bifurcation curve H1− (Fig. 6.4
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Figure 6.9: A two-parameter bifurcation diagram with nutrient inflow Nr and dilution rate D as free parameters for the ecosystem Eqn. (6.14) with cr = 9 where
both population suffer from the toxicant. Dashed lines are transcritical bifurcations
and dotted-dashed lines the tangent bifurcation. The predator is involved in bifurcation points on the following curves: Hopf bifurcation curve H2− and transcritical
−
bifurcation T Ce,2
. The bifurcation diagram for the nutrient–prey system are shown
in Fig. 6.4.
for the stressed nutrient-prey system).
The pattern of the bifurcations associated with stationary solutions with
positive predator biomasses resembles that of the unstressed system Fig. 6.7.
With enrichment, first the predator can invade, and for higher nutrient input
concentrations above the Hopf bifurcation curve H2− the system oscillates.

6.6.3

Stressed system: predator unaffected by toxicant

The Hopf bifurcation curve H2− now intersects the Hopf bifurcation curve
−
H1− and the transcritical bifurcation T Ce,2
in a codim-two point M . The
extra subscript e indicates that it is related to an equilibrium. On the righthand side of the Hopf bifurcation curve H2− the nutrient-prey-predator system
oscillates. Below curve H1− also the nutrient-prey system oscillates. Therefore
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Figure 6.10: A two-parameter bifurcation diagram with nutrient inflow Nr and dilution rate D as free parameters for the stressed ecosystem Eqn. (6.21), with cr = 9,
where only the prey population suffers from the toxicant. Dashed curves are transcritical bifurcations, and dotted-dashed curves are the tangent bifurcations. The
predator is involved in bifurcation points on the following curves: Hopf bifurcation
−
curve H2− , transcritical bifurcation for invasion via equilibrium T Ce,2
, transcritical
−
bifurcation for invasion via a limit cycle T Cc,2 , and heteroclinic connection: global
bifurcation curve G6= . The bifurcation diagram for the nutrient-prey system is shown
in Fig. 6.4.
invasion of the predator occurs via a limit cycle, which is stable considered
as part of a nutrient-prey system, but unstable when a predator can invade.
The point where the invasibility changes is a transcritical bifurcation, but
−
now for a cycle, and is indicated in Fig. 6.10 by T Cc,2
. Below this curve the
nutrient–prey–predator system cannot exist, and in that region of the diagram
the curves and points shown in Fig. 6.4 for the nutrient–prey system apply.
In Fig. 6.10, a global bifurcation curve G6= , continued with HomCont
(Doedel et al., 1997, Chapter 16; but one can also use the techniques developed
in Chapter 3), forms the boundary of the region where the system possesses
a stable limit cycle. This is a so-called heteroclinic cycle, which connects two
saddle equilibria where the predator is absent.
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Figure 6.11: A one-parameter bifurcation diagram with dilution rate D as free parameter for the stressed system Eqn. (6.21), where Nr = 150 and cr = 9, and where
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or extreme values of stable limit cycles, and dashed curves unstable ones. Observe
+
that T Ce2
is irrelevant, since just below H1− the prey population goes extinct and no
invasion of the predator is possible.
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With Nr = 150, and starting from the Hopf bifurcation curve H2− and
lowering the dilution rate D, the period of the stable limit cycle goes to infinity,
and the cycle tends to the heteroclinic cycle. This is illustrated in Fig. 6.11.
At this global bifurcation point the limit cycle breaks. As a result, it becomes
possible that a stable nutrient-prey system becomes unstable by invasion of
a predator, and eventually the predator goes extinct together with the prey
population, that is, the complete ecosystem is destroyed. This is a form over
over-exploitation as discussed in Chapter 3. This holds for the parameter
−
range between G6= and the transcritical bifurcation T C2,e
.

6.7

Discussion

For an overview of different mathematical model formulations of unstressed
ecosystems and their analyses, the reader may consult Kooi (2003), and references therein. In this Chapter we focus on the sublethal effects of a toxicant on
the ecosystem structure and functioning. Important effects are extinction of
species, invadability by a species from a neighbourhood, the different population abundances, and the long-term dynamics (stable equilibrium, oscillatory
or chaotic behaviour).
We can compare the bcf, bmf and baf formulations (6.17) and (6.18) with
formulations in the literature, used for bio-accumulation in food web studies
(Thomann, 1989; Gobas, 1993; Campfens and MacKay, 1997; Traas et al,
2004b). In most classical approaches, ecological and toxicological stressors are
treated separately. The expression for the BCFW R in 6.17a resembles Eq. (11)
in Thomann (1989) or Eq. (4) in Gobas (1993), the derived expression for
bafW P in (6.18) resembles Eq. (15a) in Thomann (1989), and the expression
for the equilibrium of the internal toxicant concentrations c∗R and c∗P in (6.19)
resembles Eq. (8) in Traas et al. (2004b) in the case of a food chain. For the
analysis of food webs, besides the bmf and baf-values, the dietary preference
matrix, that fixes the feeding relationships, is needed to model the transport
of the toxicant in the contaminated food through the system (see for instance
Campfens and MacKay, 1997; Traas et al., 2004b).
The formulation of the exchange of the toxicant with the water is equivalent
to that in Hallam et al. (1993), Barber et al. (1988), and Barber (2003). In
these papers, a mass-balance equation for the total amount of toxicant in an
individual fish is the starting point. The model for the conductance of the
toxicant through the exposed membrane is based on physiological processes,
employing fluid flow characteristic parameters as well as diffusion. For the
application of the that model for Daphnia only diffusion through the carapace
is assumed. Later, in Barber et al. (1988), the concentration-based equation
is derived, whereby a dilution term appears naturally. Here the starting point
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is diffusion, and toxicant concentrations are the state variables to model this
process, including the dilution term (the last term of Eq. (6.3)). Then the
mass-balanced equation is derived in (6.4).
The formulation of the dilution-by-growth term in Eq. (6.3) resembles that
of Eq. (24) in Clark et al. (1990), but observe that their formulation is for
the individual fish, while here it is formulated on the population level. In our
unstructured population model formulation we cannot distinguish between
the individuals, only entities of the total number of individuals that compose
the population numbers. Individuals that propagate by binary fission never
reach equilibrium, instead they grow and divide at a threshold size into two
newborns, but the population can reach an equilibrium. On the other hand,
the population parameters entail individual characteristics. In our formulation the population-based removal term from the reactor, D, appears together
with the individual-based egestion rates for the products formed in physiological processes. In deriving Eqn. (6.17) from (6.15) the equilibrium conditions
are used, and this results in an ingestion term in the denominator of the expressions besides the elimination rate. When food is abundant the functional
response is almost 1, and bio-factors become independent of the equilibrium
abundances. This often applies for single-species experiments, but generally
not for applications. In many papers, for instance Gobas (1993), dilution by
growth is taken as a positive constant. In Clark et al. (1990), the notion
pseudo-steady state is introduced to describe that no true equilibrium can be
achieved while growth occurs.
For the simple ecosystems studied here, we found that toxicants can have
large consequences for the long-term dynamical behaviour. When the maintenance process is the mode of action, the per capita maintenance rate coefficient is not constant anymore, but increases with the internal toxicant
concentration. The concentration of the internal toxicant depends on the toxicant concentration in the water, which is in turn linked to the dynamics of
the biomass of the population, since removal of the toxicant is partly via the
biomass that leaves the reactor with the dilution. This is a feedback mechanism, due to which the repertoire of the dynamical behaviour of the stressed
system is much more diverse, for instance, bi-stability, cyclic behaviour and
global bifurcations can occur.
Bi-stability of the nutrient-prey system can be the result of various mechanisms, for instance the Allee-effect (Allee, 1931; Chapter 3). When a population is subject to an Allee effect, an predator invasion can lead to the
collapse of the complete system under certain circumstances (see for instance
Bazykin, 1998; Kent et al., 2003). Here we show that mathematically a heteroclinic bifurcation is associated with this biological phenomenon. Similarly, we
found this phenomenon for the stressed nutrient-prey-predator system when
the toxicant affects only the population. When the toxicant affects both pop189

ulations, toxic effects on the predator retard its growth, and this prevents
over-exploitation of the nutrient-prey system. As a result, the size of the region in the diagram 6.9 with a stable equilibrium is much larger than when
only the prey population is affected (see Fig. 6.10).
When the toxicant is a reactant in a chemical reaction within the organism,
the compartment model for the uptake and elimination of the toxicant has
to be adapted. As an example we mention the possibility that the kinetics
of the reaction itself have to be taken into account, or the concentration of
an enzyme that controls the reaction has to be considered. This can occur
in biotransformation, the processes by which chemicals are altered by the
organism, usually with the intention to increase their elimination rate. As a
side-effect on bio-activation, the production of reactive metabolites , that are
more toxic than the parent compound, can occur.
In Hallam et al. (1993), the step from individual to a Daphnia population
is formulated and analysed. For the age- and size-structured population the
so-called McKendrick-Von Foerster model is used. This is a partial differential
equation (pde) where food is kept constant. The use of this model for populations at different trophic levels of an ecosystem is problematic due to trophic
interactions. Also in Hallam et al. (1993), an alternative relationship and its
effect on the growth rate is formulated, which is a hyperbolic function of the
internal concentration with three parameters. For a Daphnia population these
parameters are based on quantitative structure-activity relationships (qsar’s).
Similar to (6.10b), there is a threshold concentration for the onset of effects,
which is calculated from the no-observed-effect-level (noec). The remaining
two parameters are computed from are computed from the ec50 for growth,
and the mortality concentration lc50. Thus, these parameter values are based
on descriptive parameters. For estimation of the debtox toxic effect parameters (6.10), time series of experimental data for aquatic bioassays are used,
where a range of toxic stress levels and food availability levels are applied.
The toxic effect parameters are estimated simultaneously with the ecological
model parameters.
Comparison of the calculated bifurcation diagrams for different toxic stress
levels yield important information about the toxic effects on the functioning
of the ecosystem. Consider the unstressed system, whereby the environmental
conditions are given (fixed Nr and D). Let us assume that this point in parameter space belongs to a region where the equilibrium is stable and positive.
Increasing the input toxicant level cr will change the position of the bifurcation curves, including the transcritical and tangent bifurcation curves. When
at a certain level of stress a transcritical or tangent bifurcation curve passes
through the point we are evaluating, we have the level of stress at which at
least one population goes extinct. Such a threshold value is called the population extinct threshold (pet; Hallam et al., 1993). In the case of a Hopf
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bifurcation passing through the given point the ecosystem becomes unstable,
leading to oscillatory behaviour. Increasing the stress further generally leads
to oscillations of enlarged amplitude, increasing the chance of demographic
or stochastic extinction occurring. Hence, the crossing of a bifurcation marks
a structural change of the ecosystem. Also, given a toxic stress level cr , it is
possible to identify environmental conditions Nr and D, under which the toxic
stress has no effect on the population abundances. This threshold concentration value is determined by the requirement that it equals the nec value of at
least one mode of action of one population.
The above-mentioned results can be applied in a risk assessment analysis.
Here all parameters, which describe the physiological processes, and the environmental status are determined. In a natural setting these parameters are
in general stochastic or random, either naturally or anthropogenicly induced
(Lindenschmidt, 2006; Lindenschmidt et al., 2007). In that cases, for instance
when the input level of the toxicant is uncertain, this translates directly into
uncertainties for the occurrence of the structural changes and functioning of
the ecosystem.
For the sake of simplicity, we have studied a short food chain, representing
only the lowest trophic levels of an aquatic ecosystem, where several important ecological and toxicological factors (e.g., nutrient recycling, varying environmental conditions, spatial mixing, assimilation efficiency of contaminants)
have been left out. Furthermore, the population model is unstructured for
the prey and the predator, simplifying the step from individual to population. The hypothesis, that the toxicant uptake and elimination predominate
the exchange between the organisms and the water, is not valid for species
of higher trophic level, but only for those on the lowest trophic level here.
Admitting that the analysed food chain is only a simplified representation of a
real ecosystem, we point out that our analysis is a first step in understanding
more realistic and more complex aquatic systems, such as rivers and estuaries. Also, although simplified models will not provide precise forecasts for real
ecosystems, due to uncertainties in the parameter values and environmental
fluctuations, as mentioned above, the simulation of extreme situations (bifurcation analysis) can lead to understanding a range of potential outcomes.
Furthermore, the model can easily be be extended in many directions, while
the analysis method remains applicable.

6.8

Conclusions

Despite high toxicant concentrations in the influent, the ambient toxicant concentrations in the reactor needs not to be high. This is the result of the following. The supplied toxicant-free (uncontaminated) nutrient is converted in the
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reactor into biomass. This new biomass absorbs the toxicant. Together with
the removed individuals it is removed from the reactor. Because the ambient
toxicant concentration is generally low, the concentration of dissolved toxicant
in the effluent is low, even when the concentration is high in the influent. Observe that there is no contradiction with mass conservation, because there is
also transport of the toxicant via the contaminated organisms. When these
organisms are removed from the effluent, it is purified.
There different levels of modelling detail for the toxicant dynamics in the
organisms can be distinguished:
(1) The exchange of the toxicant between the water and the organisms
is assumed to be much faster than the biological processes.
(2) The ecosystem model is in equilibrium and the equilibrium abundances are used in the bio-accumulation model (bcf, bmf and baf).
(3) The dynamics of the internal toxicant is modelled explicitly and
forms and integrated model together with the ecosystem model.
In large regions of the bifurcation diagrams (great variety of environmental
conditions) the ecosystem does not possess a stable equilibrium, but instead
there is a stable limit cycle. Hence, the equilibrium assumption generally
made in models for bio-accumulation in aquatic ecosystems (Thomann and
Connolly, 1984; Thomann and Mueller, 1987; Thomann, 1989; Clark et al.,
1990; Gobas, 1993; Campfens and MacKay, 1997; Traas et al., 2004b) are valid
only under restricted environmental circumstances.
The feedback mechanism between toxicant uptake/consumption and removal from the reactor is an important phenomenon, possibly leading to bistability in the nutrient-prey-contaminant system and collapse of the nutrientprey-predator-contaminant system. Hence, the effects of both types of stressors, the biotic (competition, predation) and the abiotic (chemical or physical),
on the ecosystem have to be analysed together.
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Chapter 7

Global bifurcations in food
chain models
G.A.K. van Voorn, B.W. Kooi, and M.P. Boer
submitted to Journal of Mathematical Biology.

Abstract modelling is an important tool in ecology to gain insight in the
dynamics of populations of species, and the interactions of these species with
each other and their environment. Food chain models of ordinary differential
equations (ode’s) are examples of such models. To investigate the validity of
these models they have to be analysed. One powerful analysis technique is
local bifurcation analysis, focusing on the changes in long-term (asymptotic)
behaviour under parameter variation, and for which there exists standardised
software (auto, content, MatCont).
Previously we showed that the local bifurcation analysis of two-dimensional
food chain models with Allee-effect were not sufficient to understand the dynamics of these models, and that global bifurcations were coupled to specific extinction events (overexploitation). This suggests that other models,
including those of higher dimension, should be screened for global bifurcations. However, thus far the detection and continuation of global bifurcations
in ode models of more than two dimensions proved very difficult, and no standardised software existed to this end. Therefore, techniques were developed
to detect and continue global bifurcations in three-dimensional (food chain)
models.
Here we revisit the analyses of two previously published ecological ode
food chain models, with particular focus on global bifurcations. The previously developed techniques are applied here to locate and continue globally
connecting orbits and, if applicable, their tangencies occurring in these models.
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We provide an overview of the known global bifurcations in food chain models,
how they are related and the ecological implications of their occurrence.

7.1

Introduction

Ecological modelling is the field were the time dynamics of populations of
species are studied, and how these populations interact with each other and
with their abiotic environment. It is useful to investigate diverse subjects
like extinction thresholds, the effects of sublethal toxicants or global warming
on ecosystem functioning and structure, to name a few examples. A large
portion of the ecological modelling consists of food chain studies, where sets
of ordinary differential equations (ode’s) are used to describe population sizes
in time.
To test the ecological validity of these models, extensive analysis is required. Food chain models can be analysed using bifurcation theory (Kooi,
2003; Kuznetsov, 2004), where the asymptotic behaviour of the system (equilibria, periodic cycles, chaos) is evaluated under parameter variation for qualitative changes. A qualitative change in the asymptotic behaviour is then
referred to as a bifurcation point.
Four types of bifurcation points are often encountered in food chain models:
the transcritical bifurcation (an equilibrium that did not exist in the positive
plane shifts to the positive plane, which in an ecological context gives an
existence or extinction boundary), the tangent bifurcation (two equilibria, with
usually different stability properties, coincide and disappear, ecologically often
associated with the disappearance of a system separatrix), the Hopf bifurcation
(a stable equilibrium that changes stability, while a limit cycle is born, which
marks the transition to periodic behaviour), and the flip bifurcation (a limit
cycle undergoes periodic doubling, and usually a series of these bifurcations
marks the onset of chaotic behaviour). Of these four so-called local bifurcation
points, only two types have been shown to have potentially radical effects,
that is, small changes in a parameter lead to large changes, and also changes
that cannot be easily reverted by restoring the parameter to its old value. The
subcritical Hopf bifurcation is the one type, but in general the subcritical Hopf
bifurcation has not received much attention in the literature. The tangent
bifurcation is the other type, and it has been discussed that the occurrence of
a tangent bifurcation in a food chain model that at least basicly represent a
real-life ecosystem might explain why species suddenly go extinct under only
small (parameter) changes (Scheffer et al., 2001).
Not all extinction events however can be explained by the occurrence of
any of the above-mentioned local bifurcations. For example, the bifurcation
analyses of some two-dimensional food chain models with Allee-effect (Allee,
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1931) revealed that extinction events named overexploitation, where the whole
system collapses, were coupled to so-called global bifurcations (Chapter 3). A
similar type of collapse is observed in food chain chemostat models after the
introduction of sub-lethal toxicants (Chapter 6). And there are also other examples where global bifurcations are essential for understanding the dynamics
of a food chain model. For instance, in the three-dimensional prey-predatortop-predator Rosenzweig-MacArthur model it has been shown that the parameter region of chaotic behaviour is bounded by a global bifurcation (Boer
et al., 1999, 2001; Chapter 5).
These results suggest it is interesting to take a closer look at global bifurcation analysis. However, previously it proved to be notoriously difficult
to detect and continue global bifurcations, where either a saddle equilibrium
or saddle limit cycle is connected to itself (homoclinic), or where two saddle
equilibria and/or saddle limit cycles are connected via their manifolds (heteroclinic). Without a proper detection technique there are in general only a few
ways to get an indication that a global bifurcation exists. Local information,
that suffices to track local bifurcations, reveals nothing about the existence of
globally connecting orbits other than whether or not one of more saddles exist.
Limit cycles can grow to asymptotically large period under parameter variation, indicating the existence of a homoclinic point-to-point connection. Also,
the detection of a bifurcation point of higher codimension (Bogdanov–Takens,
Gavrilov–Guckenheimer), in itself a nontrivial task, indicates a point-to-point
connection.
Recently there has been a significant jump in the development and successful testing of techniques to both find and continue global bifurcations.
Now it is possible to find homoclinic connections in 2D models (HomCont,
Champneys and Kuznetsov, 1994; Champneys et al., 1996; Champneys and
Lord, 1997, as part of auto, Doedel et al., 1997), 2D heteroclinic connections
(Chapter 3), and point-to-cycle and cycle-to-cycle connections in 3D systems
(Dieci and Rebaza, 2004, 2004a; Chapters 4 and 5; Krauskopf and Rieß, 2008;
Doedel and Oldeman, 2009). To our knowledge, however, thus far no overview
exists of the types of global bifurcations that occur in food chain models, and
what the possible ramifications of their occurrence are.
In this Chapter we will provide such an overview without claiming completeness. We will show that previously unexplained phenomena can be explained by the occurrence of global bifurcations, much like how the detection
of the heteroclinic connection in Allee-models explains “overexploitation” in
these models (Chapter 3). To this end we discuss here previously published
ecological models of either two or three dimensions, and apply our previously
developed techniques to detect and continue occurring global bifurcations.
The Chapter is organised as follows. In Section 7.2 we discuss the twodimensional stoichiometric food chain model by Loladze et al. (2000), and a
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smooth version of the model by Stiefs et al. (2009). In this model a homoclinic point-to-point connection exists that is associated with the destruction
of a system’s attractor. In Section 7.3 we revisit the analysis of the 3D food
chain model by Letellier and Aziz-Alaoui (2002). In this model homoclinic
cycle-to-cycle connections form part of the boundaries of parameter regions
with chaotic behaviour. The “skeleton” of the chaos itself is another global
bifurcation, the Shil’nikov bifurcation. Finally, in Section 7.4 there is an overall discussion of the ecological relevance of global bifurcations in theoretical
ecological models.

7.2

2D stoichiometric model

The first, two-dimensional model we discuss was first described by Loladze et
al. (2000)

X1
dX1
= bX1 1 −
− cf (X1 )X2 ,
(7.1a)
dt
min(K, (P − θX2 )/q)
(P − θX2 )/X1 
dX2
= ê min 1,
cf (X1 )X2 − dX2 ,
(7.1b)
dt
θ
which is the equivalent of their Eqn. (6a,b), where f (X1 ) is the Holling type
II functional response (Holling, 1959). The parameter values are given in
Table 7.1.
The individuals of both the producer and grazer populations (X1 and X2 ,
respectively) are composed of two nutrients, carbon (an energy source) and
phosphorous. The phosphorus in the system is divided over the grazer and
producer populations. The ratio in phosphorus and carbon (P : C) can vary in
the producer population, but by introduction of the parameter θ it is assumed
that there is a minimum in this ratio. The populations can be limited either by
carbon or by phosphorus, as is given by the Liebig minimum function. The use
of this switch-function results in a piecewise continuous model, that satisfies
the Lipschitz condition with respect to both variables X1 and X2 . The initial
value problem is therefore mathematically well-posed and there is continuous
dependence on initial conditions and parameters in the system. The derivative
of the system, the Jacobian matrix, is however undetermined at the switching
point.
Loladze et al. (2000) discussed the two types of displayed qualitative behaviour, occurring depending on the parameter values. They are shown in
Figure 7.1, left panel, which is the replica of their Figure 4. For the situation
where 0.17 . K . 0.979435 the producer population is limited by energy.
There are only two equilibria, the trivial unstable equilibrium E0 = (0, 0) and
the stable internal equilibrium E1 . Under an increase of parameter K the system displays the classical “paradox of enrichment” (POE; Rosenzweig, 1971;
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Gilpin, 1972; Chapter 2): a stable limit cycle L1 is born at a Hopf bifurcation, while the equilibrium E1 becomes unstable. For 0.979435 . K . 1.9 the
producer population is limited by phosphorous. The limit cycle and POE are
not present, but instead there are four equilibria: the unstable equilibria E0
and E1 , the stable equilibrium E2 and a saddle equilibrium E3 .
The switch at K ≈ 0.979 in Figure 7.1, left panel, was described by Loladze
et al. (2000) as an “infinite period bifurcation”, and coincides with a tangent
bifurcation that gives rise to the equilibria E2 and E3 . At this bifurcation
the limit cycle L1 disappears and the principle system’s attractor becomes E2 ,
which explains why the POE no longer occurs. This bifurcation is in fact a
homoclinic bifurcation, that coincides with a tangent bifurcation. Exactly at
the tangent bifurcation there is one equilibrium, E2 = E3 , that is a saddlenode point. The limit cycle touches this equilibrium and thus forms a saddlenode homoclinic connection, as can be seen in Figure 7.1, right panel. This
connection can be obtained either by tracking the limit cycle L1 up to a period
that approximates infinity, or by using homotopy as described in the Appendix
of Chapter 3.
An interesting point is now whether or not the limit cycle L1 disappears
through the tangent bifurcation, making it a local bifurcation event, or through
the connecting orbit, making it a global bifurcation event. By varying a second
parameter (d) we find that it is possible that the point-to-point connection
exists as a saddle connection from E3 to itself, while there is also the stable
equilibrium E2 . This situation is depicted in Figure 7.2, right panel, where
d = 0.32 and K ≈ 0.879726. The left panel of the same figure shows the oneparameter bifurcation diagram of the system, and it can be seen that besides
the two types of behaviour described above (POE and stable equilibrium E2 )
there is also a third type of behaviour in the region 0.849 . K . 0.879726,
namely bistability. In this region there are two attractors, the limit cycle
L1 and the equilibrium E3 , separated by the stable manifold to the saddle
equilibrium E2 .
Figure 7.3, upper panel shows the two-parameter bifurcation diagram of
the model, where the bifurcation parameters are K and d. Observe that because of the discontinuous Jacobian we do not only have regular bifurcation
curves and bifurcation points of higher codimension, but also a new type of
“bifurcation” curve, where one of the minimum functions for the producer and
grazer species switch, so the curve Ax is determined by P = Kq + θX2 , and
Ay by P = θ(X1 + X2 ). These curves can be continued using sets of boundary
conditions, as shown in the Appendix. Furthermore there are “pseudo bifurcation” points Zi , where i = 1, 2, ..., in which bifurcations curves join with
either Ax or Ay . The point-to-point connection can be found and then continued in two-parameter space by using the homotopy techniques discussed in
the Appendix of Chapter 3, and Chapters 4 and 5.
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Table 7.1: List of parameters used in the model of Loladze et al. (2000), and the
additional parameters of the smooth version of the model.

symbol

value

meaning

P
ê
b
d
θ
q
c
a
K

0.025
0.8
1.2
0.25
0.03
0.0038
0.81
0.25
-

Total phosphorous
Maximal production efficiency
Maximal growth rate of producer
Grazer loss rate, including respiration
P
Grazer constant C
P
Producer minimal C
Maximum ingestion rate of grazer
Half-saturation of functional response
Producer carrying capacity

C
BC
BP
KP C
j

0.002
2.
1.
-

Total carbon
Assimilation preference for C
Assimilation preference for P
Saturation constant
Maximum predator ingestion rate

There are two transcritical bifurcations T C1 and T C2 that connect to each
other in point Z1 . The tangent bifurcation Te where E2 = E3 connects to the
curve Ay in point Z2 , which in a sense replaces a Cusp bifurcation. The Hopf
bifurcation curve H − terminates at the curve Ay at Z3 . The two-parameter
global bifurcation curve G=
S indicates the saddle homoclinic connection and
terminates at one end at the curve Ay in point Z4 , where the point-to-point
connection has shrunk to a point. At the other end it terminates at the tangent
bifurcation curve in a point of higher codimension N , where it is transformed
into a saddle-node connection. The saddle-node homoclinic orbit is indicated
by G=
SN and terminates at Ax in point Z5 .
We can now distinguish the following parameter regions with different
dynamical behaviour. A limit cycle attractor occurs in the region right of
=
the H − , left of the global bifurcation curves G=
S and GSN , below Ay . In
the rest of the region below T C1 and T C2 there are equilibrium attractors.
Bistability occurs in the approximately triangular-shaped parameter region
bounded between Z2 , Z4 and N . Hence this region partly overlaps with the
region where limit cycles exist, and there is one limit cycle attractor and
one point attractor. In the rest of the bistability region there are two point
attractors.
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Figure 7.1: Diagrams of the model by Loladze et al. (2000), where d =
0.25. Left panel: One-parameter bifurcation diagram, identical to Figure 4 by
Loladze et al., where K is the bifurcation parameter. The limit cycle attractor
is born at the Hopf bifurcation. At K ≈ 0.979435 the tangent bifurcation
where the equilibria E2 and E3 are born occurs simultaneously with the global
bifurcation. Right panel: State space picture at K ≈ 0.979435. The limit cycle
L1 collides with the equilibrium E2 = E3 and forms a saddle-node homoclinic
connection.
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Figure 7.2: Diagrams of the model by Loladze et al. (2000), where d = 0.32.
Left panel: One-parameter bifurcation diagram where K is the bifurcation
parameter. The termination of the limit cycle and the birth of the attracting
equilibrium do not coincide in this case. Right panel: State space picture at
K ≈ 0.879726, d = 0.32. The limit cycle forms a saddle connection orbit
to the equilibrium E3 . The eigenvectors are indicated using arrows. orbits
starting within the limit cycle converge to the limit cycle, while orbits outside
converge to E2 . This is known as bistability. The grazer biomass density of the
point attractor lies below the minimum of the limit cycle. When at the saddle
homoclinic curve G=
S the stable limit cycle is destroyed, all initial densities
converge to the lower grazer density of the remaining stable equilibrium.
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Because of problems generated by the non-smoothness of the model, a
smooth version of the above-discussed stoichiometric model was developed
by Stiefs et al. (2009), where all variables and parameters are kept equal to
their counterparts in the original stoichiometric formulation, and all parameter
values remain the same. In this model the SU-formulation (O’Neill et al,
1989; Kooijman, 2009) is used to describe the assimilation in the producer
species where both the phosphorus and the carbon are essential nutrients, i.e.,
the growth depends on both nutrients. The producer species consists of two
components, structure and an internal phosphorus reserve pool. It is assumed
that the structure has a fixed stoichiometry, so the phosphorus density of the
structure P/C is fixed (and denoted by q). The total phosphorus density in
the producer is denoted by η. We furthermore assume a closed system, so
the mass conservation principle can be applied (which is not applied in the
original model by Loladze et al.). The growth depends on the carbon influx
from the environment and equals C − X1 − X2 , where C is the total carbon in
the system, and the internal phosphorus P − θX2 − qX1 . Since all phosphorus
is in the biota, the pool η − q and the total phosphorus density in the producer
η are time-dependent.
The whole formulation is given as
j
dX1
=b
X1 − cf (X1 )X2 ,
dt
g(X1 , X2 )
dX2
1.2
= ê
cf (X1 )X2 − dX2 .
θ
dt
1 + η − 1/(1 + ηθ )
In this formulation the functional response is Holling type II again

f (X1 ) =

X1
,
a + X1

the producer intake flux is written as

j =1+

KP C
KP C
KP C
+
−
,
C BC
P BP
C BC + P BP

and
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(7.2b)
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Figure 7.3: Upper panel: Two-parameter bifurcation diagram of the model
by Loladze et al. (2000), where K and d are the bifurcation parameters.
The saddle-node homoclinic curve G=
SN corresponds with the dashed tangent
bifurcation curve Te , as could be expected. In the point D the saddle-node
homoclinic connection turns into a saddle homoclinic connection. The saddle
homoclinic curve G=
S stops in point Z4 , where the connection has shrunk to a
point (not shown). Lower panel: Two-parameter bifurcation diagram of the
smooth analogue model by Stiefs et al. (2009).
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KP C
KP C
+
(C − X1 )BC
(P − θX2 − qX1 )BP
KP C
,
−
(C − X1 )BC + (P − θX2 − qX1 )BP

g(X1 , X2 ) = 1 +

where the extra parameters are also given in Table 7.1. In Eq. 7.2b it is
assumed that after ingestion the carbon and phosphorus are independently
available again for growth. The factor 1.2 is a scaling factor in order to match
the smooth and non-smooth model for the original parameter values.
The dynamics of this smooth version of the stoichiometric model are summarised in Figure 7.3, lower panel. Apart from quantitative there are also
qualitative differences between the two models. In the smooth model version
neither the points Zi nor the switch curves Ax and Ay exist. The two transcritical bifurcation curves T C1 and T C2 are here the same curve T Ce . There
are now two tangent bifurcation curves Te,1 and Te,2 that collide in a cusp
bifurcation Cp, a point of higher codimension. The Hopf bifurcation H − terminates in a Bogdanov-Takens point BT , also a point of higher codimension
that is on one of the tangent bifurcation curves. The BT is also the origin for
the global bifurcation curve G=
S , depicted in solid line type. The global bifurcation curve continues as a saddle-node connection G=
SN after it has collided
with the lower tangent bifurcation curve in point N .
There are the following regions of dynamical behaviour. In the region left
of H − and below T Ce there is a point attractor. This turns into a limit cycle
attractor in the region right of H − and left of the global bifurcations curves
=
G=
S and GSN . There is a point attractor right of the global bifurcation curves,
below T Ce . There is also a point attractor in the small region between H − ,
Te,1 and T Ce . Bistability occurs in the four-cornered region bounded by G=
S,
Te,2 , Te,1 and T Ce . Left of H − there are two point attractors, right of H −
there is a point attractor and stable limit cycle.

7.2.1

Conclusion

The original stoichiometric model by Loladze et al. (2000) displays not only
bifurcation curves and bifurcation points of higher codimension, but also
bifurcation-like curves and points. At these points bifurcation curves coincide
with switches of the Liebig minimum associated with the model formulation
of the trophic interaction. These structurally unstable “pseudo-bifurcations”
seem to be analogous to real codim-2 points that occur in the smooth version
of the stoichiometric model by Stiefs et al. (2009). The tangent curve in the
original model terminates in a pseudo-bifurcation point, but in the smooth
model there is also a second tangent curve that terminates together with the
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first tangent curve in a Cusp bifurcation. Also, in the original model the
Hopf and saddle homoclinic bifurcation curves terminate separately in pseudobifurcation points, while in the smooth model it terminates at the same point
of higher codimension on a tangent curve, as corresponding with theory on
the Bogdanov-Takens point (Kuznetsov, 2004).
With regard to the global bifurcation occurring in the stoichiometric model
we have two possible scenario’s. In the first scenario there is only one system
attractor, the limit cycle. With increased K the saddle-node connection occurs
at the exact point where a tangent bifurcation takes place. In this case, a global
bifurcation coincides with a local bifurcation. Upon the immediate destruction
of the system attractor a new attractor is created. There is no extinction of
species, and there is no disappearance or creation of bistability properties.
However, the time dynamics of the system changes from periodic to steady
state.
In the second scenario the occurrence of the (saddle) homoclinic orbit is
not connected to any local bifurcation. In this scenario there is a parameter
region where there are two attractors, namely a stable limit cycle and a stable
equilibrium, separated by the stable manifold to the saddle equilibrium E3 .
With the occurrence of the connecting orbit to this saddle equilibrium, both
the limit cycle and the separatrix are destroyed. As such, with this global
bifurcation, a system attractor and the bistability properties of the model
disappear.
This second scenario is reminiscent of the phenomenon of “overexploitation” in Allee models (Chapter 3). However, in contrast to the previously
studied Allee-models, where after the destruction of the limit cycle attractor a
zero-equilibrium becomes the new global attractor, in the stoichiometric model
this second equilibrium that remains after the global bifurcation is positive,
although this positive equilibrium does have a lower grazer density than the
minimum of the destroyed limit cycle attractor (see Figure 7.1, right panel).
Therefore, although no overexploitation occurs, instead a small, stochastic
shift in K can result in a sudden drop in biomass densities. Also, the new
lower grazer density cannot be reverted back to its old state without a larger
step back in K, since the system is in its new attractor. As such we have some
kind of “catastrophic shift” (Scheffer et al., 2001), but now occurring because
of a global bifurcation instead of a local bifurcation (tangent).

7.3

A 3D food chain model with chaos

In this section we revisit the analysis of a three-dimensional food chain model,
described by Letellier and Aziz-Alaoui (2002)
207

ω0 X1 X2
dX1
= a1 X1 − b1 X12 −
,
dt
X1 + d0
ω1 X1 X2 ω2 X2 X3
dX2
= −a2 X2 +
−
,
dt
X1 + d1
X2 + d2
dX3
ω3 X32
= c0 X32 −
,
dt
X2 + d3

(7.4a)
(7.4b)
(7.4c)

where the parameters are given in Table 7.2. We focus on the same parameter
ranges as in the original paper, where the system has six equilibria. The
equilibria E0 = (0, 0, 0) and E1 = (1, 0, 0) are trivial equilibria, E2 is not
located in the positive octant, and E4 and E5 are imaginary. This leaves
E3 = (X1∗ , X2∗ , 0) as the only positive stable equilibrium (Letellier and AzizAlaoui, 2002).
The model displays bistability for a significant parameter range. Depending on the exact parameter value there are two positive stable limit cycles
(of different period), a stable limit cycle and a chaotic attractor or even two
chaotic attractors, as was also found by the original authors. In their paper it is shown that, for the parameter values given in Table 7.1 with a1 as
bifurcation parameter, there are two regions of chaos that partly occur simultaneously. This is demonstrated in Figure 7.4, middle panel, comparable to
Figure 9 in Letellier and Aziz-Alaoui (2002). One chaotic attractor is born
through a series of period-doubling bifurcations, after a Hopf bifurcation of
the internal stable equilibrium at a1 ≈ 1.2966. The other chaotic attractor is
born through a series of period-doubling bifurcations of a stable, period-one
limit cycle, that in turn is born in a tangent bifurcation Tc at a1 ≈ 1.7805.
Two important questions can now be raised that are not yet answered.
First, what is unclear from their Figure 9 is why the first region of chaos
is interrupted. A dotted curve has been drawn that suggests to terminate
together with the chaotic attractor. However, an alternative one-parameter
diagram in a1 for c0 = 0.032 (Figure 7.4, upper panel) shows that the same
two regions of chaos no longer intersect. Rather, the right boundary of the
first region of chaos coincides with the tangent bifurcation that gives rise to
the stable limit cycle, that eventually generates the second region of chaos.
Also, we know with the help of auto that there is a saddle limit cycle also
born in the tangent bifurcation, that goes away from it in a straight fashion,
rather than that it curves backward again. This saddle limit cycle functions
as separatrix of the two basins of attraction. This specific detail cannot be
found when results are obtained by numerical integration. Second, the upper
panel of Figure 7.4 shows that there are even more than two chaotic regions.
How are all the different chaotic attractors coupled?
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Table 7.2: List of parameters used in the model in Letellier and Aziz-Alaoui (2002)
a1
d1 = 10.
ω1 = 2.

a2 = 1.
d2 = 10.
ω2 = 0.405

b1 = 0.06
d3 = 20.
ω3 = 1.

d0 = 10.
ω0 = 1.
c0 = 0.038

With regard to the first point, the sudden interruption of chaos is reminiscent of what has been covered by Boer et al. (1999, 2001). They showed,
using a next-minimum map, that a global bifurcation is most likely responsible
for the termination of chaos in the three-dimensional Rosenzweig-MacArthur
model (1963). More precisely, the boundary of chaos coincides with the tangency of a cycle-to-cycle homoclinic connection. With regard to the second
point it was correctly reported by Letellier and Aziz-Alaoui that a Shil’nikov
bifurcation occurs in the model. As has been demonstrated by Kuznetsov et al.
(2001), a Shil’nikov bifurcation, a point-to-point homoclinic connection and
thus a global bifurcation, functions as the organising centre of the dynamics,
where an infinite series of tangent and flip bifurcations eventually generates
chaos. Apparently several global bifurcations play an important role in the
dynamics of this model.
In Figure 7.5 next-minimum maps of the model are displayed for some
parameter values of a1 , generated by scoring extrema in simulations where
an initial value problem (ivp) is solved of which the transient behaviour is
skipped. With sufficiently long integration runs they reveal the basin(s) of attraction for the chaotic attractors. In the left panel, at a1 ≈ 1.89138, a globally
connecting orbit can be spotted as the Yn+1 -value of the right boundary of the
curve Yn ≈ 7.438 equals that of the left boundary Yn ≈ 5.059. As a result, the
orbit starting at the top of the parabola-like shaped curve ends up after two
iterations at the minimum value of the attractor Yn = Yn+1 ≈ 5.059, while all
other orbits do not end up in this point. This point is hence a saddle fixed
point. The middle panel (a1 ≈ 1.95882) and the right panel (a1 ≈ 1.95883)
reveal in the same fashion as the left panel map that there is another globally
connecting orbit that is of period two. After this homoclinic orbit the basin of
attraction of the chaotic attractor has increased drastically and includes the
“old” basin of attraction of the other chaotic attractor that disappeared in
the first global bifurcation. This indicates that there is a difference between
the two homoclinic connecting orbits, and thus that the two boundaries of the
involved chaotic attractor differ.
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Figure 7.4: One-parameter bifurcation diagrams of the model by Letellier and
Aziz-Alaoui (2002), where the extrema of X3 are plotted against a1 , with three
different values of c0 . Upper panel: c0 = 0.032. Middle panel: c0 = 0.038, and
this figure corresponds to Fig. 9 in Letellier and Aziz-Alaoui. Lower panel:
c0 = 0.041. These diagrams show there are several chaotic attractors, some
of which can occur simultaneously. Observe that there is a specific parameter
value c0 between the setting of the middle and lower panel where the two
chaotic attractors merge.
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Using the techniques discussed in Chapters 4 and 5, we can calculate the
bifurcation curves of the Shilni’kov and the tangencies of the cycle-to-cycle
connections in the two parameters a1 , c0 . The cycle-to-cycle connections are
structurally stable and can be continued using one free parameter up to tangencies. These tangencies are structurally unstable and can than be continued
into two free parameters, where the connection time remains fixed. The results
are shown in Figure 7.6 for a1 , c0 , where the thin, solid lines are intersection
curves to correspond with Figure 7.4.
In the upper left panel of Figure 7.6 we see the route to chaos for the
upper chaotic attractor in Figure 7.4, middle panel. The positive equilibrium
can be tracked through a Hopf bifurcation, after which the stable limit cycle
undergoes an infinite number of period doublings, of which two are shown. The
upper right panel shows the route to chaos for the lower chaotic attractor,
starting at a cycle tangent bifurcation. Notice that the bifurcation curves
make a sharp turn. The middle left panel reveals the Shil’nikov bifurcation,
indicated by G=
e , that functions as the centre of unfolding. Flip bifurcations
branch of cycle tangent bifurcations at one end, and terminate at the other end
at different cycle tangent bifurcations of “lower order”. Each flip bifurcation
in turn undergoes a series of infinite flip bifurcations until chaos. In this Figure
only two cycle tangent and a few flip bifurcation curves are shown, that can
be traced back in Figure 7.4, but observe that there are infinitely many.
The curves Gc indicate the tangencies of homoclinic cycle-to-cycle connections that exist in this model, shown in the middle left panel of Figure 7.6. In
contrast with the Rosenzweig-MacArthur model, where there is only one such
homoclinic orbit, there are two in this model, as already revealed by the nextminimum maps. To obtain these tangency curves we first need approximate
connections, and then use the homotopy method to obtain connecting orbits
that can be continued into two parameters. Approximate connections can be
obtained by starting from a base point x on a saddle limit cycle and making
a small step ε on the unstable manifold of the cycle. In the RosenzweigMacArthur model only starting in one direction, either a small step “above”
(say ε = +0.001) or a small step “below” the cycle (say ε = −0.001), leads to
an approximate connection. In this model starting in either direction gives an
approximate connecting orbit, but after homotopy also two different connecting orbits are obtained.
The tangency curves of the two homoclinic cycle-to-cycle orbits are named
−
G+
c and Gc for distinction, where the superscript corresponds to the sign of ε.
Both curves intersect, as can be seen in the lower left panel of Figure 7.6 and
in more detail in the lower right panel. Also indicated in this figure is how the
chaotic attractor disappears at the global bifurcation. Reviewing Figure 7.4,
we see that the chaotic attractor at the left-hand side collides with the saddle
limit cycle at the G+
c . Because this is the boundary of the basin of the chaotic
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Figure 7.5: Next return maps of the model by Letellier and Aziz-Alaoui (2002)
for c0 = 0.038. The basins of attraction have been depicted in solid on the
diagonal. Left panel: homoclinic connection G+
c at a1 ≈ 1.8913. There are
two intersection points of the curve with the diagonal: Yn = Yn+1 ≈ 5.059
and Yn = Yn+1 ≈ 6.55. Middle and right panel: homoclinic connection G−
c
at a1 ≈ 1.958823 found in a period-2 map. After the connection has occurred
the basin of attraction has “opened up” and includes the “ghost” of the basin
of attraction of the other chaotic attractor that disappeared in the global
bifurcation at a1 ≈ 1.8913.
attractor this event is referred to as a boundary crises (bc; Grebogi et al.,
1983)).
At the right hand side, the (same) saddle limit cycle collides with the
chaotic attractor that is directly coupled with it through the cycle tangent
bifurcation. This event occurs at the G−
c and is an interior crisis (ic), because
the basin of the chaotic attractor does not disappear, but suddenly changes
shape (Grebogi et al., 1983). After the intersection of the two global bifurcation curves they exchange their crisis type. Depending on the parameter value
of the system the boundary crisis is coupled to G+
c and the interior crisis to
−
Gc , or vice versa, but the boundary crisis always occurs before the interior
crises in this model.

7.3.1

Conclusion

In two resembling three-dimensional food chain models, the 3D RosenzweigMacArthur (RM) model and the model by Letellier and Aziz-Alaoui (2002),
the Shilni’kov homoclinic point-to-point connection is the organising centre of
chaos in the system (Kuznetsov et al., 2001). Around the Shilni’kov bifurcation
curve there is an unfolding of tangent and flip bifurcation curves. The flip
bifurcations form the route to chaotic behaviour in these models. Although
the Shilni’kov bifurcation is a global bifurcation, it is not the origin for the
homoclinic cycle-to-cycle connections in these models.
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Figure 7.6: Two-parameter bifurcation diagrams of the model by Letellier and
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Aziz-Alaoui (2002). The global bifurcation curves are denoted in solid. For a
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In the 3D RM model there exists one chaotic attractor in a region of
parameter space (see Figure 1.9, lower panel). Depending on the initial condition the system evolves to this three-dimensional attractor or to a planar
limit cycle, where the top predator is extinct. The chaotic attractor disappears through the tangency of a homoclinic cycle-to-cycle connection. This
tangency is coupled to the existence of a saddle limit cycle, born at a subcritical Hopf bifurcation (see Figure 1.9, lower panel). After this event, also
referred to as a “boundary crisis”, there remains only the saddle limit cycle
and no coexistence of the three species is possible (Boer et al., 2001). The
global bifurcation curve that indicates this boundary crisis forms an “eye” in
two-parameter space (see Figure 1.11, lower panel).
The model by Letellier and Aziz-Alaoui (2002) shows bistability for a significant parameter range, in which it depends on the initial condition in what
attractor the system settles. Depending on the exact parameter value there
can be two chaotic attractors, of which the basins of attraction are separated
by the stable manifold of a saddle limit cycle. Also there is not one but there
are two homoclinic cycle-to-cycle connections, that both connect to the same
saddle limit cycle but start on different sides of the unstable manifold. The
“first” chaotic attractor disappears through either the tangency of a limit cycle
or a boundary crisis, leaving the other positive attractor as the sole attractor
of the system. The disappearance of bistability in the system in a boundary
crisis can thus be coupled to a global bifurcation. In this way the global bifurcation fulfils a similar role as the tangent bifurcation in a “catastrophic shift”.
Biologically a small increase in a parameter value can result in a sudden drop
in average biomass densities. However, as is typical for hysteresis, a small
decrease does not restore the old biomass densities, but instead the system
settles in a cycle of low frequency and smaller amplitude.
After a boundary crisis, under further parameter increase the “second”
chaotic attractor can expand its basin of attraction in a different type of event,
named an “interior crisis”, that is coupled to the tangency of the second homoclinic cycle-to-cycle connection. In this latter event the sole chaotic attractor
of the system connects with the separatrix and merges with the “ghost” of
the basin of attraction of the other chaotic attractor that was destroyed in the
boundary crisis. This second global bifurcation does not restore the bistability in the system, but the biological implication of this event is that under
a small parameter increase the biomasses start to fluctuate with much larger
amplitude.
Depending on the parameter value of the system the boundary crisis is cou−
pled to G+
c and the interior crisis to Gc , or vice versa. That is, the boundary
crisis always occurs before the interior crises (Kooi and Boer, 2003). Because
there are two global bifurcation events under increase of one parameter that
are not connected, there is no “eye” as in the three-dimensional RM model.
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7.4

General discussion

Two food chain models, one consisting of two and one of three ode’s, have
been analysed in this chapter with specific focus on global bifurcations. We
define a global bifurcation as either a structurally unstable connecting orbit,
that disappears when one parameter is varied, or the tangency of a structurally
stable connecting orbit. Although there is no way to know for certain we have
detected or identified all existing global bifurcations in these models, we can
give the following list of connections that can occur in ode-models
• Homoclinic point-to-point, for example in the two-dimensional stoichiometric model by Loladze et al. (2000), in the chemostat model with
added sub-lethal toxicants (Chapter 6), and the Shil’nikov bifurcation
in the model by Letellier and Aziz-Alaoui (2002)
• Heteroclinic point-to-point, for example in two-dimensional food chain
models with Allee-effect (Chapter 3)
• Point-to-cycle, for example in the three-dimensional Rosenzweig-MacArthur food chain model (Chapter 4)
• Homoclinic cycle-to-cycle, for example in the same RM model (Chapter 5) and the model by Letellier and Aziz-Alaoui (2002)
• Heteroclinic cycle-to-cycle, of which there exists no example in theoretical ecology thus far, but see for instance Dieci and Rebaza (2004).
Most of the examples of global bifurcations in food chain models studied
here result in events that resemble the “catastrophic shift” associated with a
tangent bifurcation (Scheffer et al., 2001). First, there is a loss of bistability
after a small increase of a parameter. This is automatically coupled to hysteresis, meaning that a larger decrease of the parameter is required to restore
the system to its old state. Because the bistability region is re-entered after
a small decrease, the system remains in the “new” state that only disappears
after the bistability is left again at the other side. Second, there is a sudden
change in average biomass. For example, in the stoichiometric model by Loladze et al. (2000) after the occurrence of the saddle homoclinic connection
the remaining stable equilibrium has a lower biomass than the minimum value
of the stable limit cycle that has disappeared.
In many previously studied systems the system even goes extinct after a
global bifurcation. In predator-prey models with Allee-effect the bistability
is lost after a global bifurcation that destroys the stable positive limit cycle,
leaving only a stable zero-equilibrium. This event was named “overharvesting” because it occurs under a decrease of the predator mortality parameter
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(Chapter 3). In Chapter 6 it was shown that chemostat models display bistability after the addition of sub-lethal toxicants. The system goes extinct after
a global bifurcation that destroys a stable limit cycle.
This last phenomenon is also interesting in terms of the “paradox of enrichment” (Rosenzweig, 1971; Gilpin, 1972). The paradox describes that the
limit cycle grows in amplitude under an increase of the enrichment parameter, until extinction because of demographic stochasticity becomes more and
more likely. The occurrence of a global bifurcation in this context seems more
appropriate. The destruction of the limit cycle through a global bifurcation,
and the following extinction of the system because only the zero-equilibrium
is left, is a more “clean” way of how the paradox of enrichment could occur.
A third effect, next to loss of bistability and a sudden change in average
biomass densities, is not found in a catastrophic shift caused by a tangent.
That is that there is a “simplification” of the dynamics. For example, in the
model by Letellier and Aziz-Alaoui (2002) the chaotic attractor disappears after a global bifurcation, leaving a limit cycle of low frequency as sole attractor.
The simplification of dynamics is not necessarily coupled to the existence of
bistability in the model. After a saddle-node homoclinic bifurcation the dynamics in the model by Loladze et al. (2000) simplify from periodic to steady
state, but the system is immediately restored to the periodic behaviour after
a small parameter decrease.
An interesting note is that the simplification in combination with bistability can be perceived as “stabilising”. For example, in the model by Loladze
et al. (2000) after a saddle homoclinic bifurcation the steady state remains
and only disappears after a significant decrease in the parameter K, where
the system reverts to the periodic behaviour again. In a similar fashion, in
the model by Letellier and Aziz-Alaoui (2002) the chaotic behaviour is only
restored after a significant decrease in a1 . As such, the system could become
more stable after a “parameter-shift trick”, a small increase followed by a small
decrease in the parameter.
Thus far, all discussed homoclinic and heteroclinic connections indicate a
boundary where bistability or chaos disappears. A different type of boundary is formed by the point-to-cycle connection. An example is provided by the
three-dimensional Rosenzweig-MacArthur (RM) model. In some regions in parameter space there is bistability, and orbits can converge either to a chaotic or
a planar attractor where the top-predator goes extinct. The basins of attraction have a very complicated structure, and it is not obvious to which attractor
an initial condition will converge. The tangency of the point-to-cycle connection is the boundary of the region in parameter space where these complicated
basins of attraction exist, and after this global bifurcation has occurred the
basin of attraction for the chaotic attractor is “closed” and non-complicated
(Boer et al., 2001). Biologically these complicated basins of attraction could
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lead to very dramatic changes in biomass densities under stochastic changes.
Some global bifurcations have a different function. The Shil’nikov bifurcation is the organising centre for chaos in the three-dimensional models so
far. In the Rosenzweig-MacArthur food chain model there is one chaotic attractor (Kuznetsov et al., 2001) born through a series of flip bifurcations that
sprout from the Shil’nikov. In the model by Letellier and Aziz-Alaoui (2002)
there can be two chaotic attractors at the same parameter set, that seem to
be unrelated: one chaotic attractor traces back to a stable equilibrium like in
the RM model, and the other to a stable limit cycle born in a cycle tangent
bifurcation. However, the tangent bifurcation stems from the Shil’nikov, just
like the flip bifurcations.
What is striking is that the Shil’nikov bifurcation is a homoclinic saddle
point-to-point connection, just like the global bifurcation involved in the destruction of the limit cycle in the model by Loladze et al. (2000), for instance.
The difference between the two homoclinic connections is that the Shil’nikov
orbit connects a focus-saddle point to itself in a system of more than two variables, while the boundary orbit connects a simple saddle point to itself. An
example of a three-dimensional homoclinic simple saddle point-to-point connection that forms a boundary occurs in a producer-consumer model where
the consumer population is split into searchers and handlers (Kooijman et al.,
2007).
An important aspect in global bifurcation analysis is the preferred use
of continuation software over simulations. A simulator is a useful tool to
obtain chaos diagrams, but a poor tool to obtain a good bifurcation diagram.
Especially near the bifurcation points the integration time required to get
an approximation of the stable asymptotic state increases, and detection of
the exact bifurcation point is almost impossible. Furthermore, saddle points
and saddle cycles cannot be found by doing simulations, since any orbit that
approaches a saddle in the stable direction will be diverted again when close to
the saddle. Because saddles are the start and end points of global connections,
knowledge of their location is of vital importance. A good example of this
point is the dynamics of the model by Letellier and Aziz-Alaoui (2002), where
it is crucial to know the location of the saddle cycle that is involved in both
the boundary and interior crises. The use of continuation software like auto
can result in the detection of the saddle cycle by continuing the stable limit
cycle through a tangent bifurcation. The saddle cycle data can then be used
in the application of the homotopy techniques to find global bifurcations as
developed in Chapters 4 and 5.
The results seen and discussed here suggests that global bifurcation analysis is vital for a good understanding of the dynamics of many food chain
models. It remains to be seen what other possible global bifurcations might
exist, especially in food chain models of more than three variables, and what
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the ramifications of their occurrence are, but the global bifurcations studied
so far can have potentially significant effects that cannot be understood without knowledge of their occurrence. We argue that in future model analyses of
food chain models more attention is paid to the possible occurrence of global
bifurcations.
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7.6

Appendix

The set of boundary conditions used to calculate the curve Ax in Figure 7.3,
upper panel, is given as

φ(ξ, p) = 0 ,
(7.5)
P − θX2 − qK = 0 ,
where p is the parameter set and φ(ξ, p) is the equilibrium setting of Eq. (7.1),
so the solution of dX1/dt = dX2/dt = 0. The second boundary condition is
the minimum function for the producer species. For the curve Ay a similar set
can be given

φ(ξ, p) = 0 ,
(7.6)
P − θ(X2 + X1 ) = 0 ,
where the second condition is the minimum function for the grazer species.
In a two-dimensional system, like the stoichiometric model, these are three
boundary conditions. The number of free continuation parameters is four,
where we select the two equilibrium values ξ = X1∗ , X2∗ , and the two used
bifurcation parameters K and d.
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Dankwoord
Geen proefschrift is compleet zonder een dankbetuiging aan de mensen, die
in meer of mindere mate hebben bijgedragen aan de totstandkoming van het
geheel. Het lijkt heel gemakkelijk om een dankwoord te schrijven, als je het
vergelijkt met al die stof over moeilijke bifurcaties, gifstoffen en numerieke
technieken, die nadat je het allemaal gesnapt hebt, vervolgens nog moet uitleggen aan anderen ook. Niets is minder waar. Soms is het duidelijk wie waar
een rol heeft gespeeld, maar soms moet je ook heel diep graven. Als ik iemand
vergeten zou zijn bied ik hem of haar mijn welgemeende excuses aan!
Allereerst bedankt aan Bas, mijn promotor, die gerust de verpersoonlijking
van biologie genoemd mag worden. Dat lijkt vreemd, omdat ie voor een bioloog
nogal veel met wiskunde bezig is. Wij delen echter de opvatting dat de biologie
meer gefundeerd moet worden in modellenwerk, net als in de natuurkunde is
gebeurd.
Bij wiskunde denk je ook meteen aan Bob, co-promotor en misschien de
aardigste persoon ter wereld. Zonder hem had dit boekje niet bestaan. Nu
zouden veel mensen kunnen denken: “Aardige jongen, die George, maar jammer van die bifurcaties.” Gelukkig hebben we samen meer gedaan dan alleen
maar bifurceren, zoals onderwijs geven, en radeloos toezien hoe de volgende
lichting biologen haar hoofd breekt over differentiaalvergelijkingen. Ook de
hartelijke groeten aan het thuisfront trouwens.
Thanks to Yuri Kuznetsov from the University of Utrecht, also my copromotor, who is without a doubt an excellent mathematician. I admit that
in the beginning of my PhD-project I was somewhat baffled by all his work, but
after his course on non-linear systems this all changed. I’m not sure whether
he realizes the influence he has had on my work. While for most people in our
group the term “yellow bible” refers to the DEB-book by Bas, in my case it
refers to the book on bifurcations by Yuri.
Danke sehr to Dirk Stiefs and Ulrike Feudel at the University in Oldenburg,
and Thilo Gross from Dresden. We had a very pleasant co-operation, and let
us hope our new joint paper will also be successful. Our stays in Oldenburg
were always very enjoyable. Let no-one say that Germans have no sense of
humour! Thank you Ulrike also for being part of the reading committee. Dirk,
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good luck with your new job and my regards to your wife.
Uiteraard dank aan Lia Hemerik en Martin Boer uit Wageningen, met wie
mijn eerste artikel zo’n daverend succes is geworden. Een promovendus kan
niet dromen van zo’n referee-rapport als dat voor ons! En nu zijn we ook nog
eens collega’s op de werkvloer. Martin overigens nog dubbel bedankt voor het
verrichtte leeswerk bij de “geboorte” van dit proefschrift.
Naast Martin en Ulrike bedank ik ook de overige leden van de leescommissie, Marten Scheffer, Bernd Krauskopf en Jaap van der Meer. Ik hoop dat
het lezen voor jullie interessant en leerzaam is geweest. And a special thanks
to Horst Malchow of the University of Osnabrück, for his tremendous work to
make the day in Oldenburg a successful one, and for joining the opposition for
my promotion.
Bedankt aan medepromovendi en groepsleden Tjalling Jager, Anne-Willem
Omta, Jorn Bruggeman, Jan Baas en uiteraard mijn vriend Daniel Bontje voor de geweldige sfeer die altijd in onze groep heerst. De ochtenden
zullen nooit meer hetzelfde zijn zonder “het woord van de dag”, RussischGeorgische spraakverwarringen, Omtapedia, flauwe bifurcatiemoppen (“het
kan bifurceren”) en lange discussies over Amerikaanse politiek en foute beleggingen. Jan, jammer dat we niet meer kunnen wandelen. Uiteraard ook dank
aan de verschillende mensen voor het verrichtte leeswerk.
Of course, merci beaucoup and gratidao to our frequent French and Portuguese visitors. Especially Laure: I wish you a happy future and good luck
with the legs. I also would like to thank Evi Kisdi and the Mathematics Department of the University of Helsinki, for their nice Christmas postcard. I
was pleasantly surprised by their invitation to visit them in Finland and give
a presentation. Zoe Ward in Bath, England, good luck with the baby and
maybe I can do more for you in the future.
Dank gaat ook uit naar de mede-promovendi uit de Theoretische Biologiegroepen in Utrecht en Amsterdam. De weerwolvensessies in Schoorl zijn
toch erg leuk, en niet in de laatste plaats door de bevlogen rol van verteller
door Rikkert en “opperwolf” Maarten. Jammer dat Daniel van der Post en
ik nooit meer dat artikel naar de Journal of Irreproducible Results hebben
gestuurd; hoe konden wij weten dat mensen echt met multi-lumped modellen
werken?! Veel succes in Duitsland.
Als laatste, maar zeker niet als minste, dank aan Els en Gerard, mijn
schoonfamilie Lia en Paul, en uiteraard mijn lieve vrouw Elsbeth, voor de
steun op dit gebied. Gelukkig kunnen we zeggen dat ik aan het einde van
mijn promotietraject toch nog thuis heb kunnen uitleggen wat ik gedaan heb
al die tijd!
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