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Chapter 1

Introduction

For over a century quantum mechanics has been paving the way for deeper understanding of
modern chemistry. With an accuracy often competitive with computationally much more de-
manding wave-function methods, density functional theory (DFT) methods have become an
indispensable tool both in chemistry and physics. As such, DFT has made unparalleled impact
on various scientific and engineering disciplines stretching from biochemistry to astrochem-
istry.

The central quantity in DFT is the electron density, which is a relatively simple object
depending on 3 spatial variables, in contrast to a many-body wave-function, which depends
on 3N spatial and N spin variables. Attempts of constructing quantum theories based on the
electron density date back to to the work of Thomas and Fermi1,2 from the thirties of last
century. It took however a few decades after until DFT was set on firm mathematical grounds
and that was done by the famous theorems of Hohenberg and Kohn from 1964.3 Just one year
Kohn and Sham (KS) laid the foundation for most of the calculations that are nowadays run
using the DFT codes.

The KS DFT theory was first embraced by the solid state physicists and much later by
chemists. Throughout all these years DFT has achieved a widespread success, which was
accompanied by spectacular failures. The successes and failures of KS DFT depend on the
exchange-correlation (XC) functional. This is the key quantity in KS DFT, as it encodes all
the quantum many-body intricacies within the KS single-particle picture. As the exact form
of the XC functional is computationally intractable, this functional has to be approximated.
Density functional approximations (DFAs) offer a variety of functionals which can be more or
less expensive to compute and more or less accurate. The simplest approximation to the XC
functional, the local density approximation (LDA)4, depends explicitly on the density. The
generalized gradient approximations (GGAs),5–9 and meta-GGAs10–12 classes of functionals
are built upon the LDA and they incorporate higher order density information, such as the den-
sity gradient (GGAs) and the density Laplacian or the KS kinetic energy density (meta-GGAs).
The inclusion of a portion of exact exchange was the next step in the functional development
and the corresponding functionals are known as (global) hybrids13–15 As a last step, the stan-
dard route to DFA’s construction includes the non-occupied KS orbitals (double hybrids,16–18

random-phase approximation19–21, etc.). Climbing up this “ladder” of approximations, there is
often (but not always) a significant improvement in the description of weakly and moderately
correlated systems, but none of these classes of functionals is generally suited for the treatment
of strong correlation related to near degeneracy (with few or even a large number of impor-
tant determinants) effects, such as those occurring in bond breaking, but also at equilibrium
geometry for systems containing d and f elements.

1



2 CHAPTER 1. INTRODUCTION

The inadequate description of the strong correlation effects hampers the overall DFT re-
liability and usability. One can expect that if the strong correlation problem is solved, DFT
will be closer to the fulfilment of its potential. With this in mind, finding an XC functional
that is able to capture the strong correlation effects is a big DFT challenge and even a bigger
challenge is to find a functional able to treat any correlation regime successfully. Addressing
this problem is the main goal of the present thesis and we attempt to do that by resorting to the
information provided by the exact XC functional in the strong coupling limit. As we wanted
a method free of bias towards a particular correlation regime, we also had to go beyond the
strong coupling limit functional, which over-correlates electrons. Along these lines we propose
several different approximations to the XC functional.

The thesis is organized as follows. In chapter 2 we briefly review the fundamentals of DFT
relevant for this work, particularly focusing on the adiabatic connection formalism. In chapter 3
we introduce the mathematical structure of the strong-interaction limit (SIL) of the adiabatic
connection. In chapter 4 we extend the applicability of the SIL methodology by proposing
an algorithm for obtaining highly accurate SIL quantities for cylindrically symmetric systems.
We particularly focus on the hydrogen molecule, constructing the SIL quantities along the
dissociation curve. Even though the method presented in this chapter is computationally rather
expensive, this work allowed us to gain more insight into SIL and to explore different routes
for utilizing the SIL information for the construction of approximations to XC functional.

In chapter 5, we carefully analyse how XC functionals can be constructed via local in-
terpolation along the adiabatic connection. For this purpose we employ highly accurate SIL
quantities and combine them with the quantities from the weak coupling limit. We also compute
highly accurate quantities along the adiabatic connection path, which we use to test the accu-
racy of our approximation. Including the information from both interacting limits allowed us to
construct well-balance DFAs without a bias towards a particular correlation regime, which is a
drawback of most, if not all state-of-the-art DFAs. The global interpolation between the weak
and strong coupling limit was explored already some time ago, but that approach suffered from
size-consistency issues.22,23 In this chapter we show that the local interpolation methods are not
only able to address the problem of strong correlation without violating size-consistency, but
they are also generally much more accurate than their global counterparts.

In chapter 6 we continue along the lines introduced in chapter 4. The XC functionals
constructed via local interpolation along the adiabatic connection can contain two possible
types of error: one due to the interpolation itself and the other from the interpolation input
quantities, if DFAs are used for their evaluation. In chapter 4, we disentangle these two errors
and assess the former error only by using highly accurate input quantities. In chapter 5 we
make the whole approach much more practical by replacing the ultra non-local and exact SIL
quantities by approximate ones. In that chapter we show that such a pragmatic replacement
does not affect the accuracy of the whole approach, if approximations that retain some of the
SIL non-locality are used. We also explore there how the SIL information (both exact and
approximate) can be used for the construction of useful quantum-chemical concepts, namely:
lower bounds to correlation energy and correlation indicators.

In chapter 7 we focus on the well-known Lieb-Oxford inequality, which we also used for the
construction of lower bounds to correlation energy in chapter 6. In chapter 7 we show that the
SIL formalism can be used for addressing open issues regarding the Lieb-Oxford inequality.
Then in chapter 8 we consider different energy density definitions for the weak and strong
coupling limit and findings in this chapter shed more light on the local interpolation schemes
discussed in chapters 5 and 6, but also on the Lieb-Oxford inequality discussed in chapter 7.

In chapter 9 we construct a simple, yet fully non-local density functional for the electronic
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repulsion energy by using the main structural motives of the SIL functional. In this chapter we
discuss the implications of using the present functional for general DFT development.

Finally, chapter 10 is devoted to the summary and outlook.
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Chapter 2

Fundamentals of Kohn-Sham
Density Functional Theory

2.1 Preliminaries
The time-independent Schrödinger equation, which describes the quantum nature of N-electron
non-relativistic systems is given by:

ĤΨ = EΨ (2.1)
Throughout the thesis we adhere to the Born-Openhaimer approximation, which decouples nu-
clear and electronic degrees of freedom. This allows us to focus on the electronic Hamiltonian,
which reads as:

Ĥ = T̂ + V̂ee + V̂ext, (2.2)
where the kinetic energy and electron-electron interaction operators are respectively given by:

T̂ = −1

2

N∑
i

∇2
i ,

V̂ee =
1

2

N∑
j 6=i

1

|ri − rj|
,

(2.3)

and the V̂ext operator represents the external potential:

V̂ext =
N∑
i

v(ri), (2.4)

which in chemistry typically stands for a Coulombic attraction of electrons to a set of nuclei:

v(r) = −
M∑
a

Za
|Ra − r|

(2.5)

The above operators are given in terms of atomic units, which are used throughout the thesis.
From the ground state many-body wave-function of the Hamiltonian given in Eq. 2.2, Ψ, which
depends on both spatial (ri) and spin coordinates (σi), we can obtain the one-body electron
density from:

ρ(r) = N

∫
|Ψ(r, σ1, r2, σ2 . . . , rN , σN)|2 dσ1dr2dσ2 . . . drNdσN , (2.6)

and ρ(r) will be the central quantity of the following sections.

5



6 CHAPTER 2. FUNDAMENTALS OF KS DFT

2.2 The universal Hohenberg-Kohn functional and constrained
search approach of Levy

Density functional theory has been set on firm theoretical grounds by the Hohenberg-Kohn
theorems.3 The first Hohenberg-Kohn (HK) theorem states that for non-degenerate states* any
v-representable density determines uniquely, up to an additive constant the external potential,
v(r). In other words, there is one-to-one correspondence between ρ(r) and v(r). Given that
v(r) in turn fixes the Hamiltonian, the ground state many-body wave-function is also uniquely
determined by ρ(r). This Hohenberg-Kohn mapping can be schematically represented as:

ρ(r)→ v(r)[ρ]→ Ψ[ρ] (2.7)

From the above mapping, the HK variational principle for the ground state energy follows:

E[v] = min
ρ

(
F [ρ] +

∫
ρ(r)v(r)dr

)
, (2.8)

where for the minimum is searched over all v-representable densities. An unappealing feature
of the v-representability requirement is that the set of v-representable densities is not explic-
itly known. The constrained search approach proposed by Levy provides an elegant way for
bypassing the v-representability requirement. Within this approach F [ρ] is defined as:

F [ρ] = min
Ψ→ρ
〈Ψ|T̂ + V̂ee|Ψ〉, (2.9)

The universal functional given above is well defined for all N -representable densities. Con-
trary to the set of v-representable densities, the set of N -representable densities is explic-
itly known.25 All N -electron densities, with ρ ≥ 0 and finite von Weizsäcker kinetic energy
(1

2

∫
|∇ρ1/2(r)|2dr <∞) form this set. Following the constrained search approach of Levy, the

ground state energy and density can be obtained by the following two-step minimization:26–28

E[v(r)] = min
ρ

{
min
Ψ→ρ
〈Ψ|T̂ + V̂ee|Ψ〉+

∫
v(r)ρ(r)dr

}
, (2.10)

2.3 Density fixed adiabatic connection formalism

2.3.1 Adiabatic connection as a link between the Kohn Sham and physi-
cal state

In this section we briefly review the adiabatic connection formalism, which provides an exact
expression for the exchange correlation functional and allows us to introduce the link between
the non-interacting system of Kohn and Sham and physical system. We start by generalizing the
universal functional of Eq. 2.9, making it dependent on the positive and real coupling constant
λ, which scales the electron-electron interaction. This functional is given by:

Fλ[ρ] = min
Ψ→ρ
〈Ψ|T̂ + λV̂ee|Ψ〉 (2.11)

*It was shown later that the HK formalism can be extended in a straightforward way to include degenerate
ground states, see, e.g. Ref. 24 and Figure 2.1. therein



2.3. DENSITY FIXED ADIABATIC CONNECTION FORMALISM 7

The above constrained minimization defines the Ψλ[ρ] wave-function, which achieves the above
minimum and integrates to ρ(r). Assuming the v-representability of ρ, the Ψλ[ρ] wave-function
also minimizes the following Hamiltonian:

Ĥλ = T̂ + λV̂ee + V̂λ, (2.12)

in which besides the kinetic energy and electron-electron repulsion operator there is also the
V̂λ operator, which represents an external potential vλ that binds the electron density at λ, such
that it is always equal to the density of the physically interacting system (ρλ = ρ1, ∀λ).

While the Ψ1[ρ] wave-function represents the physical system, Ψ0[ρ] minimizes the kinetic
energy operator only and represents the Kohn-Sham (KS) non-interacting system. At λ = 0, vλ
becomes the KS potential, which ensures that the density of the KS system is equal to that of the
physical system. In what follows we examine the difference between the universal functional
at λ = 0 and λ = 1.

The Fλ[ρ] functional at λ = 0 is equal to the KS non–interacting kinetic energy:

F0[ρ] = 〈Ψ0[ρ]|T̂ |Ψ0[ρ]〉 = Ts[ρ]. (2.13)

On the other hand, F1[ρ] is equal to the sum of the true kinetic and true Coulomb repulsion
energy of electrons. The difference between F1[n] and F0[n] is equal to the sum of the Hartree
and exchange-correlation functional:

F1[ρ]− F0[ρ] = U [ρ] + Exc[ρ]. (2.14)

The Hartree functional gives classical repulsion associated to the density charge ρ(r):

U [ρ] =
1

2

∫ ∫
ρ(r)ρ(r′)

|r− r′|
drdr′. (2.15)

While the exchange functional already arises from the expectation value of Ψ0[ρ]:

Ex[ρ] = 〈Ψ0[ρ]|V̂ee|Ψ0[ρ]〉 − U [ρ] (2.16)

the correlation functional consists of both kinetic and electron repulsion components account-
ing from the difference between Ψ1[ρ] and Ψ0[ρ]:

Ec[ρ] = 〈Ψ1[ρ]|T̂ |Ψ1[ρ]〉 − 〈Ψ0[ρ]|T̂ |Ψ0[ρ]〉︸ ︷︷ ︸
Tc[ρ]

+ 〈Ψ1[ρ]|V̂ee|Ψ1[ρ]〉 − 〈Ψ0[ρ]|V̂ee|Ψ0[ρ]〉︸ ︷︷ ︸
Uc[ρ]

(2.17)

In this way, the correlation functional is expressed in terms of both T̂ and V̂ee operators. An
appealing feature of the adiabatic connection formalism is that it allows us to express the XC
functional only in terms of the V̂ee operator, as it will be shown in the following section.

2.3.2 Exact formula for the exchange–correlation functional
The adiabatic connection formula for the XC functional reads as follows:29,30

Exc[ρ] =

∫ 1

0

Wλ[ρ]dλ, (2.18)

where Wλ[ρ] is the global AC integrand:

Wλ[ρ] = 〈Ψλ[ρ]|V̂ee|Ψλ[ρ]〉 − U [ρ]. (2.19)
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Figure 2.1: An illustration of the adiabatic connection integrand curve with the shaded region
representing the exchange–correlation energy

To prove Eq. 2.18, we employ the constrained–search approach by using the λ-generalized
universal functional given in Eq. 2.11. Simply utilizing the fact that the integral of a derivative
gives the difference of the integrand end points, we have:

F1[ρ]− F0[ρ] =

∫ 1

0

∂

∂λ
Fλ[ρ]dλ. (2.20)

We also have the following equality:∫ 1

0

∂

∂λ
Fλ[ρ]dλ =

∫ 1

0

〈Ψλ[ρ]|V̂ee|Ψλ[ρ]〉dλ. (2.21)

The above equality comes from the simple fact that the derivative of T̂ + λV̂ee is V̂ee and from:

∂

∂λ′
〈Ψλ′ [ρ]|T̂ + λV̂ee|Ψλ′ [ρ]〉

∣∣∣∣
λ′=λ

= 0, (2.22)

which follows from the fact that 〈Ψλ′ [ρ]|T̂ + λV̂ee|Ψλ′ [ρ]〉 achieves its minimum at λ′ = λ.
Adding Eqs. 2.14, 2.20 and 2.21, we obtain:

Exc[ρ] + U [ρ] =

∫ 1

0

〈Ψλ[ρ]|V̂ee|Ψλ[ρ]〉dλ. (2.23)

Subtracting U [ρ] from both sides of Eq. 2.23, we obtain the desired AC formula given in
Eq. 2.18, which is what had to be proved.

In Figure 2.1 we show an example for the AC integrand, in which the shaded area corre-
sponds to the XC energy.

2.3.3 Exact constraints on the adiabatic connection integrand
Since the adiabatic connection formalism has been paving the way for the construction of dif-
ferent classes of density functional approximations, knowing the exact features of the AC inte-
grand is of great importance in DFT. Here we list a few essential features of the AC integrand:
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• It has been proven that the AC integrand monotonically decreases with λ:31,32

dWλ[ρ]

dλ
< 0, (2.24)

• In addition to the monotonically decreasing nature of the AC integrand, it also satisfies
the following scaling property, which links AC with uniform coordinate scaling:33

Wλ[ρ] = λW1[ρ1/λ], (2.25)

where ρ1/λ(r) is the scaled density: ργ(r) = γ3ρ(γr), with γ > 0.

• The expansion of Wλ in the non–interacting limit (small values of λ) is given by:34

Wλ[ρ] = W0[ρ] +W ′
0[ρ]λ+ . . . (λ→ 0), (2.26)

where the AC integrand at λ = 0 is equal to the exchange functional: W0[ρ] = Ex[ρ],
which can be expressed in terms of occupied KS orbitals:

Ex[ρ] = −1

2

occ∑
ij

∫ ∫
φi(r

′)φj(r
′)φj(r)φi(r)

|r′ − r|
drdr′. (2.27)

The initial slope of the global adiabatic connection integrand is given by twice the second–
order correlation energy of the Görling-Levy perturbation theory (GL2):34,35 W ′

0[ρ] =
2EGL2

c [ρ]. The EGL2
c correlation energy is given in terms of occupied and non-occupied

KS orbitals and their energies:

EGL2
c [ρ] = −1

4

∑
abij

|〈φiφj||φaφb〉|2

εa + εb − εi − εj
−
∑
ia

|〈φi|v̂KS
x − v̂HF

x |φa〉|2

εa − εi
, (2.28)

where the indices i, j and a, b stand for occupied and non-occupied KS orbitals respec-
tively, v̂KS

x being the local exchange part of the KS potential and v̂HF
x the non–local

Hartree–Fock (HF) exchange potential, but with KS orbitals

• The expansion of the AC integrand in the strongly–interacting limit, the λ→∞ limit, is
given by:36,37

Wλ[ρ] = W∞[ρ] +W ′
∞[ρ]λ−1/2 +O(λ−m) (λ→∞ , m ≥ 5/4). (2.29)

BothW∞[ρ] andW ′
∞[ρ]† functionals have a completely different structure from theW0[ρ]

and W ′
0[ρ] functionals. They are ultra non-local functionals of the density and they can

be obtained by using the strictly-correlated electrons (SCE) approach,36 which will be
detailed in the next chapter.

• The AC integrand is bounded from below by the Lieb–Oxford inequality:39–41

Wλ[ρ] ≥ −CLO

∫
ρ4/3(r)dr. (2.30)

Although the exact value for the CLO constant is not known, it is rigorously known to be
in between 1.411942 and 1.635843. The smallest value for the left-hand-side of Eq. 2.30,

which is W∞[ρ], has been identified as lim
γ→0

Exc[nγ]

γ
by Levy and Perdew.40

†W ′
∞[ρ] gives the next leading term, beyond W∞[ρ], at large λ. Although, strictly speaking, W ′

∞[ρ] is not
the derivative of Wλ in the λ → ∞ limit, it was called this way because its role in the strong coupling limit is
analogous to the one of W ′

0[ρ] in the weak coupling limit.36,38
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2.3.4 Models for the global and local adiabatic connection integrand
The usual approach for approximating the AC connection integrand is to use an ansatz, which
would preferably obey the constraints listed in section 2.3.3,44, and then use the density func-
tional approximations (DFAs) quantities to evaluate it. The first popular AC-hybrid model was
proposed by Becke, who used a linear model for the AC integrand.45 Earlier, Levy proved
that the adiabatic connection integrand is exactly linear for small enough λ.33 Different models
for the AC integrand were proposed later, such as the [1/1] Padé approximant46, used in the
MCY family of functionals.47 Teale et al used the ab initio arguments to propose several mod-
els for Wλ[ρ]32. In addition to these models, the interaction strength interpolation (ISI) class
of functionals, first proposed by Seidl and co-workers22,23 and later revised36,37,44 is a class of
functionals that is based on an interpolation between the weak and strong coupling limit of
DFT.

Certain approximate XC functionals that model the global adiabatic connection integrand,
such as the ones belonging to the MCY family of functionals and the ISI functionals, violate
size consistency.44 One way to restore size consistency within such frameworks is to model the
local adiabatic connection integrand instead of the global one.44,48,49 The local AC integrand,
wλ(r), can be expressed as a quantity that integrates to the global AC integrand when we
multiply it by the density:

Wλ[ρ] =

∫
wλ(r)ρ(r)dr (2.31)

It is well known in DFT that there is not a unique way of expressing the local AC connection
integrand. That is simply because adding an arbitrary function to wλ(r) that integrates to 0
when multiplied by the density would still give the same value for Wλ[ρ]. For this reason,
the local adiabatic connection integrand is not uniquely defined and we have to be specific on
their definition (also called gauge). A commonly accepted gauge for the local AC integrand is
the one of the electrostatic potential of the XC hole44,50–52. Although this gauge is considered
conventional, it is not the only one defined in the literature and other definitions we shall con-
sider later in chapter 8. In the gauge of the electrostatic potential of the XC hole the local AC
integrand is given by:

wλ(r) =
1

2

∫
hλxc(r, r

′)

|r− r′|
dr′, (2.32)

with hλxc(r, r
′) being the XC hole:

hλxc(r, r
′) =

P λ
2 (r, r′)

n(r)
− n(r′), (2.33)

and P λ
2 (r, r′) is the pair-density, coming from the Ψλ[ρ] wave-function:

P λ
2 (r, r′) = N(N − 1)×

∫
|Ψλ(r, σ1, r

′, σ2, r3, σ3, . . . , rN , σN)|2dσ1dσ2dr3dσ3 . . . drNdσN ,

(2.34)
Functionals that model the local adiabatic connection integrand in the gauge of the XC hole
by the interpolation between the weak and strong coupling regime of DFT have been recently
proposed44,53 and they will be the focus of chapters 4 and 5. The main advantage of such
functionals is that they can capture strong and static correlation effects in a size consistent
way,44 the feature that is missed by most of the standard approximate density functionals.
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2.4 Kohn-Sham equations
In traditional KS DFT the density is obtained from the converged KS occupied orbitals:

ρ(r) =
N∑
i=1

|φi(r)|2. (2.35)

Single-particle Kohn-Sham equations result from the minimization given in Eq. 2.10:[
− 1

2
∇2 + vs([ρ]; r)

]
φi(r) = εiφi(r), (2.36)

where vs(r) is the KS potential, which is equal to the sum of the external and Hartree-exchange-
correlation potential:

vs([ρ]; r) = v(r) + vHxc([ρ]; r). (2.37)

The Hartree-exchange-correlation potential consists of the Hartree and XC component, which
are equal to the functional derivatives of the corresponding energy functionals:

vHxc([ρ]; r) =
δU [ρ]

δρ(r)︸ ︷︷ ︸
vH([ρ];r)

+
δExc[ρ]

δρ(r)︸ ︷︷ ︸
vxc([ρ];r)

(2.38)

Equations 2.36 are solved iteratively, usually starting with a guess for KS orbitals and varying
them until the convergence of the density is achieved. The ground state energy within such a
scheme is evaluated through:

EGS =
N∑
i=1

〈φi| −
1

2
∇2|φi〉+

∫
v(r)ρ(r)dr + U [ρ] + Exc[ρ] (2.39)

2.5 Traditional approximations to the XC functional
Mainstream strategies to construct the approximations to the XC functional follow the idea
of “Jacob’s ladder”,54–58 based on an ansatz for the dependence of the XC functional on the
relevant ingredients, increasing the complexity of the approximations in a hierarchical man-
ner. Within the “Jacob’s ladder” approach, the functional ingredients are classified according
to their complexity, starting from the local density, which is at the lowest rung of the ladder.
At the next rungs there are: the density gradient (used in GGAs5–9), kinetic energy density
(τ(r) = 1

2

∑occ
i |∇φi(r)|

2) (used in meta-GGAs10–12), occupied Kohn-Sham orbitals (used in
hybrids13–15 and self-interaction correction functionals59–62) up to the highest rung at which
there are unoccupied Kohn-Sham orbitals (used in random-phase approximations19–21 and dou-
ble hybrids16–18). According to Perdew and coworkers,54,55 approximate XC functional should
be constructed non-empirically to satisfy known exact constraints appropriate for a given level
of approximation. In tandem with the construction of the XC functional guided by the exact
constraints, a (sometimes very large) number of parameters can be also introduced and fitted to
specific data sets.11

While the complexity and computational cost the XC functional increases as we use the
functional ingredients that are higher up in the Jacob’s ladder, this is not necessarily true for the
accuracy of XC functionals. For this reason, DFT (more precisely DFAs), as opposed to wave-
function theories, is not systematically improvable. Nonetheless, the story behind the DFT
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Jacob’s ladder has been very successful, as the DFT methods that follow this idea are presently
most employed electronic structure methods. Spectacular failures have, however, accompanied
this widespread success. Most of these failures have been attributed to the inability of the
present DFAs to adequately treat strong correlation.63 Due to the static correlation and the self-
interaction error, which have been extensively studied by Yang and co-workers,63,64 none of the
present functionals is generally suited for the treatment of strong correlation. In the following
chapters we shall see how the information provided by the strong interaction limit (SIL) can
address the strong correlation problem from a different standpoint, but we shall also see how
the SIL information can be used for improving present DFAs that follow the idea of Jacob’s
ladder.



Chapter 3

The Strong-Interaction Limit of
Density Functional Theory

3.1 The structure of the strictly-correlated electrons func-
tional

The strictly-correlated electrons (SCE) functional can be briefly introduced starting from the
standard adiabatic connection in DFT introduced in section 2.3. We first re-write the adiabatic
connection integrand of Eq. 2.19 in such a way that it includes the Hartree component:

V λ
ee[ρ] = 〈Ψλ[ρ]|V̂ee|Ψλ[ρ]〉, (3.1)

with Ψλ[ρ] being the minimizing wave-function in Eq. 2.11. The SCE functional V SCE
ee [ρ]

corresponds to the limit of infinite coupling strength, λ→∞, of V λ
ee[ρ] given in Eq. 3.1:

V SCE
ee [ρ] = lim

λ→∞
V λ
ee[ρ] = 〈Ψ∞[ρ]|V̂ee|Ψ∞[ρ]〉, (3.2)

Given that the SCE functional can be also defined by using the following constrained mini-
mization:

V SCE
ee [ρ] = inf

Ψ→ρ
〈Ψ|V̂ee|Ψ〉, (3.3)

it is the natural counterpart of the KS non-interacting kinetic energy functional Ts[ρ] = Fλ=0[ρ].
The V SCE

ee [ρ] functional was first introduced by Seidl and co-workers22,65,66, and from Eq. 3.3
we can see that it corresponds to the minimal Coulomb repulsion among all the wave-functions
that are consistent with ρ(r). A candidate for the minimizing |Ψ∞[ρ]|2 of Eq 3.3, which de-
scribes the maximum possible correlation in the given density ρ(r), is a distribution parametrized
by the so-called co-motion functions fi(r):66,67

|Ψ∞(r1 . . . rN)|2 =
1

N !

∑
℘

∫
ρ(r)

N
δ(r1 − f℘(1)(r)) δ(r2 − f℘(2)(r)) · · · δ(rN − f℘(N)(r))dr

(3.4)
where δ is the Dirac delta function and ℘ denotes a permutation of 1 . . . N . Equation 3.4 has
a simple physical meaning: if a reference electron in the N -electron system found at r, then

13
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r would fix the position of all the other N − 1 electrons via the co-motion functions fi(r),
ri = fi(r)

66. In terms of the co-motion functions, the SCE functional V SCE
ee [ρ] is given by67

V SCE
ee [ρ] = inf

{fn}:ρ

∫
ρ(r)

2

N∑
i=2

1

|r− fi(r)|
dr, (3.5)

with fi(r) satisfying group properties (accounting for the indistinguishability of electrons):

f1(r) ≡ r,

f2(r) ≡ f(r),

f3(r) = f(f(r)),

... (3.6)
fN(r) = f(f(. . . f(r) . . . ))︸ ︷︷ ︸

N−1 times

,

f(f(. . . f(r) . . . ))︸ ︷︷ ︸
N times

= r,

and the constraint “{fn} : ρ” meaning that the co-motion functions satisfy the following differ-
ential equation:

ρ(fi(r))dfi(r) = ρ(r)dr, (3.7)

The co-motion functions ansatz has been proven68 to be exact, but as we shall discuss more
in section 3.4, it might happen that it yields only an infimum and not a minimum.68,69 Despite
the high non-local character of the SCE functional, evident from Eq. 3.7, it is possible to find
its exact functional derivative (yielding a one-body multiplicative potential) via the auxiliary
equation70,71

∇vSCE(r) = −
N∑
i=2

r− fi(r)

|r− fi(r)|3
, (3.8)

which shows that the SCE potential vSCE(r) exactly represents the net Coulomb repulsion act-
ing on the electron at position r, when the many-electron system is described by |Ψ∞[ρ]|2. As
we shall discuss more in chapter 8, it has been recently shown that the SCE potential satisfies
the Levy-Perdew virial relation,31 which reads as:72

V SCE
ee [ρ] = −

∫
ρ(r) r ·∇vSCE(r) dr. (3.9)

The above relation can be either proved using the scaling arguments or explicitly via the relation
given in Eq. 3.8.72

3.2 The Kohn-Sham SCE approximation
The SCE functional can be used to partition the Hohenberg-Kohn functional F [ρ] = Fλ=1[ρ] of
Eq. 2.11 as:

F [ρ] = Ts[ρ] + V SCE
ee [ρ] + Tc[ρ] + V d

ee[ρ], (3.10)

where both the kinetic correlation energy given in Eq. 2.17 and the electron-electron decorre-
lation energy73,74 V d

ee[ρ] = 〈Ψλ=1[ρ]|V̂ee|Ψλ=1[ρ]〉 − V SCE
ee [ρ] are positive.
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If we neglect Tc[ρ] and V d
ee[ρ] we obtain the KS SCE approximation proposed in Ref. 70.

This approximation can be written as:

EHxc[ρ] ≈ V SCE
ee [ρ], (3.11)

and it is equivalent to approximating the minimum of the sum in the Hohenberg-Kohn func-
tional with the sum of the two minima:

min
Ψ→ρ
〈Ψ|T̂ + V̂ee|Ψ〉 ≈ min

Ψ→ρ
〈Ψ|T̂ |Ψ〉+ min

Ψ→ρ
〈Ψ|V̂ee|Ψ〉, (3.12)

yielding a rigorous lower bound to the exact ground-state energy. Notice that in the low-density
limit the sum of the Hartree and the exact XC functional tends asymptotically to the SCE
functional (for a very recent proof see Ref. 75). The KS SCE scheme also uses the SCE
potential as an approximation to the Hxc part of the KS potential (this follows from Eq. 3.11).
Extensive studies have shown that this scheme captures the physics of strong correlation and
deliveries rather accurate densities for systems in which electrons are confined in quasi-1D and
quasi-2D geometries.70,71,76,77

3.3 The SCE functional and mass transportation theory
The link between the SCE functional and mass transportation (or optimal transport) theory was
found, independently, by Buttazzo et al.78 and by Cotar et al.79. Mass transportation theory
dates back to 1781 when Monge80 posed the problem of finding the most economical way of
moving soil from one area to another. In 1942 Kantorovich81 generalized it to what is now
known as the Kantorovich dual problem. In the last twenty years optimal transport has devel-
oped into one of the most active fields in mathematics.82. The basic Monge problem consists
in asking what is the most economical way to move a mass distribution ρ1(r) into another dis-
tribution ρ2(r), given the work c(r1, r2) (called cost) necessary to move a unit mass from a
position r1 to another position r2. The solution to the Monge problem is then given in terms of
an optimal map, which assigns to every point r of ρ1(r) a unique final destination f(r) in ρ2(r).
The co-motion functions turn out to be exactly the optimal maps for a multimarginal Monge
problem with cost function given by the Coulomb repulsion.78 However, it is very delicate to
prove in general the existence of the set of optimal map functions for systems with arbitrary
dimension and density (a formal proof for the SCE case is available, up to know, only for the
one-dimensional case83 with any number N of electrons, and for N = 2 in any dimension
and geometry78). It is for that reason that Kantorovich81 proposed a relaxed formulation of the
Monge problem, in which the goal is to find a transport plan that gives the probability that,
at optimality, a given element r1 of ρ1 be transported in r2 in ρ2. This relaxed problem, in
turn, has a dual formulation, known as the dual Kantorovich problem, which is closely related
to the Legendre transform formulation of standard DFT,28 and corresponds to a maximization
with respect to potentials, under linear constraints. The maximizing Kantorovich potential u(r)
differs from the SCE potential of Eq. 3.8 vSCE(r) – defined, for finite systems, as the functional
derivative of V SCE

ee [ρ] supplemented by the condition vSCE(|r| → ∞)→ 0 – only by a constant
C[ρ]:78

u(r) = vSCE(r) + C[ρ]. (3.13)

As we shall discuss more in detail in the next chapter, the constant C[ρ] appearing in the Kan-
torovich potential is exactly the same (in the strong-correlation limit) recently introduced by
Levy and Zahariev.84
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From the optimal-transport point of view the SCE functional defines a multimarginal prob-
lem, in which all the marginals are the same, so that the SCE mass-transportation problem
corresponds to a reorganization of the “mass pieces” within the same density. The dual Kan-
torovich formulation for V SCE

ee [ρ], defining the Kantorovich potential u(r), is:78

V SCE
ee [ρ] = max

u

{∫
u(r)ρ(r)dr :

N∑
i=1

u(ri) 6
N∑
i=1

N∑
j>i

1

|ri − rj|

}
. (3.14)

Equation 3.14 is a linear programming problem with an infinite number of constraints, which
could be dealt with by readapting optimal transport algorithms to the SCE functional, a research
goal that is the object of ongoing efforts.85,86 Mendl and Lin87 reformulated the problem given
in Eq. 3.14 in terms of a nested optimization, by introducing a functional g[vSCE] of vSCE(r):

g[vSCE] = min
{ri}

N∑
i=1

N∑
j>i

1

|ri − rj|
−

N∑
i=1

vSCE(ri), (3.15)

and then showed that V SCE
ee [ρ] can be found via the following nested optimization:

V SCE
ee [ρ] = max

vSCE

{∫
vSCE(r)ρ(r)dr + g[vSCE]

}
(3.16)

Equation 3.16 is equivalent to Eq. 12 of reference 66, obtained by generalizing the Lieb Leg-
endre transform formulation28 to the SCE functional.

Notice that Eq. 3.14 defines a particular gauge for the Kantorovich potential u(r), since a
constant could be added to the left-hand side of the inequality yielding a shifted potential. The
Kantorovich potential is historically defined in such a way that

∫
ρ(r)u(r)dr gives exactly the

optimal cost.

3.4 Challenges in constructing the SCE functional

3.4.1 One-dimensional systems
First we consider one-dimenssional (1D) densities ρ(x), which can be used for modelling in-
teresting systems in physics (see, e.g., Refs. 70,71,77). The co-motion functions that solve the
SCE problem for 1D systems were proposed based on the physical arguments by Seidl65 and
later is was proved that these co-motion functions yield the exact SCE functional for 1D densi-
ties.88 The co-motion function ansatz of Eq. 3.5 always yields a minimum for 1D systems.68,69

This is also the case if N = 2 for any dimensionality, but if D > 1 and N > 2 it is still an open
question whether the infimum of Eq. 3.5 is also a minimum.

The key quantity for the construction of 1D co-motion functions is the following integral of
the density:

Ne(x) =

∫ x

−∞
ρ(x′)dx′ (3.17)

The co-motion functions are then given in terms of Ne(x) and its inverse:†
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.

Figure 3.1: A sample of strictly correlated position for a 1D gaussian density: ρ(x) = 2√
π
e−x

2 .
A reference electron is placed at x1 and the second electron is at x2 = f2(x1). Notice that
the shaded area under the density, by virtue of Eq. 3.20, integrates to 1. Inset is showing the
co-motion function for the given density and it was calculated via Eq. 3.18

fi(x) =

{
N−1
e [Ne(x) + i− 1] for x ≤ aN−i+1

N−1
e [Ne(x)−N + i− 1] for x > aN−i+1,

(3.18)

where ak = N−1
e (k). Applying the Ne function to both sides of Eq. 3.18, we can write it even

in a more compact form:

yi(y) =

{
y + i− 1 for y ≤ N − i+ 1

y −N + i− 1 for y > N − i+ 1,
(3.19)

with yi = Ne(fi(x)) and y = y1 = Ne(x). An interesting feature of the 1D SCE solution,
which can be inferred from Eqs. 3.18 and 3.19,is that any two corresponding adjacent SCE
positions are separated by the density chunk that integrates to 1:∫ fi+1(x)

fi(x)

ρ(x′)dx′ = 1 (3.20)

In Figure 3.1 we show a simple illustration of the SCE positions within a 1D density containing
two electrons.

3.4.2 Three-dimensional systems
Given that the SCE problem is ultra non-local, and, although sparse in principle, its non-
linearity makes its exact evaluation for general three-dimensional geometry a complex task. For
spherically symmetric systems a conjectured solution to the SCE problem has been proposed
(the SGS solution),66 in which the radial component of the co-motion functions is constructed
in the spirit of the 1D solution of Eq. 3.18, while the relative angles between the electrons are

†These co-motion function give the solution to the SCE problem for 1D systems in which electrons interact
via any convex interaction (see, e.g, Ref. 89)
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Table 3.1: An overview of the proposed SCE algorithms for 3D geometries. The third column
shows Nmax, which indicates up to how many electrons a given algorithm was applied to

Algorithm name References Nmax

SGS approach based on co-motion functions (radial densities only) 66, 42,69,90 100
Dual Kantorovich algorithm based on Eq. 3.16 52,87 6
Entropic regularisation algorithm 85,86,91 5
Discretized linear programming algorithm 92 2

chosen to minimize the Coulombic repulsion between them in their SCE position. The SGS
solution is exact for N = 2, but it has been recently shown that for N > 2 is not always opti-
mal.69 Nonetheless, even in the cases when the SGS solution does not give the true minimum
of V SCE

ee [ρ], numerical results have shown that the SGS values are very close to the true mini-
mum and that the corresponding functional derivative satisfies Eq. 3.8 with the SGS co-motion
functions.69

For general three-dimensional geometries several algorithms have been proposed for ob-
taining the highly accurate SCE functional. Without going into technical details, in Table 3.1
we give an overview of the proposed algorithms and we can see that present SCE algorithms
have been used for treating densities (for general 3D geometries) with only up to six electrons.
This indicates again the level of complexity of the evaluation of the ultra non-local SCE func-
tional for general geometries. On the positive side, very accurate approximations to the SCE
functional, retaining some of the SCE non-locality, have been recently proposed and they will
be detailed in the next section. As we shall see later, even the inclusion of approximate SCE
information into a given XC functional equips it for possibly addressing the strong correlation
problem.

3.5 Approximations to the SCE functional

3.5.1 Point-charge plus continuum (PC) model
The first proposed approximation to the SCE functional comes from the point-charge plus con-
tinuum (PC) model, of Seidl and coworkers, in which the SCE quantities have been modelled at
the (semi)local level.38 Interestingly, this approximation had come before the detailed structure
of the exact SCE functional66,67,78 was revealed. At the LDA level, the PC energy density is
given by:

wPC−LDA
∞ (r) = − 9

10

(
4π

3

)1/3

ρ(r)1/3, (3.21)

and at the GGA level it is given by:

wPC−GGA
∞ (r) = wPC−LDA

∞ (r) +
3

350

(
3

4π

)1/3 |∇ρ(r)|2

ρ(r)7/3
. (3.22)

Although the PC functional does not model the XC hole directly, careful analysis have shown
that the PC model, at least in its local density version of Eq. 3.21, yields energy densities
corresponding to the electrostatic potential of the XC hole.67
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3.5.2 Nonlocal radius functional
Contrary to the PC model, the nonlocal radius functional (NLR), recently proposed by Wag-
ner and Gori-Giorgi, approximates directly the XC hole in the strong coupling limit and retains
some of the SCE non-locality.53,93,94 To introduce the NLR functional, we first define the spher-
ically averaged density around a reference position r:

ρ̃(r, u) =

∫
1

4π
ρ(r + u)dΩu, (3.23)

and spherically averaged XC hole:

h̃λxc(r, u) =

∫
1

4π
hλxc(r, r + u)dΩu, (3.24)

which satisfies the following sum rule:

4π

∫ ∞
0

h̃λxc(r, u)u2du = 1 (3.25)

The key quantity of the NLR functional is uNLR
c (r), which is a radius of a sphere containing

one electron:

4π

∫ uNLR
c (r)

0

ρ̃(r, u)u2du = 1 (3.26)

For uniform densities uNLR
c (r) reduces to the Wigner–Seitz radius: rs(r) =

(
4
3
πρ(r)

)−1/3. The
spherically averaged XC hole of NLR can be expressed in terms of uNLR

c (r) as:

h̃NLR
xc (r, u) = −θ(uNLR

c (r)− u)ρ(r, u), (3.27)

where θ(x) is the Heaviside step function:

θ(x) =

{
0 x < 0

1 x > 0
(3.28)

To compute now the XC energy densities in the gauge of the electrostatic potential of the XC
hole for the NLR functional, we rewrite Eq. 2.32 in terms of the spherically averaged XC hole:

wλ(r) = 2π

∫ ∞
0

h̃λxc(r, u)u du. (3.29)

Plugging Eq. 3.27 into Eq. 3.29 we obtain the NLR XC energy density:

wNLR
∞ (r) = −2π

∫ uNLR
c (r)

0

ρ̃(r, u)u du (3.30)

The above equation illustrates the basic idea of the NLR model hole, which simply removes all
the density from a sphere, that integrates to 1, around a reference electron. The NLR hole is thus
the most short-ranged model hole, which does not violate the non-negativity constraint on the
corresponding pair-density.94 The NLR functional represents generally a fair approximation to
the SCE quantities.93,95 One disadvantage of the NLR model is that it fails to reproduce the SCE
functional for homogeneous electron gas (HEG).93,94 In the low-density limit the XC energy of
HEG approaches the SCE XC energy of HEG and it has the following form: −dSCE

rs
. The XC
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Figure 3.2: The spherically averaged model holes for the Be atom for the NLR and shell model
as a function of the interelectronic distance u at r = 1 a.u.

NLR energy for HEG has the same form: −dNLR

rs
; however the corresponding dNLR = 0.75 is

significantly smaller than dSCE ≈ 0.9. As we shall see later in chapter 7, the exact value for
dSCE is currently a matter of discussion.42,96,97 It was believed that dSCE can be obtained from
the Wigner crystal calculations (dWC

SCE = 0.89593). However, after showing that the total energy
of the Wigner crystal cannot be identified as its indirect energy (electron-electron repulsion
energy minus the Hartree energy), Lewin and Lieb have raised doubts about this value.96. Seidl,
Vuckovic and Gori-Giorgi used the SCE approach to explicitly calculate the indirect energy of
model uniform densities and this is their estimate for dSCE: dSVG

SCE = 0.87590.42

3.5.3 Shell model
The inability of the NLR functional to recover SCE for uniform densities is corrected by the
shell model functional, proposed by Bahman et al. This functional, as another SCE approxi-
mation, improves the overall performances of NLR. To introduce the shell model functional,
we start by giving an expression for its model hole:

h̃shell
xc (r, u) = θ

(
uc(r)− u

)
sign

(
u− us(r)

)
ρ(r, u), (3.31)

which contains the two position-dependent parameters: us(r) and uc(r). Setting us = 0.849488 uc
for all the densities ensures that the shell model reproduces SCE for HEG.* The uc(r) parame-
ter remains then the only unknown and it is fixed by the sum-rule constraint (Eq. 3.25) on the
given model hole. As such, uc(r) has to be evaluated at each point of space and very efficient
algorithms have been implemented for performing this task.94 The shell model hole of Eq. 3.31
yields via Eq. 3.29 the following energy density:

wshell
∞ (r) = −2π

∫ us(r)

0

ρ̃(r, u)u du+ 2π

∫ uc(r)

us(r)

ρ̃(r, u)u du (3.32)

To illustrate the difference between the NLR and shell model holes, in Figure 3.2 we show
the spherically averaged XC holes for the Be atom at r = 1 a.u, obtained with these two func-
tionals. From this figure we can see that the NLR hole consists only of a negative shell, with
the radius uNLR

c (r). On the other hand, the shell model hole contains both the negative (the first
term of Eq. 3.32) and the positive shell (the second term of Eq. 3.32). The presence of the pos-
itive shell, which is a known characteristic of the exact XC hole in the strong coupling limit,67

allows the expansion of the negative shell without violating the sum rule given in Eq. 3.25.
This, in turn, makes the shell model XC energies much closer to the SCE ones.94

*The given ratio between uc and us ensures that the shell model functional recovers dWC
SCE for HEG. To ensure

that the shell model recovers dSVG
SCE , us should be instead set to: us = 0.91217 uc

94
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Figure 3.3: Upper panel: Plots showing the difference between the highly accurate SCE XC
energy densities in the gauge of Eq. 2.32 and corresponding approximate energy densities,
δw∞(r) = w∞(r)−wmodel

∞ (r), as a function of the distance from the nucleus, r / a.u. The inset
in the upper panel is focusing on the error of the shell and NLR model for larger r. Lower
panel: The quantity from the upper panel multiplied by the density and the spherical volume
element. All the quantities have been obtained on the same highly accurate density66,197.
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In order to assess the error of the reviewed approximations to the SCE functional at the local
level, in Figure 3.3 we show the difference between the highly accurate SCE XC energy density
in the gauge of Eq. 2.32 and corresponding approximate energy densities for the Be atom. The
highly accurate SCE XC energy densities have been obtained with the SGS approach described
in the previous section. We can see that the two non-local energy densities (NLR and the
shell model) are much more accurate than those coming from the PC model. Although the
global error of the PC-GGA functional is the smallest, this stems from already observed error
cancellation of the corresponding energy density between different region of space, which is
also evident from Figure 3.3. We can also see that the shell model improves the NLR model
both locally and globally. Although the NLR XC energy densities of Eq. 3.30 have the correct
− 1

2|r| asymptotic behaviour, it has been observed that the NLR energy approaches the correct
asymptotics slowly.93 We can see from the inset of the upper panel of Figure 3.3 that the shell
model approaches it even more slowly. Nonetheless, the overall improvement of the shell
model over the NLR model is very satisfactory.



Chapter 4

Hydrogen Molecule Dissociation
Curve with Functionals Based on
the Strictly-Correlated Regime

S. Vuckovic, L. O. Wagner, A. Mirtschink and P. Gori-Giorgi
J. Chem. Theory Comput. 11, 3153 (2015)

Using the dual Kantorovich formulation, we compute the strictly-correlated electrons (SCE)
functional (corresponding to the exact strong-interaction limit of density functional theory)
for the hydrogen molecule along the dissociation curve. We use an exact relation between
the Kantorovich potential and the optimal map to compute the co-motion function, exploring
corrections based on it. In particular, we analyze how the SCE functional transforms in an exact
way the electron-electron distance into a one-body quantity, a feature that can be exploited
to build new approximate functionals. We also show that the dual Kantorovich formulation
provides in a natural way the constant in the Kohn-Sham potential recently introduced by Levy
and Zahariev [Phys. Rev. Lett. 113, 113002 (2014)] for finite systems.

4.1 Overview
As previously discussed in chapter 1, currently available approximations to the XC functional
mainly work when the physics of the true interacting system is not too different from the non-
interacting one of Kohn and Sham: for these cases the “Jacob’s ladder” strategy proved to be
highly successful in capturing the (relatively small) XC effects. Strongly-correlated systems,
however, are radically different from non-interacting ones. In these cases, the XC functional
needs to be a drastic correction, and traditional strategies might not be the best path to follow.

A possible, rigorous, starting point to build this drastic correction is provided by the strictly-
correlated electrons (SCE) approach. As already discussed in the previous section, the SCE
functional has a highly non-local dependence on the density that encodes new information with
respect to the traditional ingredients of the “Jacob’s ladder” approach. Despite this high non-
locality, the SCE functional derivative with respect to the electronic density can be computed
exactly via a powerful shortcut, given in Eq. 3.8, yielding a one-body multiplicative Kohn-Sham
potential that is truly able to make non-interacting electrons reproduce key features of strongly-

23
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correlated ones, without artificially breaking any symmetry, as shown by self-consistent KS
SCE results on model semiconductor quantum wires and quantum dots.71,76 The SCE functional
has been also extended to fractional electron numbers,98 displaying a derivative discontinuity
at integer electron numbers in low-density systems even in a spin-restricted framework, a key
property to describe the ground-state of strongly-correlated systems,63 as well as important ap-
plications such as quantum transport,99 missed by the standard approximate XC functionals.63

Simple tests on one-dimensional model chemical systems showed that the XC SCE functional
is able to correctly stretch a bond in KS theory without symmetry breaking, while largely over-
correlating at weak- and intermediate correlation regimes. A very recent92 numerical study on
the three-dimensional H2 molecule also found results that are in qualitative agreement with the
one-dimensional ones, confirming that the latter were good models for the chemistry in this
case, as inferred in Ref. 100. The challenge is then to retain the good performances of the SCE
functional at strong correlation while adding corrections for (or interpolating to) the weak and
intermediate chemically relevant correlation regimes. First corrections to KS SCE tested on
one-dimensional models89 and to the anions of the He isoelectronic series101 have been found
to improve substantially at different correlation regimes, but are still not satisfactory.

Overall, the asymptotic exactness of the non-local physics of the XC SCE functional makes
it a very promising ingredient to overcome the present problems of KS DFT. As already dis-
cussed in section 3.1 the original formulation of the SCE functional was based on the idea that,
in the strong-interaction limit, the electrons are infinitely (or perfectly) correlated. A change of
the position of one electron in the system affects the positions of all the others, a feature that is
captured by the co-motion functions (see Eqs. 3.4, 3.6, and 3.7). Alongside this original formu-
lation, the optimal transport formulation introduced in section 3.3, defines a dual problem that
corresponds to a maximization under linear constraints, yielding in one shot the functional and
its functional derivative (Eq. 3.14). First proof-of-principle calculations with this dual formula-
tion have been carried out by Mendl and Lin.87 To show that their algorithm works for a general
3D geometry, they have applied it to a model density for a trimer with up to six electrons, con-
sisting of three different gaussians centered arbitrarily, thus obtaining the SCE functional and
potential bypassing the co-motion functions. However, the dual formulation is expensive, as
it involves a high-dimensional minimization. The formulation with the co-motion functions is
certainly more appealing (as it defines a sparse problem) and more physically transparent. A
promising route to use the physics of the XC SCE functional to improve DFT approximations
could be the construction of approximate co-motion functions, i.e., to build functionals totally
inspired to the SCE form, and to combine them with suitable corrections, like the ones of refs
89,101. To be able to approximate the co-motion functions in general 3D geometry, it is es-
sential to gain insight into their exact form as much as possible, as well as to understand if
corrections based on them could really improve the KS SCE results.

In this work we construct accurate co-motion functions for the 3D hydrogen molecule along
the dissociation curve, by means of a powerful result from mass transportation theory: for the
special case of N = 2 particles, it is possible from the dual formulation to obtain the co-
motion function in closed form (according to the basis chosen for the potential). Thus, we
first implement the dual formulation using a physically-motivated parametrization for the SCE
potential (different from the one used by Mendl and Lin87), and we then extract the co-motion
function at different internuclear separations. We then compute the full dissociation energy
curve by using the bare XC SCE functional and by adding to it two corrections constructed
using our accurate co-motion function. As already observed in the 1D calculations and in
Ref. 92, we find that the XC SCE functional is able to correctly dissociate the molecule in
the spin-restricted KS formalism, but, as expected, it gives total energies way too low near the
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equilibrium distance. Notice that in Ref. 92 the co-motion function was obtained numerically,
using a smart grid. Here we use a basis set approach, which is crucial to construct corrections
based on the co-motion function itself. We find that using the co-motion functions to build
corrections largely improve the KS SCE results, providing dissociation curves significantly
better than the ones from standard functionals. The interesting point is that the co-motion
function transforms rigorously a two-body property (the electron-electron distance) into a one-
body quantity. We also show that the dual Kantorovich formulation provides in a natural way
the Levy and Zahariev constant of the Kohn-Sham potential for finite systems,84 and that this
constant has a very well defined physical meaning in the strong-interaction limit of the DFT
adiabatic connection.

4.2 The SCE Functional for the hydrogen molecule

4.2.1 Kantorovich formulation
To solve the Kantorovich problem for the H2 molecule, we have used cylindrical coordinates
(z, h, θ). The two protons lie along the z-axis, with the molecular center of inversion at the
origin of the coordinate system, h denotes the distance from the z-axis, and θ is the azimuthal
angle. Since the electron density does not depend on θ, ρ(r) = ρ(h, z), we have vSCE(r) =
vSCE(h, z). Minimization of the SCE classical potential energy66 immediately yields for the
azimuthal angles of the two electrons |θ1 − θ2| = π for any values of the other four coordinates,
resulting in a 4-dimensional potential energy function:

Epot = −vSCE(z1, h1)− vSCE(z2, h2) +
1√

(h1 + h2)2 + (z1 − z2)2
. (4.1)

In order to parametrize the SCE potential vSCE(r), Mendl and Lin87 introduced a “pseudocharge”
m(r) to solve Eq. 3.16 numerically:

vSCE(r) =

∫
m(r′)

|r− r′|
dr′, (4.2)

with the following constraint on it: ∫
m(r)dr = N − 1. (4.3)

The role of the “pseudocharge” is to preserve the asymptotic behavior of the SCE potential.
Being a functional derivative of a self-interaction free functional, the SCE potential decays
for |r| → ∞ as N−1

|r| .66,70,71 They solved the Kantorovich dual problem for small atoms and
a model trimer molecule (with up to six electrons) parametrizing the “pseudocharges” with
gaussians centered along the three axes joining the three “atoms” with the symmetry center of
the “molecule”.

Here we want to include the physics behind the SCE problem in the parametrization of
vSCE(r). From Eq. 3.8 we see that SCE transforms the electron-electron repulsion into an ef-
fective one-body potential that exerts the same net force. This potential has, on the density
of non-interacting electrons, the same effects of the electron-electron repulsion: it increases
charge localization on the atoms, reducing charge in the bond midpoint region.102 This is real-
ized through “bumps” or barriers in the potential. The bumps are present in the exact vHxc(r)
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and vSCE(r) and they are crucial to capture the physics of charge localization in strongly cor-
related systems within the KS framework.71,76,102,103 The standard approximate KS potentials
lack this feature, displaying the well known deficiencies of approximate DFT.104 The bump is
present at the bond midpoint of H2 at longer internuclear distances and it localizes the elec-
trons around the protons.102,103 If one uses the “pseudocharge” algorithm of Mendl and Lin
with the pseudocharges centered between the center of the molecule and the two H atoms, the
corresponding vSCE(r) will have two bumps, instead of one at the bond midpoint.

In this work we parameterize vSCE(r) directly, by modeling the bump in the bond midpoint
region. Taking into account the asymptotic behavior of the SCE potential and the symmetry of
the H2 molecule, we use the following ansatz for vSCE(r):

vSCE(z, h) =
m∑
i=1

Aie
−piz2−qih2 +

erf
(
a
√
h2 + z2

)
√
h2 + z2

(4.4)

where Ai, pi, qi and a are a set of parameters. The SCE potential of Eq. 4.4 decays as 1
|r|

for large r and the ansatz is flexible enough to create a bump around the bond midpoint. In
particular, the sum of gaussians models the part of the potential around the bond midpoint,
being able to capture the features analyzed in Refs. 103 and 102, while the second term in the
right-hand side of Eq. 4.4 ensures the correct long-range decay.

We have performed the nested optimization of Eq. 3.16 to calculate V SCE
ee [ρ] on a post-

functional level from a FCI density obtained from the GAMESS-US package105, within the
aug-cc-pV6Z basis set of Dunning106. We fitted the obtained density on a sum of gaussian
functions centered along the nuclear axis, so the density reads as follows:

ρ(z, h) =

Q∑
i=1

αi

(
e−β

2
i ((z−γi)2+h2) + e−β

2
i ((z+γi)

2+h2)
)
, (4.5)

where αi, βi and γi are fitting parameters. This way, the term
∫
vSCE(r)ρ(r)dr which appears

in Eq. 3.16 can be evaluated analytically (see appendix A). The nested optimization of Eq. 3.16
has then been done numerically for a set of inter-atomic distances.

4.2.2 Dissociation curve from the Kantorovich problem
From the numerical maximization of Eq. 3.16 we have obtained V SCE

ee [ρ]. From the same
density, we also constructed Ts[ρ] and the expectation of the external potential. The resulting
KS SCE dissociation curve is shown in Figure 4.1. We compare the KS SCE results with
those of the B3LYP functional, restricted Hartree-Fock (HF), full-CI, and the nonlocal radius
functional (NLR),93 which is meant to be an approximation for KS SCE. The B3LYP, restricted
HF and full-CI dissociation curves were calculated with the GAMESS-US package105, within
the same aug-cc-pV6Z basis set of Dunning106. The NLR functional is built from a model for
the XC hole in the strong-correlation limit, whose details are given in Ref. 93, and the NLR
data in Figure 4.1 were taken from the same reference.

As expected from the 1D model studied in Ref. 89 and the 3D implementation of Ref.
92, we see that around equilibrium the KS SCE error is very large, due to the tendency of
KS SCE to over-correlate the electrons. With the increase of the internuclear distance, KS
SCE starts to be more accurate, becoming exact in the dissociation limit. The accuracy of the
KS SCE functional in the limit R → ∞ can be understood by looking at the shape of the
very accurate adiabatic connection curves Wλ[ρ] = V λ

ee[ρ] − EH[ρ] for H2 obtained by Teale
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Figure 4.1: H2 dissociation curve obtained by the following methods: restricted Hartree-Fock,
B3LYP, FCI, KS SCE and NLR functional of ref 93, an approximation of the KS SCE method.

et al.107. The slope of Wλ[ρ] at λ = 0 is getting more negative as the bond length increases
and it diverges at the dissociation limit. For shorter bond lengths the exact Wλ[ρ] curve for
0 ≤ λ ≤ 1 is significantly above the W∞[ρ] value (Wλ[ρ] ≈ W∞[ρ] corresponds to the KS SCE
approximation). This leads to a serious overestimation (in absolute terms) of the (negative)
area above the Wλ[ρ] = W∞[ρ] line with respect to the area above the exact Wλ[ρ] curve. On
the other hand, for large bond lengths, the accurate adiabatic curves have very negative slope
at λ = 0 with Wλ[ρ] values close to W∞[ρ], even for small positive values of λ. This results
in a very small difference between W∞[ρ] and Exc[ρ] for large finite bond lengths, the two
becoming equal as the separation between the two protons goes to infinity.

The NLR functional93 results are very close to the ones from the KS SCE functional, show-
ing that the former is a good approximation for the latter.

The bond length from KS SCE is also significantly shorter (∼ 1.2 a.u.) than the exact one
(∼ 1.4 a.u.). This is due to the fact that as we stretch the bond the nuclear-electron expectation
value increases, while the electron-electron and nuclear-nuclear repulsion decrease. The KS
SCE method seriously underestimates the electron-electron repulsion in the equilibrium region
(as the electrons perfectly avoid each other, they can have a very low electron-electron repulsion
expectation even in a compact density), while the other components (including Ts[ρ]) are the
same. Therefore, KS SCE lowers the price that has to be paid to shorten the bond length. The
KS SCE method also misses Tc[ρ], but the error from this absence is significantly smaller than
the error for the electronic repulsion.

4.2.3 Co-motion function from the Kantorovich problem
Once we have solved the Kantorovich problem, we already have the value of V SCE

ee [ρ] (the
maximum in Eq. 3.16), and its functional derivative (the maximizing potential in Eq. 3.16), so
that we can bypass the co-motion functions. However, as said, the co-motion functions can be
used to build corrections beyond KS SCE (which are the object of the next section) and to build
approximations to the SCE functional.

In the special case N = 2 we can obtain the co-motion function f(r) from the Kantorivch



28 CHAPTER 4. H2 DISSOCIATION CURVE

potential78 by solving Eq. 3.8 for f(r):

f(r) = r +
∇vSCE(r)

|∇vSCE(r)|3/2
, (4.6)

which, in our case, corresponds to obtaining the fz and fh components of the co-motion func-
tion in cylindrical coordinates:

fz(z, h) = z +
∂vSCE(z,h)

∂z((
∂vSCE(z,h)

∂z

)2

+
(
∂vSCE(z,h)

∂h

)2
) 3

4

, (4.7)

fh(z, h) =

∣∣∣∣∣∣∣∣∣h+
∂vSCE(z,h)

∂h((
∂vSCE(z,h)

∂z

)2

+
(
∂vSCE(z,h)

∂h

)2
) 3

4

∣∣∣∣∣∣∣∣∣ . (4.8)

In Figure 4.2 we show samples of strictly-correlated positions {r, f(r))} for the H2 molecule
density at equilibrium distance, R = 1.4, and at a stretched configuration, R = 5.0. The two
nuclei lie on the horizontal axis and are denoted with green filled circles. We have selected a
series of positions rA, rB, ... by placing the reference electron close to the right nucleus and
moving it away from it perpendicularly to the bond axis. We have also set the reference elec-
tron at a distance of 0.2 a.u. from the bond axis, and we have moved it parallel to it. The
corresponding positions f(rA), f(rB), ... appear, as expected, below the left nucleus.

4.2.4 Corrections based on the SCE interpaticle distance
In Refs. 71,101 and 93, a simple correction to KS SCE in terms of the local density only
(so without using the co-motion functions) has been introduced. The correction was based on
the idea of making the approximate Hohenberg-Kohn functional F [ρ] = Ts[ρ] + V SCE

ee [ρ] +
Ekcd[ρ] exact for the homogeneous electron gas (HEG), where Ekcd[ρ] is an approximation
for Tc[ρ] + V d

ee[ρ]. This requires adding in the exchange-correlation energy of the HEG (i.e.
the LDA XC energy) and subtracting out the SCE XC energy evaluated on the uniform gas:
Ekcd[ρ] ≈ ELDA

xc [ρ] − W LDA
∞ [ρ]. The term W LDA

∞ [ρ] was evaluated as: W LDA
∞ [ρ] = −dWC

SCE

rs
,

although, as already said in section 3.5, the correct value for dSCE is presently a matter of
discussion. Disregarding for a moment this issue, we can, as in Refs. 71,101, evaluate the
XC energy densities (for both LDA and SCE), as usual, in terms of the local Wigner–Seitz
radius. Unfortunately, this approximation turns out to be very drastic. We have found that,
for H2, it yields energies that are even higher than the Hartree-Fock ones. Even worse, this
approximation fails to recognize one-electron systems (such as H or He+) and effectively one-
electron regions (such as those in stretched H2) as non-interacting, which is one of the strengths
of the SCE method. This problem is independent of the value we use for the constant dSCE in
the SCE XC energy of the HEG: it stems from the local nature of the correction.

In the stretched H2 molecule, the local density on each proton is high, so that the LDA
approximation is obviously physically wrong: it assigns to the XC energy the same value as
for a high-density, weakly correlated, HEG. The stretched H2 molecule is, physically, more
similar to a Wigner crystal, where the electrons are kept apart due to the dominance of their
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Figure 4.2: Samples of strictly correlated positions {r, f(r)} for the H2 molecule at equilibrium
(R = 1.4) and in a stretched configuration (R = 5.0). The two nuclei in each case lie along the
horizontal axis and are shown with green filled circles. Each pair of strictly-correlated positions
is labeled with the same letter, e.g., {A,A} = {rA, f(rA)}.

mutual repulsion. In the HEG, the Wigner-Seitz radius rs is a measure of the average electron-
electron distance. The co-motion function allows us to recognize, in each point of space, that
the interelectronic distance is large, even when the local density is high. This can be done
by redefining the Wigner-Seitz radius as the distance between the two electrons, which can be
uniquely determined in the SCE framework at each point in space:

rSCE
s (r) = |r− f(r)| , (N = 2) (4.9)

The rSCE
s (r) radius encodes two-body property information of highly nonlocal character (in

terms of the density), despite being a one-body property itself. This is crucial for systems such
as stretched H2, where the effective Wigner–Seitz radius should go like the increasingly large
bond-length R in regions near the atoms, but where the usual local Wigner-Seitz radius rs(r)
is of order 1. The standard local density functional radius rs(r) thus produces a correction
which is non-zero as R → ∞, unlike the nonlocal density functional radius rSCE

s (r), which
dissociates significantly better. A similar definition (retaining the nearest neighbour distance)
would also work for a chain of H atoms, but for larger molecules one should think of a more
general definition, in order to distinguish core and valence.

The simplest way to build approximations based on the radius rSCE
s (r) is to insert it into the

LDA correction used in Refs. 71,101, replacing the standard Wigner-Seitz rs(r). In Figure 4.3
we show the dissociation curve for H2 corresponding to this approximation (curve labeled
“nonlocal”). The energies at the equilibrium region are substantially improved with the respect
to KS SCE. However, although asymptotically the right dissociation limit is reached when
R → ∞, the limit is approached too slowly, producing a positive region in the dissociation
curve, similarly to other methods such as the random-phase-approximations.108 One of the
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Figure 4.3: H2 dissociation curves obtained by the following methods: restricted Hartree-Fock,
B3LYP, FCI, LDA correction with the redefined Wigner–Seitz radius of Eq. 4.9 added to KS
SCE and KS SCE

biggest challenge for chemistry is, indeed, to bridge the weak and the strong correlation regimes
in the right way.

In general, the two-body information encoded in rSCE
s (r) can be used in many ways to build

approximate functionals. Other promising routes could be also based on the exploration of the
kinetic correlation part (which is still very important also at strong correlation36,109), using the
SCE conditional amplitude.103,110

4.2.5 Restricted mode zero point energy correction
If we expand the Hohenberg-Kohn functional around λ → ∞, the next leading term after
the SCE functional should be given by zero-point oscillations around the SCE minimum,36 al-
though there is still no rigorous proof for that, but only numerical evidence.73,111 The expansion
of V λ

ee[ρ], defined in Eq. 3.1, around λ→∞ should be:36

V λ→∞
ee [ρ] = V SCE

ee [ρ] +
V ZPE
ee [ρ]√
λ

+O(λ−p) (4.10)

where p ≥ 5/4, and the “ZPE” acronym stands for the “zero-point energy”, corresponding
to the vibrational energy of small electronic oscillations around their SCE positions. For N
electrons in D dimensions this energy has the simple form:36,89

V ZPE
ee [ρ] =

1

2

∫
ρ(r)

N

DN−D∑
n=1

ωn(r)

2
dr. (4.11)

The electron vibrational frequencies are defined as36

ωn(r) =
√
an(r), (4.12)

where an(r) are the eigenvalues of the Hessian matrix composed of the second order deriva-
tives of the potential energy of the SCE system (Eq. 4.1 with the angular degrees of freedom
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Figure 4.4: H2 dissociation curves obtained by the following methods: restricted Hartree-Fock,
B3LYP, FCI, KS SCE with correction for the electron decorrelation energy obtained by the
restricted-mode Zero-Point-Oscillations (rm-ZPE) of electrons and KS SCE

included) with respect to all the electronic coordinates. Inserting the expansion of Eq. 4.10 into
Eq. 2.18 and using V λ

ee[ρ] = Wλ[ρ] + U [ρ], we obtain the correction for Tc[ρ] and V d
ee[ρ]:36,89

Tc[ρ] ≈ V d
ee[ρ] ≈ V ZPE

ee [ρ], (4.13)

as expected from the fact that the ZPE is half kinetic and half potential energy. The total correc-
tion Tc[ρ] + V d

ee[ρ] is generally too large.89 However, one can argue that for chemical systems
usually Ts[ρ] is much closer to the true kinetic energy than V SCE

ee [ρ] to the true expectation of
V̂ee, so that by correcting only the electron-electron part the balance is restored. In what follows
we then consider the correction Tc[ρ] ≈ 0, and V d

ee[ρ] ≈ V ZPE
ee [ρ].

We also make another approximation, in order to simplify the calculations: we approximate
the Hessian matrix with respect to the symmetry of the system, allowing the two electrons to vi-
brate only in a plane. The plane is determined by their two SCE positions and the internuclear
axis. This approximation sets all the derivatives of Epot with respect to the azimuthal coor-
dinates (θ1 and θ2) to 0. We call this approximation restricted-mode Zero-Point-Oscillations
(rm-ZPE).

In Figure 4.4 we show the dissociation energy curve with this correction. Again, we see
that the energy is highly improved at equilibrium and that the exact dissociation limit is reached
too slowly, although better than with the non-local correction of the previous section.

4.3 Energy densities
As already discussed in section 2.3.4, modelling the adiabatic connection has been an important
milestone in the construction of approximate XC density functionals. The interaction strength
interpolation (ISI) adiabatic connection model is most pertinent to this chapter, as the SCE
quantities obtained here can be used for the ISI approach. In section 2.3.4 we further discuss
the size-consistency issues that ISI functionals encounter and that size-consistency can be re-
stored if the position dependent wλ(r) quantities are used as an interpolation input instead of
the global Wλ[ρ] quantities. Throughout most of this thesis we adhere to the gauge of the elec-
trostatic potential of the XC hole for the wλ(r) energy densities (Eq. 2.32), as this quantity is
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not uniquely defined (see section 2.3.4). At λ = 0 this energy density corresponds to the usual
exchange-hole potential, w0(r) = εx(r), while for λ→∞ we have67

w∞(r) =
1

2

N∑
i=2

1

|r− fi(r)|
− 1

2
vH(r), (4.14)

where vH(r) is the Hartree potential. Notice that the SCE formalism yields, correctly, an energy
density that decays at infinity like ∼ − 1

2|r| (in the gauge of the XC hole potential), and a
functional derivative (XC potential) with the correct decay ∼ − 1

|r| .
In Figure 4.5 we show the SCE energy density w∞(r) in the “gauge” of Eq. 2.32 at R =

1.4 and R = 8.0 along the internuclear axis (h = 0), together with the w0(r) and w1(r)
curves. The SCE energy density w∞(r) of Eq. 4.14 has been calculated from the co-motion
function described in section 4.2.3, while w0(r) and w1(r) were taken from Ref 67. All the
three quantities w0(r), w1(r) and w∞(r) correspond to the full-CI density obtained from the
GAMESS-US package105, within aug-cc-pVTZ basis set of Dunning.106 As expected, near the
equilibrium (R = 1.4) the physical energy is much closer to w0(r) than w∞(r) . On the other
hand, for the stretched (R = 8.0) molecule the physical energy density is much closer tow∞(r).
For this reason, the inclusion of the exact w∞(r) (or of a good model for it67,93) as an ingredient
to build local interpolations along the adiabatic connection is a very promising approach for the
treatment of strong correlation in DFT.

From Figure 4.5 we see that the SCE energy density displays a cusp at the bond midpoint.
This is a feature related to the fact that when |r| → 0 the co-motion function goes to infinity.
Depending on how fast |f(r)| tends to infinity, the cusp might arise or not. Similarly, a cusp
might or might not appear also in the SCE potential vSCE(r) at the origin. The ansatz of Eq. 4.4
can capture a cusp in the potential with a very peaked gaussian, similarly to how gaussian basis
sets fit the nuclear cusp of a Slater orbital.

4.4 The constant of Levy and Zahariev in the strong-interaction
limit of DFT

For finite systems in chemistry one usually defines the arbitrary constant that appears in the
Hamiltonian by making the external potential go to zero as the distance from the center of nu-
clear charge goes to infinity. When turning to the KS system, this choice defines unequivocally
the Hartree exchange-correlation energy EHxc[ρ], whose functional derivative within the set of
number conserving densities is, in turn, defined modulo a constant (see Refs. 112,113 for a
complete discussion). Usually, the constant in the functional derivative is also chosen such
that the Hartree-exchange-correlation potential goes to zero at large distance from the center of
charge.

It has often been argued that it is easier to model the XC potential rather than the XC
functional, since more is known about the exact properties of the former.114,115 In general,
however, a given approximation for the XC potential is not necessarily a functional derivative,
which means that the XC energy corresponding to it is not well defined, although different
solutions have been proposed.114,115 Levy and Zahariev84 showed that the physical ground state
energy becomes equal to the sum of the occupied KS orbital energies if the corresponding Hxc
potential is shifted by a nontrivial constant C[ρ] (with respect to the usual choice mentioned
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Figure 4.5: Energy densities in the gauge of XC hole of Eq. 2.32 for H2 at R = 1.40 and
R = 8.0 at different λ values: 0, 1 and∞
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above) equal to

C[ρ] =
EHxc[ρ]−

∫
vHxc(r)ρ(r)dr∫

ρ(r)dr
. (4.15)

They suggested that it might be easier to model the shifted potential v̄Hxc[ρ](r) ≡ vHxc[ρ](r) +
C[ρ] rather than the usual XC potential that goes to zero asymptotically. Although in general
the model potential would not be a functional derivative, the corresponding physical energy
could be obtained without the need of a line integral,114,115 as it would be always given by the
sum of the occupied KS eigenvalues.

The Kantorovich potential of by Eqs. 3.13 and 3.14 is exactly the strong-interaction limit of
the shifted potential defined by Levy and Zahariev. To see this, consider that the maximizing
potential u(r) in Eq. 3.14 yields the functional V SCE

ee [ρ] by integration

V SCE
ee [ρ] =

∫
u(r)ρ(r)dr. (4.16)

When V SCE
ee [ρ] is used to approximate the Hxc functional, its functional derivative, which can

be obtained exactly from Eq. 3.8, is defined, as usual, up to an arbitrary constant. If we choose
to use the Kantorovich potential u(r) as functional derivative, the constant is fixed by the linear
constraints in the dual Kantorovich problem of Eq. 3.14. In this case the KS SCE equations
read

− 1

2
∇2φi(r) + u(r)φi(r) + vext(r)φi(r) = εiφi(r). (4.17)

By multiplying from the left both sides of Eq. 4.17 by φ∗i (r), integrating over r and summing
all the equations for the occupied orbtials, we obtain

Ts[ρ] +

∫
u(r)ρ(r)dr +

∫
vext(r)ρ(r)dr =

∑
i

εi. (4.18)

By virtue of Eq. 4.16, we see that the left-hand side of Eq. 4.18 gives the physical energy in the
approximation V SCE

ee [ρ] ≈ EHxc[ρ].
The constant C[ρ] has also a very clear physical meaning in the strong-interaction limit.

Considering the Hamiltonian of the standard DFT adiabatic connection (Eq. 2.12), in the λ→
∞ we have36,66

Ĥλ→∞ = λ
(
V̂ee + V̂SCE

)
. (4.19)

The corresponding classical Hamiltonian V̂ee + V̂SCE defines a classical electrostatic problem
with a degenerate minimum, given by the subspace parametrized by the co-motion functions.
The total energy of the system in this case is exactlyNC[ρ], whereN is the number of electrons.
In other words, in the λ→∞ limit we have

C[ρ] =
1

N
lim
λ→∞

〈Ψλ[ρ]|Ĥλ|Ψλ[ρ]〉
λ

, (4.20)

so thatC[ρ] is the total electrostatic energy per electron. Since the minimum of the Hamiltonian
of Eq. 4.19 is degenerate, we only need one configuration of the 3D subspace parametrized by
the co-motion functions (only one value of r) to compute C[ρ]. For example, in the N = 2 case
considered here we can choose to compute C[ρ] from the configuration corresponding to r = 0.
In this case the second electron in the system is at infinity, so that there is no electron-electron
contribution and we obtain C[ρ] = 1

2
vSCE(0).

From the scaling properties of the exact Hartree-exchange-correlation (Hxc) energy func-
tional31,40 we have that if we define ργ(r) = γ3ρ(γ r), with γ > 0, then70,75,111 EHxc[ργ→0] →
V SCE
ee [ργ]. Equation 4.20 then provides a constraint for building approximations to C[ρ].
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4.5 Conclusions and Perspectives
In this work we have used the Kantorovich dual formulation to compute the hydrogen molecule
dissociation curve using the strong interaction limit of DFT as an approximation for the exchange-
correlation functional (KS SCE approach). Since the KS SCE energies are, as expected,89,92

way too low around equilibrium, we have explored corrections beyond the KS SCE method.
It turned out that a simple LDA correction to KS SCE performs very poorly, yielding energies
that are higher than Hartree-Fock ones. It is for that reason that we considered two different
nonlocal corrections to KS SCE. The inclusion of such corrections improves the overall ac-
curacy of KS SCE, although further improvements are still needed. The main ingredient of
the corrections are the co-motion functions computed from the SCE potential, using an exact
relation between the potential and the optimal map. The challenge is to generalize KS SCE
and its corrections to larger molecular systems. For diatomics we can still try to optimize the
algorithm of the method presented in this work, but for larger systems we will probably need
to approximate the SCE part.

Another way to use the SCE information in the construction of approximate functionals is
by interpolating locally between the weak and the strong-interaction limits of DFT. We touched
upon this approach and computed the SCE energy densities for H2 in the “gauge” of the elec-
trostatic potential of the XC hole. Previously, the SCE energy densities in this “gauge” were
available only for spherically symmetric systems. This information, combined with exact or
approximate local quantities from the weak-interaction limit, will allow us to test different in-
terpolation models locally. A crucial, presently missing, ingredient for this approach is a local
indicator of correlation (in the right “gauge”), to determine the slope around λ = 0 of the local
adiabatic connection curve. As we shall see in the next chapter, this quantity can be constructed
for small systems and approximated in terms of the KS orbitals.

We also showed that in the Kantorovich dual formulation the constant in the Kohn-Sham
potential recently introduced by Levy and Zahariev84 arises very naturally, with a physically
transparent meaning.
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Chapter 5

Exchange–correlation Functionals
via Local Interpolation along the
Adiabatic Connection

S. Vuckovic, T. J. P. Irons, A. Savin, A. M. Teale and P. Gori-Giorgi
J. Chem. Theory Comput. 12 (6), 2598 (2016)*

The construction of density-functional approximations is explored by modeling the adia-
batic connection locally, using energy densities defined in terms of the electrostatic potential
of the exchange-correlation hole. These local models are more amenable to the construction
of size-consistent approximations than their global counterparts. In this work we use accurate
input local ingredients to assess the accuracy of a range of local interpolation models against
accurate exchange-correlation energy densities. The importance of the strictly-correlated elec-
trons (SCE) functional describing the strong coupling limit is emphasized, enabling the corre-
sponding interpolated functionals to treat strong correlation effects. In addition to exploring
the performance of such models numerically for the helium and beryllium isoelectronic series
and the dissociation of the hydrogen molecule, an approximate analytic model is presented for
the initial slope of the local adiabatic connection. Comparisons are made with approaches
based on global models and prospects for future approximations based on the local adiabatic
connection are discussed.

5.1 Overview
In the present work, the problem of constructing DFAs accurate for systems with and without
strong correlation is examined by considering the adiabatic connection (AC)29,116 at the local
level, i.e., in each point of space.67 The AC, discussed in section 2.3, provides an exact ex-
pression for the exchange and correlation energies by considering the changes that occur as the
strength of electron interaction is smoothly increased from zero. This formalism has provided
the basis for the development of several DFAs,13,46,117,118 which attempt to interpolate the AC
between the non–interacting and physical systems in order to estimate the XC–energy. An ad-
vantage of the AC formalism crucial to our construction, is that it allows the problem of strong

*This article has been selected as the ACS Editor’s Choice
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correlation to be addressed in a more direct way, by creating interpolation models that are ex-
plicitly dependent on the strongly–interacting limit, in addition to the non–interacting limit, of
the AC.

As discussed in the previous chapters, the properties of the AC integrand in strongly–
interacting limit reveal highly non–local density dependence of correlation effects65,66,70,71,76

that cannot be obtained from the standard (semi)local or hybrid functionals. In chapter 3 we
showed that in the limit of infinite interaction strength certain integrals of the density appear in
the exchange-correlation functionals, revealing a mathematical structure very different from the
one of the usual semi-local or orbital-dependent approximations. The nonlocal radius (NLR)
functional93 introduced in section 3.5 approximates the SCE functional with a model that re-
tains some of the SCE nonlocality, introducing integrals of the spherically averaged density
around a reference electron. The inclusion of the NLR functional into global and local interpo-
lations along the adiabatic connection has been very recently explored by Zhou, Bahmann and
Ernzerhof.53 In another recent work, Kong and Proynov constructed a functional combining the
information from the Becke’13 model119 and approximating local quantities along the AC.120

Local hybrid functionals121–124 are also an interesting alternative approach to construct hybrid
methods that are pertinent to the context of this work.

The aim of the present work is to start a systematic study of local interpolation models along
the adiabatic connection, using at a first stage exact input ingredients, thus disentangling the
errors due to the interpolation models from those due to the approximate ingredients. The local
AC for several closed–shell atoms has been recently computed125 to high accuracy between the
non–interacting and physical systems using the Legendre–Fenchel formulation of DFT due to
Lieb,28 and the Lieb maximisation method of Refs. 32,107,126,127. Local information pertain-
ing to the strongly–interacting limit is calculated using the SCE functional, and together these
quantities are used to calculate local analogues of some established global AC interpolation
functionals. We also discuss how to approximate crucial local ingredients such as the initial
slope of the local adiabatic curve.

In section 5.2, relevant theoretical background is given including an overview of the AC
formalism and the construction of DFAs from both global and local variants of the AC. Tech-
niques for computing quantities along the AC are discussed, including the determination of the
local AC as introduced in Ref125. In section 5.2.2 the construction of a local model for the AC
is discussed, considering the non-interacting and strong-interaction limits carefully in this con-
text. The role of the SCE in constructing local AC interpolation models is examined. Finally,
the forms of some local interpolation models, taken from successful existing global models
are introduced. In section 5.4 the performance of these models is assessed for the helium and
beryllium isoelectronic series and for dissociation of the H2 molecule, a system that typifies the
failure of present DFAs to properly account for strong–correlation. Directions for future work
are outlined in section 5.5.

5.2 Theoretical Background

5.2.1 DFAs based on the global adiabatic connection
To construct practical DFAs one could consider modelling the integrand of Eq. 2.18 using a
function that interpolates between the limits of Eq. 2.26 and Eq. 2.29. The SCE limit is of par-
ticular importance in the present work, however, one could also consider models that intercept
any other known point on the adiabatic connection for λ > 0. As outlined in section 2.3.4, sev-
eral attempts to develop DFAs based on these ideas have been put forward in the literature, see
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e.g. Refs. 22,23,36,37,46,66,117,128,129. Each form makes a choice of a simple model func-
tion and the parameters on which to base the model. These parameters often include the known
exact expressions for the parameters in Eq. 2.26: W0[ρ] = Ex[{φi}], W ′

0[ρ] = 2EGL2
c [{φp, εp}],

since these may be computed from the set of Kohn–Sham orbitals ({φp}) and orbital energies
({εp}).

The calculation of W ′
0[ρ] requires the GL2 correlation energy,34,35 which leads to a compu-

tational cost similar to the second-order Møller–Plesset (MP2) model used in ab initio quan-
tum chemistry.130 The parameters in the SCE limit entering Eq. 2.29 are clearly also of special
interest in this context, and algorithms for computing these quantities in section 3.4. More
frequently DFAs are derived for points along the AC with λ > 0, often by employing scaling
relations to derive forms from existing DFAs. A similar strategy can also be used to approxi-
mate W ′

0[ρ] by a DFA, see for example Ref. 128.
In tandem with choosing a set of exact or approximate values to parameterize a model for

the AC one must also choose an appropriate model function for the AC integrand. A number of
these have been suggested and many have been benchmarked in practical applications. One of
the simplest (and most often used) is that of a [1/1] Padé, as suggested by Ernzerhof.46 A range
of forms were suggested by Cohen et al. and tested using approximate parameterizations,128

leading to the MCY1 functional in which a [1/1] Padé model is employed. Peach et al.131,132

attempted to disentangle approximations in the choice of parameters from those in the choice of
model AC function by utilizing nearly exact KS orbitals and orbital energies derived from full
configuration interaction data to calculate W0[ρ] and W ′

0[ρ] and the corresponding interacting
wave-functions to evaluate W1[ρ] via Eq. 2.19. Our present study follows a similar philosophy,
but applied to local, rather than global, interpolations.

Seidl and co workers22,23 were the first to make use of the strong-interaction limit (although
approximated at a semilocal level, using the so-called point-charge-plus-continuum, or PC,
functional) in constructing a global AC model, known as the interaction strength interpolation
(ISI) functional. The revISI model36 and the models of Liu and Burke37 were later constructed
to take account of the λ−1/2 dependence of the second term of Eq. 2.29, which was not correctly
described by the ISI approach. Teale, Coriani and Helgaker also proposed forms for the AC
integrand based on the structure of traditional ab initio methodologies129 and parameterized
these forms to intercept values of the AC at any λ > 0.

The majority of these models for the global AC suffer from the fact they are not size con-
sistent in practice. This deficiency arises from a non-linear dependence on the parameters W0,
W ′

0, and a chosen approximation toW(λ>0). When these global parameters enter in a non-linear
fashion (often as ratios) then size consistency is difficult to achieve. One route forward is to
construct local AC models, which can replace these global parameters with local values defined
at each point in space and may be more amenable to the construction of models that recover
size-consistency (at least in the usual density-functional sense48,49).

5.2.2 Constructing a local adiabatic connection
The AC expression for the XC–energy of a system as given in Eq. 2.18 describes a global
quantity, integrated over the coupling–constant λ. However, it may equally be written as the
spatial integral of a local quantity analogous to the local value of an XC–functional. To this
effect, Eq. 2.18 may be re–written as

Exc[ρ] =

∫ 1

0

dλ

∫
drρ(r)wλ(r), (5.1)
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where wλ(r) is the energy density at a given λ. As briefly discussed in section 2.3.4, it is
well known that the energy density cannot be uniquely defined;133–135 an arbitrary number of
terms may be added to wλ(r), yet an identical Wλ[ρ] recovered if their spatial integral is zero.
Therefore, any such energy densities are only defined within a particular gauge, and only energy
densities defined in the same gauge may be meaningfully compared.

In the present work we adhere to the previously discussed gauge of the electrostatic po-
tential of the XC hole, defined in Eq. 2.32. The definition of energy densities in this gauge is
well–established in the literature, and further discussion may be found in Refs. 67,136,137.

The coupling–constant averaged (λ–averaged) XC–energy density is defined as

w̄xc(r) =

∫ 1

0

wλ(r)dλ. (5.2)

As the spatial integral of the product of this quantity and the density yields the XC–energy, the
same quantity may be considered as a target to be modelled by XC–functionals,125 although
GGAs and metaGGAs often aim at energy densities within different definitions.8,10,136 Given
the invariance of the exchange energy density to electron–interaction strength, Eq. 5.2 may be
trivially resolved into separate exchange and correlation terms as

w̄c(r) = w̄xc(r)− w̄x(r) = w̄xc(r)− wλ=0(r) (5.3)

The aim of the local interpolation schemes examined in this work is to approximate w̄xc(r) and
w̄c(r) through interpolating the local AC. In principle, this approach is analogous to that of the
global AC interpolation schemes previously discussed, but rather than depending on quantities
pertaining to the global AC, they are instead constructed from their local equivalents, wλ(r).

Obviously, a local interpolation will only be meaningful if all the local terms are defined in
the same gauge. At λ = 0, the energy density in the gauge of Eq. 2.32 is the exchange energy
density w0(r) = wx(r), often denoted εx(r) in the literature (also equal to 1/2 the non-local
Slater potential138), which is the crucial ingredient of local hybrid functionals. Accurate and ef-
ficient computational schemes for this quantity have become available in the recent years.124,139

In a way, local interpolation models can be viewed as local hybrids that carefully address the
gauge problem.

The local equivalent of W ′
0[ρ] is an essential component of AC interpolation schemes as it

provides a measure of the departure from exchange-only behaviour. Whilst many global models
use GL2 theory for this purpose, its dependence on global quantities makes it unclear how it
could be applied to a local interpolation scheme. This is discussed in detail in section 5.3.1.

5.2.3 The Lieb Maximization
In order to assess the quality of our local interpolation functionals, it is necessary to have
accurate data of energy–densities, defined in the gauge of the XC–hole. These may be acquired
by the method of Lieb maximisation, described in Refs. 32,107,127. This algorithm is based
on the Lieb functional at interaction strength λ is given by28

Fλ[ρ] = sup
v

{
Eλ[v]−

∫
v(r)ρ(r) dr

}
, (5.4)

in which Eλ[v] is the energy yielded by a given electronic structure theory at potential v(r),
shown by Lieb to be the conjugate to the Lieb functional,

Eλ[v] = inf
ρ

{
Fλ[ρ] +

∫
v(r)ρ(r) dr

}
. (5.5)
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In the Lieb maximisation, the optimised density ρ(r) is obtained by maximising Fλ[ρ] with
respect to variations in the potential v(r), rather than by minimising Eλ[v] with respect to
ρ(r) as is usually the case. Therefore, at convergence, the potential v(r) in Eq. 5.4 is that
which yields ρ(r). In the present work, Lieb maximisations have been carried–out at a number
of points along the AC in the range 0 ≤ λ ≤ 1, hence the density is constrained such that
ρλ = ρλ=1, resulting in a λ–dependent optimizing potential.

In order to effectively optimize with respect to the potential, we parameterize it by using
the method of Wu and Yang (WY)126 as

v(r) = vext(r) + (1− λ)vref(r) +
∑
t

btgt(r), (5.6)

where vext(r) is the external potential due to nuclei, vref(r) is a reference potential chosen to
ensure that v(r) has the correct asymptotic behaviour, and {gt} are a set of gaussian functions
with coefficients {bt}. In all calculations in this work we choose the potential expansion basis
set to be identical to the primary orbital basis set. The reference potential used in this work
is the Fermi–Amaldi potential140 and Fλ[ρ] is optimized with respect to the coefficients of the
potential basis {bt}. Additionally, convergence is accelerated through the use of the Newton
method described in Refs. 32,107,127.

In this work, Lieb maximisation calculations are performed using the implementation of
Refs. 32,107,127 in a development version of the DALTON quantum chemistry software pack-
age,141 in which Eλ[v] is computed by using coupled–cluster singles and doubles (CCSD)142

and full configuration–interaction (FCI) wave-functions. At convergence, where the optimis-
ing potential is such that ρλ = ρλ=1, the relaxed λ–interacting one– and two–particle density
matrices are computed, with which the λ-dependent XC energy densities may be obtained as

wλ(r) =
1

2ρ(r)

∫
P λ

2 (r, r′)

|r− r′|
dr′ − 1

2

∫
ρ(r′)

|r− r′|
dr′. (5.7)

5.3 Modelling the Local AC

5.3.1 The local slope in the non-interacting limit
As described in section 5.2.2, the initial slope of the AC is an important part of many global
AC models, in which it may be calculated directly by GL2 perturbation theory, however there
is no analogous expression that yields the local equivalent and we give such an expression in
section 5.3.1. Here, the local initial slope of the XC energy density that is given in Eq. 2.32 is
defined as

w′0(r) =
∂wλ(r)

∂λ

∣∣∣∣
λ=0

≡ ∂wc,λ(r)

∂λ

∣∣∣∣
λ=0

, (5.8)

and is related to the global slope, hence the GL2 correlation energy, by

W ′
0[ρ] =

∫
w′0(r)ρ(r) dr. (5.9)

Numerical calculation of the local slope

In this studyw′0(r) is numerically approximated by the method of finite difference, with a series
of wλ(r) for λ << 1.
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Figure 5.1: Plots comparing the values of −ρ(r) and w′0(r), with respect to the distance from
the bond midpoint, z / a.u., along the principal axis of the H2 molecule with bond lengths of
1.4 a.u. (upper panel) and 6.0 a.u. (lower panel).

The resulting local slopes in the H2 molecule with bond length of 1.4 a.u. and 6.0 a.u.
are plotted along the H–H bond in Figure 5.1, along with the densities from which they are
calculated, at the FCI level of theory and in the uncontracted aug-cc-pCVTZ basis set.106 In
both cases, the local slope is greatest in magnitude at the nuclei, as has been seen previously
in atoms.125 It can be seen that the magnitude of the local slope is significantly larger in the
stretched H2 molecule, mirroring observations previously made of the global AC in the disso-
ciating hydrogen molecule.32

The local slopes in the He and Be isoelectronic series are plotted in Figures 5.2 and 5.3
respectively. It is clear that, with increasing nuclear charge, the charge densities in both series
become increasingly contracted. The x–axis in both plots has been scaled by nuclear charge,
highlighting a contrast in their behaviour with respect to the uniform scaling condition,

lim
γ→∞

Exc[ργ]

Ex[ργ]
= 1, with ργ(r) = γ3ρ(γ r) (5.10)

which holds for non-degenerate KS systems.51 In Figure 5.2, it can be seen that the slope of
the AC for the He series becomes less negative with increasing Z, tending to an asymptotic
value as Z → ∞, consistent with the scaling relation of Eq. 5.10. However, the slope of the
AC in the Be isoelectronic series becomes more negative with increasing Z, indicating that the
scaling relation is not satisfied by this series.143

A functional approximation for the local slope

Whilst it is useful to numerically approximate the local slope for the purposes of evaluating
local interpolation schemes, such functionals would only be viable for mainstream use in DFT
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Figure 5.2: Plots ofw′0(r) for the helium isoelectronic series, with nuclear charges 1 ≤ Z ≤ 10,
and with radial distance from the nucleus r / a.u. scaled by nuclear charge.
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Figure 5.3: Plots of w′0(r) for the beryllium isoelectronic series, with nuclear charges 4 ≤ Z ≤
10, and with radial distance from the nucleus r / a.u. scaled by nuclear charge.
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calculations if they can be described by simple functional forms.
In global models, the initial slope can be calculated directly from the occupied and vir-

tual KS orbitals according to GL2 theory and the corresponding energy expression is given in
Eq 2.28. The first term in Eq. 2.28 is analogous to the correlation energy given by MP2 theory,
in which φp and εp are canonical HF orbitals and eigenvalues rather than KS ones. The second
term accounts for the difference between the KS and HF exchange potentials and has a form
similar to a singles term in many–body perturbation theory. Previous studies of GL2 theory
have found that the second term, although non–negligible, is small in magnitude relative to the
MP2–like term evaluated with the KS orbitals.144 Therefore, it follows that an approximation to
the GL2 correlation energy may be obtained by evaluating the MP2 correlation energy16 with
the KS orbitals and eigenvalues, EGL2

c ≈ EMP2
c .

Given that an approximation to the global AC slope may be obtained from an MP2–like
calculation, it follows that an approximation to the local AC slope may be obtained by deriving
a local form of this expression. Whilst MP2 theory treats perturbations of the wave-function,
the analysis may be extended to energy densities in the gauge of the XC–hole by means of
Eq. 2.34, as the substitution of Eq. 5.7 into Eq. 5.8 yields the following,

w′0(r) =
1

2ρ(r)

∫
P ′2(r, r′)

|r− r′|
dr′, (5.11)

where P ′2(r, r′) is the derivative of the pair–density at λ = 0,

P ′2(r, r′) =
∂P2,λ(r, r

′)

∂λ

∣∣∣∣
λ=0

. (5.12)

Notice that Eq. 5.11 ensures that w′0(r) is in the gauge of the electrostatic potential of the XC
hole. Given a non–interacting ground–state wave-function Ψ(0), the perturbed wave-function
Ψλ for small positive λ can be approximated by the series expansion

Ψλ =
∑
n=0

λn Ψ(n). (5.13)

If one assumes that Ψ(0) is non–degenerate and has the form of a single Slater determinant, the
first–order correction to the wave-function is given by

Ψ(1) =
∑
k

〈Ψ(0)
k |Ŵ − V̂HF|Ψ(0)〉
E

(0)
0 − E

(0)
k

Ψ
(0)
k . (5.14)

Restricting the space of Ψ
(0)
k to doubly–excited determinants reduces this expression to

Ψ(1) = −
∑
abij

〈Ψab
ij |Ŵ − V̂HF|Ψ(0)〉
εa + εb − εi − εj

Ψab
ij . (5.15)

In MP2 theory, contributions to the correlation energy from singly–excited determinants are
necessarily zero due to Brillouin’s theorem. However, this is not strictly true in GL2 theory as
the singles term in Eq. 2.28 makes a small, but non–zero, contribution to the GL2 correlation
energy.34 As such, considering only double–excitations in the model for the local slope can
only yield approximations to the local slope; spatial integration of this quantity will not return
the exact GL2 correlation energy.
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Application of the Slater-Condon rules to Eq. 5.15 allows it to be re–written as

Ψ(1) = −1

4

∑
abij

〈ij||ab〉
εa + εb − εi − εj

Ψab
ij , (5.16)

where the coefficient to Ψab
ij may be identified as an MP2 doubles–amplitude tabij ,

tabij =
〈ij||ab〉

εa + εb − εi − εj
. (5.17)

To obtain P ′2(r, r′), it is necessary to take the derivative of the pair–density corresponding to the
perturbed wave-function, Ψλ ≈ Ψ(0) + λΨ(1). Substituting this into Eq. 2.34 and rearranging
the resulting expressions yields the following,

P ′2(r, r′) = N(N − 1)
∑
σ

∫
∂|Ψλ|2

∂λ

∣∣∣∣
λ=0

dr3..drN

= N(N − 1)
∑
σ

∫
|2Ψ(0)Ψ(1)| dr3..drN

= 2
〈

Ψ(0)
∣∣∣P̂2(r, r′)

∣∣∣Ψ(1)
〉
,

(5.18)

where we assume that Ψ(0) and Ψ(1) are real and P̂2(r, r′) = N(N − 1)
∑
i 6=j

δ(r − ri)δ(r − rj)

is the pair–density operator. Substituting Eq. 5.16 into this expression gives,

P ′2(r, r′) = −
∑
abij

tabij 〈Ψ(0)|P̂2(r, r′)|Ψab
ij 〉, (5.19)

which may then be resolved into the following orbital–explicit expression,

P ′2(r, r′) = −2
∑
abij

tabij
{
φi(r)φj(r

′)φa(r)φb(r
′)δσiσaδσjσb

− φi(r)φj(r′)φb(r)φa(r′)δσiσbδσjσa
}
,

(5.20)

where δσiσa is the Kronecker delta over two spin functions:
∫
σ∗i (ms)σa(ms)dms = δσiσa .

Substituting Eq. 5.20 into Eq. 5.11 finally results in an expression for the local slope,

w′0(r) = − 1

2ρ(r)

∑
abij

tabij vabij(r), (5.21)

where vabij(r) is the antisymmetrized orbital potential,

vabij(r) = φi(r)φa(r)

∫
φj(r

′)φb(r
′)

|r− r′|
dr′δσiσaδσjσb

− φi(r)φb(r)
∫
φj(r

′)φa(r
′)

|r− r′|
dr′δσiσbδσjσa .

(5.22)

Multiplying the right–hand side of Eq. 5.21 by the density and integrating over all space, we
recover twice the MP2 like expression. This is not an exact expression for the local slope,
as the second term of Eq. 2.28 is not accounted for. However, the omitted term is generally
small relative to the MP2–like term, and vanishes entirely for two–electron systems, hence the
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expression for the local slope in Eq. 5.21 should, in principle, be a fair approximation of the
exact local slope.

In future work we will implement and test Eq. 5.21 against the numerical results in sec-
tion 5.3.1. The doubles amplitudes tabij are readily obtainable from standard quantum chemical
packages, the potential vabij(r) can also be readily calculated; however, it would likely be
computationally expensive to evaluate on a numerical grid. To reduce this cost a range of
techniques, commonly used to accelerate the calculation of integrals in linear–scaling software
packages, may be employed.124,145–147

We note that the behaviour of the local slopes presented in Figures 5.1, 5.2 and 5.3 may
be rationalized in a similar manner to that commonly discussed for global models in terms of
Eq. 2.28. This is because of the key role of the doubles amplitude tabij in Eq. 5.21. The doubles
amplitude has a dependence on the orbitals and orbital energies that is similar to that of the
GL2 energy in Eq. 2.28. We see in Figure 5.1 that the local slope of the hydrogen molecule
displays the minima at the nuclei. Equation 5.21, which is exact for two–electron systems, can
be used to rationalize this observation. For closed shell two–electron systems with only one
virtual orbital, Eq. 5.21 is simplified as follows:

w′0(r) = −〈11|22〉φ1(r)φ2(r)

ρ(r)(ε2 − ε1)

∫
φ1(r′)φ2(r′)

|r− r′|
dr′. (5.23)

Even if we used a minimal orbital basis for the evaluation of the expression given in Eq. 5.23
for the hydrogen molecule, we would see that the local slope is most negative at the two nuclei,
for any bond length. Whilst this effect is captured with the minimal basis, the same minimal
basis model would incorrectly describe the slope at the bond midpoint. For example, in the top
panel of Figure 5.1 we can see that w′0(r) is less than 0 at the bond midpoint of H2 at R = 1.4.
Within the minimal basis, the local slope would be exactly 0 for any R, as the antibonding
φ2(r) orbital which enters Eq. 5.23 has a node at the bond midpoint.

We also see in Figure 5.2 that the correlation energy density for the He isoelectronic series
scales quickly towards an asymptotic constant as Z increases. Furthermore, the local slope
decays smoothly with distance from the nucleus, reflecting the behaviour of vabij(r). The be-
haviour for the Be isoelectronic series in Figure 5.3 is more complex. The KS HOMO-LUMO
gap is known to increase148 as Z increases from 4 to 10, from which one would expect the
correlation energy to become less negative according to the behaviour of tabij . In the core region
this behaviour holds, however in the valence region the trend is opposite, with the correlation
energy density becoming more negative with increasing Z. This suggests that the numerator
of tabij and the spatial dependence of vabij(r) due to the form of the KS orbitals are dominant in
this region, provided that Eq. 5.21 is sufficiently accurate for the Be isoelectronic series.

5.3.2 The SCE model and the strong interaction limit
The SCE functional and the SCE system were thoroughly discussed in the previous chapters.
One can argue that the SCE system, which corresponds to the wave- function that minimizes
the Hamiltonian of Eq. 2.12 when λ→∞ is a better starting point than the Kohn-Sham system
for the description of very strongly correlated systems.71,76,92,149 The KS SCE approximation,
proposed in Ref. 70 and discussed in section 3.2, uses the SCE functional to approximate the
Hartree and exchange-correlation energy, and it is equivalent to setting Wλ[ρ] = W∞[ρ] for all
λ. It has been shown that KS SCE yields good energies for systems where correlation plays
a dominant role, like electrons confined in low-density nanodevices or extremely stretched
bonds.71,71,76,92,149 On the other hand, KS SCE treats moderately and weakly correlated systems
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very poorly, giving energies that are unacceptably too low.89,149 A less drastic approximation
is to construct a Wλ[ρ] model, in such a way that its λ → ∞ limit is given by the exact or
approximate value of W∞[ρ], as done in the pioneering work of Seidl et. al.22,23 Analogously,
one can also model wλ(r), imposing that its λ → ∞ limit is given by w∞(r). This latter
approach is the main object of the following sections. The w∞(r) energy density in the gauge
of the electrostatic potential of the XC hole is given in Eq. 4.14.

To solve the SCE problem for spherically symmetric systems (the He and Be isoelectronic
series considered in this chapter) we have used the SGS approach proposed in Ref. 66 and
outlined in section 3.4.2. The SGS approach is exact if N = 2 and for atomic densities with
N > 2 it could be either a very good approximation for the true minimum of Eq. 3.5, or again,
the exact result.69,150 For the H2 molecule we have used the results from the previous chapter 4,
where the SCE energy density was been computed by obtaining the co-motion function from
the dual Kantorovich formulation78,151 of the SCE problem.

5.3.3 Local interpolation models
The local interpolation models tested in this work are largely simple translations of the well–
established global interpolation models into a local form. This was done for the model of Seidl,
Perdew and Levy (SPL),22 the “simplified” model of Liu and Burke,37 which will be referred
here as the LB model and the Padé[1/1] model.46,47 Each of the energy densities resulting
from the three mentioned models is constructed from three local parameters, a, b and c, which
are defined in the gauge of the XC–hole. The functional forms of these three models are
summarized in Table 5.1.

In addition to these, we constructed a local form of the two–legged representation117 which,
given some value of w1(r), takes the form

wλ(r) =

{
w0(r) + λw′0(r), λ 6x corr

w1(r), λ > xcorr

(5.24a)

xcorr =
w1(r)− w0(r)

w′0(r)
. (5.24b)

Whenever we used the two–legged representation to model the local AC in this work, we
did it by incorporating the interpolated w1(r) of the LB model: w1(r) ≈ wLB

1 (r). By doing
the local interpolation this way, we use the following three input quantities: w0(r), w′0(r) and
w∞(r) and circumvent the direct utilization of the full interacting energy density, w1(r). In
each of these four models, integration of wλ(r) with respect to coupling–constant gives the
λ–averaged energy density w̄xc(r) which, if spatially integrated according to Eq. 5.1, yields the
XC–energy Exc[ρ].

An important observation in the translation of global to local models is that, whilst the
following global inequalities are always satisfied,

W0[ρ] ≥ Exc[ρ] ≥ W1[ρ] ≥ W∞[ρ], (5.25)

their local counterparts do not necessarily satisfy these same inequalities. It has previously
been observed for the Hooke’s atom series that, in the tail regions of the density, w∞(r) can be
less negative than w1(r).67 In this work, the crossing of w∞(r) with w̄xc(r), w1(r) and w0(r)
has only been observed in the tail regions of the density and is thought to be an artefact of the
numerical instability that occurs where the density is very small.
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Table 5.1: The mathematical forms of the local AC interpolation models (for the Padé[1/1]
model, p > 0, p ∈ R).

wλ(r) a(r) b(r) c(r)

SPL a+ b√
1+cλ

w∞(r) w0(r)− w∞(r) − 2w′0(r)

w0(r)−w∞(r)

LB a+ b
(

1
(1+cλ)2

+ 1√
1+cλ

)
w∞(r) (w0(r)− w∞(r))/2 − 4w′0(r)

5(w0(r)−w∞(r))

Padé[1/1]a+ bλ
1+cλ

w0(r) w′0(r)
−w0(r)+wp(r)−w′0(r)

w0(r)−wp(r)

Table 5.2: Reference and interpolated Ec values, in Hartree, for the He isoelectronic series.

Z FCI local SPL global SPL local LB Padé[1/1] local 2–leg
1 -0.0409 -0.0367 -0.0368 -0.0398 -0.0401 -0.0477
2 -0.0400 -0.0378 -0.0380 -0.0394 -0.0399 -0.0435
3 -0.0410 -0.0393 -0.0395 -0.0404 -0.0409 -0.0431
4 -0.0416 -0.0402 -0.0404 -0.0411 -0.0415 -0.0433
5 -0.0418 -0.0408 -0.0409 -0.0415 -0.0418 -0.0433
6 -0.0419 -0.0410 -0.0411 -0.0416 -0.0418 -0.0431
7 -0.0414 -0.0407 -0.0408 -0.0412 -0.0414 -0.0423
8 -0.0412 -0.0405 -0.0406 -0.0410 -0.0412 -0.0420
9 -0.0411 -0.0405 -0.0406 -0.0409 -0.0411 -0.0419
10 -0.0411 -0.0405 -0.0407 -0.0408 -0.0411 -0.0418

5.4 Results

5.4.1 Helium isoelectronic series
Although the helium isoelectronic series is a set of only two–electron systems, it is a useful
series to consider in evaluating the local interpolation models as most standard DFAs incor-
rectly characterize the hydride ion (H−), failing to predict its existence as a bound electronic
system.101,132 Here, local interpolation models are constructed from energy densities acquired
by the Lieb maximisation at the FCI level, as described in section 5.2.3, in the range 0 ≤ λ ≤ 1
and at λ = ∞ by evaluating the SCE functional on the λ = 1 density, also at the FCI level of
theory.

In Table 5.2, the correlation energies given by local forms of the SPL, LB, two-legged
representation (the column labelled “2–leg”) and Padé[1/1] models (the latter parameterized
using the accurate values for w1(r), in order to compare with models that, instead, use the
λ → ∞ information) are given, along with that given by the global SPL model and the FCI
correlation energy for comparison. This data shows that the local interpolation correlation
energies are in close agreement with the FCI reference values; the mean absolute errors (MAE)
of the local interpolation models are 2.0 mH, 1.5 mH, 0.5 mH and 0.1 mH, for the two-legged
representation, SPL, LB and Padé[1/1] models, respectively.

As would be expected, the local Padé[1/1] is the most accurate of the models, given that
it is derived from the full interacting energy density. This data further suggests that the local
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Figure 5.4: Plots comparing the FCI, local LB and local SPL λ–averaged correlation energy
density in the helium atom.

Table 5.3: Reference and interpolated Ec values, in Hartree, for the Be isoelectronic series.

Z CCSD local SPL global SPL local LB Padé[1/1] local 2–leg
4 -0.0920 -0.0876 -0.1049 -0.0925 -0.0911 -0.1046
5 -0.1089 -0.1041 -0.1250 -0.1100 -0.1076 -0.1246
6 -0.1244 -0.1202 -0.1455 -0.1271 -0.1229 -0.1444
7 -0.1389 -0.1363 -0.1668 -0.1443 -0.1373 -0.1645
8 -0.1534 -0.1532 -0.1898 -0.1626 -0.1517 -0.1859
9 -0.1683 -0.1717 -0.2157 -0.1826 -0.1666 -0.2098
10 -0.1833 -0.1920 -0.2447 -0.2046 -0.1817 -0.2361

LB model is marginally superior to the local SPL and the two-legged representation. However,
comparing the global and local models shows a slightly lower error for the global model; the
local SPL model has an MAE of 1.5 mH, compared to 1.3 mH for the global model.

Figure 5.4 compares the FCI w̄c(r) with that of the local LB and SPL models, for the helium
atom. This reflects the numerical data in Table 5.2, both being very close to the FCI energy
density but with slightly lower error in the LB model.

5.4.2 Beryllium isoelectronic series
The changes in correlation energy across the beryllium isoelectronic series are somewhat more
complicated than those in the helium isoelectronic series, and its explanation involves the in-
terplay of several effects. With increasing nuclear charge, the density becomes increasingly
contracted, suggesting that the correlation energy should approach the high–density limit for
very large Z. However, this is accompanied by a changing KS HOMO–LUMO gap, here the
energy difference between 2s and 2p orbitals, which increases from Z = 4 → 13 before de-
creasing with higher Z values.148

Table 5.3 shows the reference and interpolated Ec results for the Be isoelectronic series,
with Z in the range 4−10. The wave-function for λ values between 0 and 1 has been computed
in the same way as for the He isoelectronic series, however at the CCSD level of theory rather
than FCI. As for the helium series, the local Padé[1/1] that uses w1(r) is the most accurate of
the local interpolation models. However, in contrast to the findings for He isoelectronic series,
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Figure 5.5: Plots comparing the CCSD, local LB and local SPL λ–averaged correlation energy
density in the beryllium atom.

the local interpolation models are much more accurate than the global models. For example,
in the case of F5+ the global SPL model has an MAE of 47.4 mH, whereas the error for the
local SPL model is 3.5 mH. The local two-legged interpolation underestimates the correlation
energies of the elements of the given series. We discuss in more details this model in the next
subsection.

Figure 5.5 shows the λ–averaged correlation energy densities for the beryllium atom. The
shape of w̄c(r) reflects the shell structure of the Be atom.125,143 The local SPL and LB inter-
polation models appear to qualitatively capture the shell structure of w̄c(r), however in some
regions it overestimates the reference value whilst in other regions the converse is the case. The
error cancellation that results from this is the most likely explanation for the superior accuracy
of the local models in comparison to the global models.

5.4.3 Hydrogen molecule
Despite the development of DFT into the most widely–applied electronic structure method,
and the wealth of XC–DFAs that have been developed, there are some systems for which no
combination of DFAs provide an accurate description. A well–known example of such a sys-
tem is the dissociating H2 molecule.52,108 Standard DFAs become increasingly inaccurate with
greater H–H bond length, reflecting a fundamental flaw of DFAs in their inability to properly
treat strong correlation.

In chapter 4 we saw that KS SCE correctly predicts the dissociation of H2 in a spin–
restricted formalism, however at equilibrium geometry the energies it predicts are extremely
low and the bond lengths predicted are overly short. The overall accuracy of KS-SCE for H2

dissociation can be substantially improved by the addition of nonlocal corrections.149

Figure 5.6 shows the dissociation curves for H2 given by the local interpolation models,
along with those given by HF, FCI and the PBE functional8 for comparison. The computa-
tional details are the same as those of the He isoelectronic series, and the PBE, HF and FCI
curves have been obtained from the DALTON quantum chemistry package141 all within the un-
contracted aug-cc-pCVTZ basis set.106 The SCE energy density has been computed by using
the dual Kantorovich method detailed in the previous chapter.149

It can be seen in Figure 5.6 that all of the interpolation models correctly predict the disso-
ciation of H2, which follows from their inclusion of w∞(r). In global AC models, at infinite
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Figure 5.6: Potential energy curves for the H2 molecule with internuclear distance R / a.u.,
which are obtained using the local interpolation methods: SPL, Liu-Burke, two-legged repre-
sentation combined with the Liu-Burke model, Padé[1/1] with w1(r). Restricted HF, PBE and
FCI curves are also shown for comparison.
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Figure 5.7: The FCI local correlation AC curves at one of the nuclei of H2 for different for
different internuclear separations, R.

separation the initial slope diverges as a result of the vanishing HOMO–LUMO gap, and the
SPL and LB models reduce to W∞[ρ], yielding the exact energies. However, the dissociation
curves produced by the local models approach the FCI curve slowly, resulting in an unphysical
‘bump’–like feature. This is a well–known failing of DFT, having been observed with other
functionals, such as the random–phase approximation108 and even the global Padé[1/1] model
with W1[ρ].131 It can be seen in Figure 5.6 that this is not remedied by the local interpolation
approach, as the curve obtained by the local Padé[1/1] also exhibits this unphysical bump, as
does that given by the local SPL model and, to a lesser extent, the local LB model.

To analyse why the intermediate region is less accurately described by the local interpola-
tion methods than the equilibrium and stretched region, we show in Figure 5.8 the correlation
component of the local AC at one of the nuclei of the hydrogen molecule at different bond
lengths: R = 1.4 a.u. (at equilibrium), R = 5.0 a.u. (the intermediate region) and R = 13.0
a.u. (stretched bond). The structure of the three local AC curves at one of the nuclei is very
similar to the structure of the corresponding global AC curves.107 From the given figure we
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Figure 5.8: Plots of the difference between FCI and interpolated λ–averaged energy densities,
δw(z) = w̄FCI(z) − w̄model(z), with respect to the distance from the bond midpoint, z / a.u.
(upper panel), and the local AC curves at one of the nuclei of the FCI and local interpolation
models (lower panel), both in H2 with a 5.0 a.u. bond length.
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see that at equilibrium the local AC is almost linear, so we can expect that even a single line
segment approximation to the local AC: wλ(r) ≈ w0(r) + λw′0(r) would properly capture the
shape of the given local AC curve. The local AC curve at the nuclei of the stretched H2 exhibits
the characteristic ‘L-shape’, which was also observed in the case of the corresponding global
AC curve.107 We would expect that the two-legged representation would capture the given local
AC very well, but even a single line segment approximation: wλ(r) ≈ w∞(r), this time coming
from the strong coupling limit, would be highly accurate for the stretched H2.149 In contrast to
the local AC curves of the stretched and H2 at equilibrium, the curvature of the local AC curve
at the intermediate bond length is highly pronounced. The shapes of the local AC curves at the
nuclei mirror the difference in correlation regimes present in the hydrogen molecule at differ-
ent bond lengths. While in H2 at equilibrium and at very stretched bond length, correlation is
almost purely dynamical and almost purely static, respectively, in the intermediate dissociation
region there is a subtle interplay between the dynamical and static correlation.

In the intermediate region of the dissociation curve, where the unphysical bump is present,
the local two-legged representation model is more accurate than the local Padé[1/1] which we
always use here with w1(r). This may be understood by comparing the exact local AC data
with the interpolated quantities. The top panel of Figure 5.8 shows the difference between
w̄FCI(r) and that of each of the local interpolation models, along the H–H bond at the 5.0 a.u.
geometry, as a function of the distance from the bond midpoint z. This difference δw(r) =
w̄FCI(r)− w̄model(r), is multiplied by the density to represent an energy per volume element. It
shows that the local SPL energy density is the one that most overestimates w̄(r). The error is
smaller for the LB model and even more so for the local Padé[1/1] model. The error is smallest
in the two–legged model, obtained using the w1(r) of the local LB. Furthermore, there is the
error cancellation in the two–legged model, as there are regions where the w̄(r) of this model
underestimates w̄FCI(r).

It can also be seen that the curves shown in the top panel of Figure 5.8 have a maximum
at the nucleus (z = 2.5 a.u.). Focusing on this region, it appears that the FCI curve meets
that of the Padé[1/1] at λ = 1, and that the two–legged representation curve meets that of the
LB model also at λ = 1. This follows from the construction of the Padé[1/1] and two–legged
curves from wFCI

1 (r) and wLB
1 (r) respectively. All curves, except for that of the two-legged

model, lie above the FCI curve. In the case of the two–legged interpolation model, the first line
segment is below the FCI curve, as a result of Eq. 5.24a and the convexity of the given local AC
curve. The second line segment that starts at xλ ∼ 0.1 is given by wLB

1 (r), and lies above the
FCI curve. The resulting error cancellation makes it clear why the two–legged representation
appears more accurate than the other models.

5.5 Conclusion and Perspectives
In this work we have studied local interpolations along the adiabatic connection for the He
and Be isoelectronic series and the hydrogen molecule, by using accurate input local quantities
computed in the gauge of the electrostatic potential of the XC hole, and comparing the results
with nearly exact energy densities defined in the same way. In order to obtain approximations
to the local AC over the physical regime (0 ≤ λ ≤ 1), we constructed interpolation models
between the weak and strong coupling limits of DFT. The weak coupling energy densities were
obtained using the Lieb variation principle, whilst the strong coupling limit energy densities
were obtained using the strictly-correlated electrons (SCE) approach. The inclusion of the SCE
information in density functional approximations helps to ensure their ability to capture the
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strong correlation effects.
Unlike previous attempts in this direction that used global (integrated over all space) input

quantities to model the AC, the local approach is more amenable to the construction of ap-
proximations that do not violate size consistency, at least in the usual DFT sense.48,49 Since the
aim here is to work in a restricted formalism, avoiding mimicking correlation with symmetry
breaking, some care must be taken when discussing size consistency. In fact, strictly speaking,
in a restricted framework the energy densities of the second-order perturbation theory and exact
exchange are not intensive quantities in the presence of near degeneracy,48,49 which is the main
challenge of capturing strong correlation within DFT.64,152,153

In future work we will test different approximations for the SCE energy densities and the
local slope. The development of algorithms for solution of the SCE problem is a very active
research field. In spite of the recent improvements, we still lack an algorithm that will solve
the SCE problem for general 3D molecular geometries at low computational cost. However, a
good candidate to approximate the SCE energy density in the gauge of the XC hole potential is
the nonlocal radius functional (NLR),93 which has been already implemented and used in Ref.
53.

In addition to numerically exploring the local AC we have also reported the local weak-
coupling slope of the adiabatic connection and derived an approximate expression for it in terms
of occupied and unoccupied orbitals. This quantity is very important to signal the amount of
correlation at each point of space. In our future work we will implement this expression and
test it against the results reported here.



Chapter 6

Interpolated Energy Densities,
Correlation Indicators and Lower
Bounds from Approximations to
the Strong Coupling Limit of DFT

S. Vuckovic, T. J. P. Irons, L. O. Wagner, A. M. Teale and P. Gori-Giorgi
Phys. Chem. Chem. Phys. 19, 6169 (2017)

We investigate the construction of approximated exchange-correlation functionals by in-
terpolating locally along the adiabatic connection between the weak- and the strong-coupling
regimes, focussing on the effect of using approximate functionals for the strong-coupling en-
ergy densities. The gauge problem is avoided by dealing with quantities that are all locally
defined in the same way. Using exact ingredients at weak coupling we are able to isolate the
error coming from the approximations at strong coupling only. We find that the nonlocal ra-
dius model, which retains some of the non-locality of the exact strong-coupling regime, yields
very satisfactory results. We also use interpolation models and quantities from the weak- and
strong-coupling regimes to define a correlation-type indicator and a lower bound to the ex-
act exchange-correlation energy. Open problems, related to the nature of the local and global
slope of the adiabatic connection at weak coupling, are also discussed.

6.1 Overview
In the previous chapter,44 the construction of XC functionals able to treat strong and weak
correlation effects with comparable accuracy has been explored through the approach of in-
terpolating the local adiabatic connection (AC) between the weakly–interacting and strongly–
interacting limits. It was observed that the inclusion of both these limits offered a significant
improvement in the treatment of strong (static) correlation without compromising the treatment
of dynamical correlation. The accuracy of such interpolation schemes depends on two factors:
the accuracy of the interpolation input parameters and the quality of the interpolation model
itself. In the previous study presented in chapter 5, interpolation models were tested with input
parameters that had been computed to high accuracy, such that the quality of the model and

55
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the merits of interpolating the local (i.e., in each point of space) AC as opposed to the global
(i.e., integrated over all space) AC could be assessed objectively. It was found44 that the local
AC interpolation generally yields more accurate XC energies than the global AC interpolation,
for which these models were originally designed,22,23,44 and are also more amenable to the
construction of size consistent methods.

An essential consideration in the design of these local interpolation schemes44 is the neces-
sity to define all input quantities within a common gauge. As previously stated, in contrast to
global energies, local energy densities can differ by an arbitrary combination of spatial func-
tions, since if their global integral is zero, the same total energy is obtained. In both the preced-
ing and the present work, all quantities are defined within the gauge of the electrostatic potential
of the XC hole,50,51,67,154 namely the exchange energy density, slope of the local AC at the non–
interacting limit and the XC energy density at the strongly–interacting limit.44 Additionally,
an approximation to the local initial slope of the AC has been derived; this approximation is a
function of the occupied and virtual KS orbitals; it is in the same gauge as the exchange energy
density, and is exact for two–electron systems.44

In chapter 3 we saw that the structure of the exact strong coupling limit energy densities52,67

provided by the strictly-correlated electrons (SCE) theory36,65,66 is considerably different from
that of the two input ingredients at weak correlation. Even though several authors have pro-
posed different algorithms to compute them (see section 3.4 for a detailed discussion), the SCE
energy densities are still too expensive to compute and indeed are presently only available for
relatively small systems.52,67 It would seem therefore that, regardless of how well the local
interpolation models perform, the computational hurdles of the SCE energy density precludes
this approach from general use in DFT calculations. In the present work, means of overcoming
this limitation are considered in the form of practical approximations to the energy densities in
the strongly interacting limit, and the performance of the local interpolation models with the
exact SCE quantities replaced with approximations is investigated. For this purpose, the well–
established point charge plus continuum (PC) model38 and the more recent nonlocal radius
(NLR) model93 are examined. The two models were introduced in section 3.5.

In addition to this, we use the interpolation approach to construct two quantities useful in the
development of new XC functionals: a local indicator for the level of static correlation present,
and a lower bound to the correlation energy that is tighter than those previously proposed.39,70

6.2 Theoretical Background

6.2.1 Preliminaries
In this chapter we also use the density-fixed adiabatic connection (AC) formalism given in
section 2.3.2,29,30,116,155 with the corresponding exact expression for the XC functional given in
Eq. 2.18. As discussed previously, local quantities such as this are not uniquely defined hence
any local interpolation scheme is only meaningful if constructed from quantities defined within
the same gauge, which in this case is chosen to be that of the XC hole, defined in Eq. 2.32. In
terms of coupling constant averaged (CCA) energy density given in Eq. 5.2 the XC energy can
be written as

Exc[ρ] =

∫
w̄xc(r)ρ(r) dr. (6.1)

In the previous study, the CCA energy density w̄xc(r) was approximated by interpolation
models with near–exact quantities from the non–interacting and strongly–interacting limits.44
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As set out in section 6.1, these must be substituted by computationally inexpensive approxi-
mations for such an approach to yield practical density functional approximations (DFAs); this
work assesses the suitability of several approximations to quantities in the strongly–interacting
limit.

The interpolation models considered in this study are those which showed promise in chap-
ter 5,44 namely the model of Seidl, Perdew and Levy (SPL),22 the simplified model of Liu and
Burke (LB)37 and the Padé[1/1] form,46,47 all of which are summarized in Table 5.3.3. Each
requires three input quantities: W0[ρ], W ′

0[ρ] and W∞[ρ] for global interpolation, w0(r), w′0(r)
and w∞(r) for local interpolation. It is important to note that whilst both W LB

λ and W SPL
λ

exhibit the correct behaviour in both the λ → 034 and λ → ∞36 limits, the corresponding
Padé[1/1] model does not in the λ → ∞ limit. In addition to these models, the two–legged
representation44,117 of Eq. 5.24a is also considered. At the non–interacting limit, these models
reduce simply to the exact exchange energy density w0(r), a key ingredient in local hybrids.
The local initial slope w′0(r) has been studied in section 5.3.1. An energy expression for the
energy density at the strongly–interacting limit, w∞(r),44,52,67 is given in Eq. 4.14.

6.2.2 Approximations to SCE energy densities
As previously stated, the SCE theory provides the framework in which exact global and local
quantities can be obtained in the λ → ∞ limit. An energy expression for the SCE XC energy
density, w∞(r),44,52,67 is given in Eq. 4.14. As earlier discussed in section 3.4, due to the
computational difficulties associated with the co–motion functions, SCE energy densities are
only relatively easily computed for 1D89 and spherically symmetric systems.66,67 To compute
the SCE energy density for general 3D systems, one can invoke the dual Kantorovich SCE
formulation given in chapter 4,52 however computational cost still imposes a practical limitation
on its use.

In considering approximations to the SCE energy density for use in local interpolation,
there are several important properties to examine. The most important of these is that any
such approximation must be defined in the gauge of the XC hole. Additionally, models that
give a reasonably accurate representation of the SCE energy densities, in particular having the
correct asymptotic decay (w∞(r) → − 1

2|r| as |r| → ∞), are more favourable. It is important
to note however that more accurate W∞[ρ] and w∞(r) do not necessarily result in a more
accurately approximated w̄xc(r). This can occur where errors arising from inadequacies of the
interpolation model partially cancel errors in the approximate input quantity, leading to a more
accurate overall approximation. This will be further discussed in the following sections.

In section 3.5 the approximations to the SCE functional used in this chapter, the NLR93 and
PC38 models, are introduced and their respective properties discussed. The NLR functional
has been implemented in the GAUSSIAN 156 and TURBOMOLE 157 electronic structure pack-
ages.53,158 Very recently, the NLR model has been also refined and improved by Bahman, Zhou
and Ernzerhof,94 with the addition of a shell of positive charge density, which is again inspired
by the exact67 SCE XC hole. The same authors have also shown how to implement both the
original NLR model and their new shell model in a very efficient way.94 The theory behind the
latter model can be also found in section 3.5.

In addition to comparing approximate SCE energy densities in section 3.5 for the beryl-
lium atom, in Figure 6.1, the difference between w∞(r) computed with the SCE theory and its
approximate forms are plotted for the helium atom. It is evident again that the NLR energy
density is the most faithful to the SCE reference of the three, whilst the two PC forms present
a slightly more nuanced picture. At the global level, the PC-GGA approximation appears to
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Figure 6.1: Upper panel: Plots of the difference between the exact and approximate strong cou-
pling limit energy density for the helium atom, δw∞(r) = w∞(r)− wmodel

∞ (r), with respect to
the distance from the nucleus, r / a.u. Lower panel: The quantity from the top panel multiplied
by the density and spherical volume element.
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Figure 6.2: The w∞(r) energy densities in the Ne6+ ion obtained by the following functionals:
SCE, NLR, PC-LDA and PC-GGA.

have an accuracy superior even to that of the NLR model, with the PC-LDA approximation
yielding the greatest error by a considerable margin. However, examination of the errors in the
energy densities themselves reveals that the PC-GGA energy density exhibits a highly unphys-
ical asymptotic decay, compared to the broadly reasonable asymptotic decay of the NLR and
PC-LDA energy densities, suggesting that its apparent accuracy at the global level is largely
the product of error cancellation67.

Given the definition of the XC hole in Eq. 2.33, and by virtue of the XC hole sum rule
in Eq. 3.25, it can be seen that wλ(r) → − 1

2|r| as |r| → ∞, for any given λ67. By virtue
of Eq. 3.30, the NLR energy density will exhibit the correct asymptotic behaviour. However,
it is apparent from Eqs. 3.21 and 3.22 that this will not be the case for the PC model energy
densities.

In Figure 6.2 the SCE, NLR, PC-LDA and PC-GGA energy densities are plotted for the
Ne6+ ion (an example pertinent to later discussion). It can be seen that, as in the case of the
beryllium atom discussed in Ref. 93, the NLR energy density lies above the SCE energy density
in the core region and below in the valence region93. Additionally, it can be seen that the PC-
GGA and PC-LDA energy densities have the predicted unphysical asymptotic behaviour, with
the former even becoming positive at long range.

This failing can present a challenge to the use of the PC models in local interpolation
schemes as it causes bothwPC−LDA

∞ (r) andwPC−GGA
∞ (r) to intersectw0(r). In the local SPL and

LB schemes, the interpolated wλ(r) would have a non–zero imaginary component and thus be
unphysical in regions where w∞(r) > w0(r) as these models assume that wλ(r) monotonically
decreases in λ. In contrast to the global AC, the monotonicity of the local AC (in the gauge of
the XC hole) has not been formally proven; its assumption in these models is rationalised by
the absence of known antithetic examples in Coulombic systems44,125. For practical purposes,
the interpolation schemes were slightly adapted when using PC model approximations such
that wλ(r)→ w0(r) where w∞(r) > w0(r).

6.2.3 Computational details
As in the previous chapter, the Lieb maximization algorithm of Refs. 32,107 has been em-
ployed to compute accurate energy densities wλ(r) for λ = 0 and for a range of λ � 1, from
which w′0(r) is numerically calculated by finite difference. Additionally, CCA energy densi-
ties w̄xc(r) are computed to provide accurate reference correlation energy densities44,125. As



60 CHAPTER 6. ENERGY DENSITIES, INDICATORS AND LOWER BOUNDS

in the preceding study,44 Lieb maximisation calculations in this work were effected using the
implementation of Refs. 32,107 in a development version of the DALTON quantum chem-
istry package141, with the full configuration–interaction (FCI) and coupled–cluster singles and
doubles (CCSD)142 methods being used to compute Eλ[v]. All calculations of two–electron
systems and those of LiH were performed with a FCI wave-function, whilst the remaining sys-
tems were treated at the CCSD level. Additionally, the uncontracted aug-cc-pCVTZ basis set
was selected as the orbital and potential basis set for all systems excluding LiH, for which the
uncontracted cc-pVDZ basis was used instead106,159.

To compute SCE quantities for the atomic systems considered here, the co–motion func-
tions are obtained by using the SGS solution for spherically symmetric systems, outlined in
section 3.4. For the H2 molecule, the SCE energy densities were computed via the dual Kan-
torovich SCE formulation78,151, described in chapter 4. The key quantity necessary in the evalu-
ation of the NLR energy densities is the NLR radius uNLR

c (r) (see section 3.5 for details), which
was computed using the method described in Ref. 93. The PBE8 and FCI dissociation curves
for the hydrogen molecule were calculated using the DALTON quantum chemistry package141.

6.3 Results
In this section, atomic correlation energies and H2 dissociation curves computed using local
interpolation models are presented, comparing the results obtained when using the SCE theory
to model the strongly–interacting energy densities to those obtained using its NLR and PC
approximations. As set–out earlier, the accurate data for the non–interacting energy density
and the local initial slope44 is used in the present evaluation of interpolation functionals as this
allows the effect of substituting the SCE energy density with an approximation to be explicitly
observed.

We also report results on the LiH dissociation curve, in this case using always the NLR ap-
proximation for the energy densities in the strong correlation limit, comparing and rationalizing
the performance of global and local interpolations.

6.3.1 Atomic correlation energies
The correlation energies of several atomic/ionic systems computed with the SPL and LB inter-
polation schemes and with the SCE, NLR and PC models providing the λ→∞ quantities are
presented for global interpolation in Tables 6.1&6.2 and local interpolation in Tables 6.3&6.4.
Among these systems are two that are typically poorly described by contemporary DFAs; these
are the H− ion, generally not predicted to be bound101 and the Ne6+ ion which belongs to the
beryllium isoelectronic series, a series exhibiting strong near–degeneracy effects with increas-
ing nuclear charge Z.44,148

It is evident from Tables 6.1, 6.2, 6.3 and 6.4 that the local interpolation gives always a
lower mean absolute error (MAE) than the corresponding global interpolation. Indeed, the
least accurate local interpolation (the LB model using wPC−GGA

∞ (r)) has a lower MAE than the
most accurate global interpolation (the SPL model using WNLR

∞ [ρ]).
In Figure 6.3, the global AC (with exchange omitted) obtained by SPL global and local

interpolation with both the SCE and NLR input quantities are presented for the Ne6+ ion.
It can be seen that the curves pertaining to the local interpolation schemes are considerably
closer to the reference AC (Lieb/CCSD) than those pertaining to global interpolation. This
would indicate that the advantage conferred by a local interpolation approach over a global
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Table 6.1: The atomic (ionic) correlation energies in Hartree atomic units obtained by the global
SPL interpolation with the exact (SCE) and approximate (NLR, PC-LDA and PC-GGA)W∞[ρ]
interpolation quantities.

Species Eref
c SPL SCE SPL NLR SPL PC-GGA SPL PC-LDA

H− -0.0409 -0.0368 -0.0352 -0.0360 -0.0415
He -0.0400 -0.0381 -0.0371 -0.0376 -0.0401
Be -0.0920 -0.1049 -0.1025 -0.1042 -0.1095
Ne6+ -0.1833 -0.2447 -0.2399 -0.2435 -0.2527
Ne -0.347 -0.394 -0.384 -0.394 -0.401
Ar -0.404 -0.488 -0.481 -0.488 -0.491
MAE (mH) - 35 32 35 38

Table 6.2: The atomic (ionic) correlation energies in Hartree atomic units obtained by the global
LB interpolation with the exact (SCE) and approximate (NLR, PC-LDA and PC-GGA) W∞[ρ]
interpolation quantities.

Species Eref
c LB SCE LB NLR LB PC-GGA LB PC-LDA

H− -0.0409 -0.0399 -0.0383 -0.0391 -0.0444
He -0.0400 -0.0396 -0.0388 -0.0392 -0.0413
Be -0.0920 -0.0925 -0.1071 -0.1085 -0.1128
Ne6+ -0.1833 -0.2526 -0.2487 -0.2517 -0.2590
Ne -0.347 -0.405 -0.397 -0.405 -0.410
Ar -0.404 -0.494 -0.489 -0.494 -0.496
MAE (mH) - 37 37 39 43

Table 6.3: The atomic (ionic) correlation energies in Hartree atomic units obtained by the local
SPL interpolation with the exact (SCE) and approximate (NLR, PC-LDA and PC-GGA) w∞(r)
interpolation quantities.

Species Eref
c SPL SCE SPL NLR SPL PC-GGA SPL PC-LDA

H− -0.0409 -0.0367 -0.0344 -0.0364 -0.0416
He -0.0400 -0.0378 -0.0370 -0.0347 -0.0393
Be -0.0920 -0.0876 -0.0904 -0.0763 -0.0925
Ne6+ -0.1833 -0.1919 -0.1997 -0.1653 -0.2036
Ne -0.347 -0.383 -0.372 -0.377 -0.387
Ar -0.404 -0.445 -0.436 -0.435 -0.451
MAE (mH) - 16 14 17 18
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Table 6.4: The atomic (ionic) correlation energies in Hartree atomic units obtained by the local
LB interpolation with the exact (SCE) and approximate (NLR, PC-LDA and PC-GGA) w∞(r)
interpolation quantities.

Species Eref
c LB SCE LB NLR LB PC-GGA LB PC-LDA

H− -0.0409 -0.0398 -0.0375 -0.0393 -0.0444
He -0.0400 -0.0394 -0.0388 -0.0359 -0.0405
Be -0.0920 -0.1049 -0.0955 -0.0804 -0.0973
Ne6+ -0.1833 -0.2045 -0.2124 -0.176 -0.2156
Ne -0.347 -0.396 -0.386 -0.390 -0.398
Ar -0.404 -0.459 -0.451 -0.494 -0.464
MAE (mH) - 23 21 26 25

interpolation approach is significantly greater than any depreciation in accuracy resulting from
approximating SCE quantities with those of the NLR model. Furthermore, it can be seen from
Tables 6.3 and 6.4 that the accuracy of these atomic correlation energies depends more on the
interpolation model chosen than the accuracy of the λ→∞ quantities.

In addition, it can also be seen that the MAE for the SPL interpolation is smaller than that for
the LB interpolation scheme for both the global and local schemes. Interestingly, interpolating
using the NLR approximation rather than the exact SCE form of W∞[ρ] and w∞(r) results in a
lower MAE. It has previously been observed that interpolation using SCE quantities often leads
to an underestimation of atomic correlation energies44 and that higher values of W∞[ρ] results
in a higher globally interpolated correlation energy. In these systems, WNLR

∞ [ρ] ≥ W∞[ρ] and
thus has the effect of partially offsetting the interpolation error. Whilst correlation energies
obtained by global interpolation with SCE are a lower bound to those obtained with the NLR
model in its place, this is not necessarily the case for the local correlation schemes. As shown
in Tables 6.3&6.4, for Be and Ne6+ the correlation energies obtained by the interpolation with
wNLR
∞ (r) are lower than those obtained with the exact w∞(r). This is reflected in the AC

curves for Ne6+, shown in Figure 6.3, in which that obtained by local interpolation with NLR
lies below that resulting from local interpolation with SCE, despite the fact that WNLR

∞ [ρ] ∼
−11.0 H compared to W∞[ρ] ∼ −11.5 H . To rationalize these observations, it is useful to
consider the corresponding energy densities; Figure 6.4 shows the CCA correlation energy
density in Ne6+, multiplied by density and spherical volume element, obtained with both SPL
and LB interpolation each using w∞(r) and wNLR

∞ (r) as input quantities, with the reference
energy density for comparison. From this figure we can first notice that interpolation accuracy
has a greater degree of dependence on interpolation model itself than on the accuracy of the
w∞(r) input parameter, as the energy densities exhibit a greater difference between SPL and
LB than between SCE and NLR. We can also see that the two energy density curves that
have been obtained by the interpolation with NLR quantities appear to be slightly below those
obtained with the SCE quantities. As described in relation to Figure 6.2, in the core region
of Ne6+ (r . 0.32) wNLR

∞ (r) > w∞(r), whereas the opposite is generally true in the valence
region. In the SPL and LB models, the sensitivity of the interpolated energy density to w∞(r)
is dependent on the magnitude of the local slope w′0(r); in regions where w′0(r) → 0, wλ(r)
simply approaches the exchange energy density as the correlation energy density itself vanishes,
hence the accuracy of w∞(r) has a minimal effect on the interpolated wλ(r). However, the
converse is true in regions where w′0(r) → −∞, as the interpolated energy densities for both
models would approach w∞(r), making them highly sensitive to its accuracy. We can see in
Figure 6.4 how that reflects on the interpolated energy densities. In the core region, the NLR
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Figure 6.3: The global correlation AC curves for the Ne6+ ion obtained by the CCSD (refer-
ence) and by the global and local SPL interpolation with the SCE quantities and NLR approxi-
mation to the SCE quantities.
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Figure 6.4: The coupling constant averaged correlation energy densities multiplied by the den-
sity and spherical volume element for the Ne6+ ion, obtained by both LB and SPL interpolation
models and employing both the SCE (“SPL ” and “LB”) and NLR λ → ∞ energy densities
(“SPL NLR” and “LB NLR”). The reference curve has been computed at the CCSD level.
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Figure 6.5: The H2 dissociation curves obtained by the local LB and two-legged representation
interpolation with the SCE (“LB” & “2-leg”) and NLR (“LB NLR” & “2-leg NLR”) w∞(r)
interpolation input parameters. The PBE and FCI curves are shown for comparison.

based interpolated energy densities (the ones labeled “SPL NLR” and “LB NLR”) are hardly
distinguishable from the ones that are based on the SCE (labeled “SPL” and “LB”). Therefore,
in the core region the interpolation neutralizes the difference between wNLR

∞ (r) and w∞(r).
In the valence region, where the local interpolation is much more sensitive to the changes
in w∞(r), we can see that the NLR based interpolated energy densities are below the SCE
based ones. This is why in the case of the Ne6+ ion the NLR based local interpolation gives
lower correlation energy than the SCE based local interpolation, exemplifying an interesting
difference between the global and local interpolations.

6.3.2 The H2 dissociation curves
Figure 6.5 displays the H2 dissociation curves obtained by local interpolation with the two–leg
and LB models, using both SCE and NLR input parameters, in comparison to those acquired
with FCI and the PBE functional (as described in section 6.2.3).

It can be seen in Figure 6.5 that the dissociation curves given by the two interpolation mod-
els differ only slightly when the NLR model is used in place of the SCE model. Additionally,
both models correctly predict the H2 dissociation limit when using the NLR approximation,
reflecting the underlying ability of the NLR model itself to dissociate the H2 molecule cor-
rectly44,93.

More pertinent however is the region of the dissociation curve at intermediate bond lengths,
where DFT combined (or corrected with) methods that are constrained to be exact in the dis-
sociation limit generally exhibits an unphysical “bump” (see, e.g., Refs. 44,108). It chapter 5
we show that the local interpolation approach, even with exact input parameters, does not en-
tirely eliminate this erroneous feature, although it is significantly attenuated with the local
two–legged interpolation model.44 In Figure 6.5 we see that this feature is somewhat worsened
when the NLR model is used in place of the SCE model for w∞(r) as input for the local in-
terpolation. In this region, the local initial slope is already large in magnitude (and increasing
with bond length) thus there is a strong sensitivity of the interpolation models to the accuracy
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Figure 6.6: H2 dissociation curves obtained by local (“loc”) and global (“glo”) LB and two-
legged interpolation models using PC-LDA and PC-GGA input parameters. The PBE and FCI
curves are shown for comparison.

of w∞(r). The approximate nature of the NLR model therefore has its most significant impact
in this part of the dissociation curve. In contrast, approximating the SCE energy density with
the NLR energy density in the interpolation models has considerably less effect on the energy
computed at the equilibrium bond length, reflecting the lower sensitivity to the λ→∞ quanti-
ties. We also remark that all the local interpolation forms are more accurate than spin-restricted
PBE at the equilibrium bond length. The dissociation curves computed using the SPL model
are omitted from Figure 6.5 for clarity, however it is noted that their properties are broadly sim-
ilar to those of the LB curves but with a more pronounced unphysical feature at intermediate
bond lengths44.

Figure 6.6 shows the H2 dissociation curves obtained by interpolation using the PC model
to approximate w∞(r). As described in section 6.2.2, in the present work the PC model is
examined at both the LDA level and at the GGA level, containing gradient–dependent terms.
It appears from Figure 6.6 that the most accurate dissociation curve obtained using PC model
energy densities is the global two–legged model using PC-GGA to approximate w∞(r). As
observed in Figure 6.6, the two–legged model gives a more accurate dissociation curve than
the LB interpolation model, however in this case the differences between interpolation models
themselves are overshadowed by those arising from the use of different λ → ∞ quantities.
There is also a marked difference between the dissociation curves obtained by global and local
LB interpolation, using PC-GGA input quantities; whilst global interpolation yields a qualita-
tively accurate dissociation curve with only a small underestimation of the dissociation limit,
local interpolation employing wPC−GGA

∞ (r) yields a curve that becomes highly unphysical be-
yond the equilibrium geometry and results in an energy much lower than that of two hydrogen
atoms in the dissociation limit. This is directly attributable to the superior performance of
WPC−GGA
∞ [ρ] over wPC−GGA

∞ (r) where, as seen in Figure 6.2, the PC-GGA energy density has
erroneous long–range behaviour however global error cancellation results in a factitiously ac-
curate WPC−GGA

∞ [ρ]. In the local interpolation scheme, wλ(r) → w0(r) where wPC
∞ (r) crosses

w0(r) and as such there is no equivalent error cancellation for local interpolation.
The dissociation curves based on PC-LDA model input parameters are considerably poorer

than those yielded by the PC-GGA model, both with a global and local scheme. For global
interpolation, a quantitative comparison of their accuracies at the H2 dissociation limit can be
made by considering that the XC energy should cancel the Hartree energy and that W ′

0[ρ] →
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Figure 6.7: The LiH dissociation curves obtained by FCI, NLR and the global and local SPL
interpolation with the NLR quantities

−∞ in this limit, hence Exc[ρ] − U [ρ] = W∞[ρ] − U [ρ] = 0 should be satisfied. For the
infinitely stretched H2, WPC

∞ [ρ] will be twice WPC
∞ [ρ] evaluated on the density of a hydrogen

atom. Whilst this error is relatively small for PC-GGA, WPC−GGA
∞ [ρ]−U [ρ] = −0.3 mH , it is

very large for PC-LDA, WPC−LDA
∞ [ρ]− U [ρ] = 312 mH .

Whilst local interpolation using wNLR
∞ (r) in place of the exact SCE quantities give rea-

sonably accurate dissociation curves for H2, those obtained with the computationally cheaper
wPC
∞ (r) appear volatile and unphysical and as such presently seem an inappropriate choice to

substitute SCE energy densities in local interpolation models. The use of the PC model in
global interpolation schemes appears to show more promise, yielding qualitatively accurate H2

dissociation curves when using WPC−GGA
∞ [ρ].67 The accuracy of global interpolations that in-

clude the PC model and the issues coming from the lack of size consistency have been recently
investigated in Ref. 160.

6.3.3 The lithium hydride dissociation curve
Size consistency within the global interpolation models that we use in this work is still pre-
served for systems that dissociate into equal fragments (assuming that the interpolation input
quantities are size consistent themselves, which is a delicate issue for exchange and GL2 in a
spin-restricted framework, see the discussion in Ref. 160). For this reason, it would be interest-
ing to compare the performance of the local interpolations against the global ones in the case
of heterolytic dissociation. In Figure 6.7 we show the dissociation curves obtained by the local
and global SPL interpolation and the reference (FCI) curve for comparison. For both the global
and local interpolation we used the approximate NLR input quantities: WNLR

∞ [ρ] and wNLR
∞ (r),

respectively.
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We can see that the energies of the stretched LiH obtained by the global SPL interpolation
are unacceptably low. In the dissociation limit of LiH there is a step in the KS potential closer
to the hydrogen, the more electronegative atom of the two.161–163 This step ensures that in the
dissociation limit the atomic HOMO orbital energies are re-aligned and the molecule correctly
dissociates into neutral atoms.161–163 This is also why the KS HOMO-LUMO gap closes in the
dissociation limit of LiH, as it happens in the hydrogen molecule. As the gap closes and W ′

0[ρ]
diverges, the SPL globally interpolated Wλ[ρ] reduces to WNLR

∞ [ρ]. The energy of the latter are
extremely low as it can be seen from the inner panel of Figure 6.7, where we show the NLR
dissociation curve that corresponds to the following approximation: Wλ[ρ] ≈ WNLR

∞ [ρ].
In contrast to the globally interpolated, we can see that the locally interpolated energies

are much more in-line with the reference data up to R ∼ 7 a.u. However, even in this case,
as the gap closes, the local slope will eventually tend to minus infinity everywhere,44 making
the locally-interpolated energies approach the NLR energies of the two fragments. The NLR
energy is correct for the H atom (as NLR is exact for any one-electron density), but it over-
correlates the Li atom. We thus see that the local slope (even the exact one) is yet not suited
to signal locally the amount of static correlation, as it is too dependent on a global quantity,
namely the HOMO-LUMO gap. A possible way forward is to use other ideas to signal strong
correlation such as those recently proposed in Refs. 53,120,164 or to define a “local gap” as in
Ref. 165.

6.4 Correlation indicator and lower bound to the total en-
ergy from an interpolation model

In this section we use the two-legged representation interpolation model between weak and
strong correlation to define and compute a correlation type indicator (which, although it has
very interesting properties, does not address the issue discussed at end of the previous sec-
tion 6.3.3), and a lower bound to the exact energy, which is tighter than previously established
ones.70.

6.4.1 Simple correlation type indicator
In DFT and quantum chemistry, electron correlation is usually classified into the intuitive con-
cepts of dynamic and static (non-dynamic) correlation. Dynamic correlation is considered to be
a short-range effect captured by perturbation theories such as MP2, which uses Hartree-Fock
as a reference, or the Görling-Levy (GL2) perturbation theory,34 which uses the KS system as a
reference. Static correlation, instead, is associated to near-degeneracy effects, with few or even
a large number of important determinants in the physical description of the system at hand.
These are cases in which a single determinantal reference is a bad starting point for perturba-
tion theory. From the adiabatic connection point of view, a system dominated by dynamical
correlation has a λ dependence of Wλ[ρ] that is very close to a straight line for λ between 0 and
1, while a system with substantial static correlation has a Wλ[ρ] that is substantially curved.

Burke, Ernzerhof and Perdew117 have already noticed that the point of intersection between
the two line segments used in their two-legged representation model has either a minimal (only
static correlation) or a maximal (only dynamical correlation) value. We show here that the
point of intersection of the two line segments in a different but similar two-legged representa-
tion,44 is a very simple parameter that indicates the correlation type. This quantity is xcorr(r)
of Eq. 5.24b. Notice that there are both local and global variants of this quantity. The local one
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Figure 6.8: Xcorr correlation-type parameter of Eq.6.2, as a function of the H2 bond length.

is given in Eq. 5.24b, whereas the global Xcorr parameter is given by:

Xcorr =
W1 −W0

W ′
0

(6.2)

Assuming the convexity of Wλ and wλ(r), Xcorr and xcorr(r) can have values between 0 and 1.
If Xcorr = 1, then the shape of the adiabatic connection integrand is linear for λ values between
0 and 1 and GL2 captures all the correlation in the system. We can say that, if Xcorr = 1, then
the correlation in the system is purely dynamical. On the other hand, if Xcorr = 0, then the
adiabatic connection curve is L-shaped and all the correlation present in the system is static.

In Figure 6.8 we show the “exact” Xcorr (the black curve) for the hydrogen molecule as
a function of the bond length. At short bond lengths, the Xcorr value is quite high, reflecting
the dominance of dynamic correlation. Moreover, at short bond lengths it is expectedly very
close to the Xcorr value for the He atom (Xcorr = 0.84). As we stretch the H2 bond, Xcorr

value decreases and finally drops to zero for the infinitely stretched H2 in which all the present
correlation is static.

By virtue of Eq. 6.2, we need the three input quantities to compute Xcorr: W0[ρ], W ′
0[ρ]

and W1[ρ]. If we lack W1[ρ] information, we can approximate this quantity by doing the in-
terpolation that uses W0[ρ], W ′

0[ρ] and W∞[ρ] as input. For this purpose, we can employ the
interpolation models that we use in this work, such as the SPL or LB model. In Figure 6.8,
together with the “exact” Xcorr for H2 we show the approximate ones that have been calculated
with interpolatedW1[ρ] fromW0[ρ],W ′

0[ρ] andW∞[ρ]. We used the two interpolation methods,
SPL and LB and both the exact (SCE) and the NLR W∞[ρ] quantities. We can see in Figure 6.8
that all the approximate curves follow the trend of the “exact” Xcorr curve. In this case, the
LB interpolation is more accurate than the SPL interpolation. What we also see is that W1[ρ]
interpolation is more sensitive to the interpolation form than the accuracy of the W∞ quantity:
the LB Xcorr curve based on WNLR

∞ [ρ] is even more accurate than the SPL Xcorr curve that is
based on the exact W∞[ρ].

Apart from indicating a type of correlation, theXcorr parameter can be very useful for telling
us how accurate GL2 (or MP2) is for the given system. The closer the Xcorr value is to 0, the
more poorly the two theories will describe correlation in the system. A better starting point for
the correlation description in this case would be the KS SCE theory, which gives extremely low
energies for the systems whose Xcorr value is close to 1.

Grimme and Hansen166 have recently introduced a position–dependent indicator based on
the fractional orbital occupation, aiming to detect molecular “hot regions” that have a high static
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Figure 6.9: xcorr(r) local correlation-type indicator of Eq. 5.24b shown for the He atom and
Ne8+ ion atom (upper panel) and for the Be atom and Ne6+ ion (lower panel), where r is a
distance from the nucleus
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correlation contribution. Notice that if we go from the Xcorr value, which is a single number, to
the xcorr(r) we get the correlation type indicator as a function of space. It is easier to visualize
xcorr(r) than wλ(r), as the latter depends on both λ and r. In the top panel of Figure 6.9 we
show xcorr(r) for the He atom and the Ne8+ ion, both belonging to the helium isoelectronic
series. We can see that for the He atom the xcorr(r) decreases as we move away from the
nucleus, but in the energetically most important regions (r . 2.0 a.u.), xcorr(r) is quite high
and also gives the high global Xcorr = 0.84 value. The xcorr(r) curve for the Ne8+ ion is higher
and flatter than that of He and the corresponding global Xcorr = 0.97 value is much closer to 1.
This indicates that dynamic correlation dominates even more in this ion than in the helium atom
and this is what one would expect in the case of the helium isoelectronic series as the nuclear
charge increases.44 It is important to stress that in the asymptotic, low-density regions, the local
indicator becomes too sensitive to numerical errors, since both numerator and denominator or
Eq. 5.24b become very small, so that it should not be trusted in these energetically unimportant
regions.

In the bottom panel of Figure 6.9 we show xcorr(r) for the Be atom and the Ne6+ ion,
members of the beryllium isoelectronic series. We can see that these two xcorr(r) curves exhibit
almost a step structure, clearly distinguishing between the core region (Z r . 4.0 a.u. for Be
and Z r . 3.2 a.u. for Ne6+) and the valence region. In the core region the xcorr(r) value
is high and close to 1.0 for Ne6+ ion and around 0.9 for Be. This indicates the presence of
almost purely dynamic correlation. The trend that the ion with a greater Z value has higher
values of xcorr(r) also holds in this region. On the other hand, in the valence region xcorr(r)
of the two curves is lower with the value about 0.5, indicating a substantial contribution of
static correlation and that is reflected by the strong curvature of the corresponding local AC
curves.125. Interestingly, the trend of two xcorr(r) curves is opposite in the valence region in
which xcorr(r) of Ne6+ lies below that of Be. This observation signals that in the valence region
of the former ion there is a higher contribution of static correlation. This can be understood
in the light of the trend for KS HOMO-LUMO gap for the beryllium isoelectronic series, as
the nuclear charge Z increases.44,148 The KS HOMO-LUMO (2s-2p) gap of Be is actually
smaller (0.133 H) than that of Ne6+ (0.481 H). However, the absolute values of the Ne6+

orbital energies are much higher. Therefore, for a fairer comparison we can use a relative KS
orbital energy gap, which we define in the following way: ε2s−ε2p

ε2s
. The value of the relative gap

defined this way for Ne6+ is much lower than that of Be: 0.070 and 0.364, respectively. The
reported KS energy gaps have been calculated performing the maximisation of Eq. 5.4 at λ = 0
and using CCSD/aug-cc-pCVTZ level of theory for obtaining E0[v] (see section 6.2.3 for the
details). They also correspond to the KS potential, which goes to zero as the distance from the
nuclear charge goes to infinity.

In Figure 6.10 we show the xcorr(z) curves for the H2 molecule along the internuclear axis
for several bond lengths as a function of the distance from the bond midpoint, z. We can see
that at the smaller bond length (R = 2.0) the structure of the xcorr(z) curve is similar to the
one of the helium atom. We also see that as we stretch the bond, the curves have a more linear
structure. For the stretched H2 we can see that hot static correlation regions are present at
almost all points in space. Very small xcorr values indicate that in all these points we have the
similar “L-shaped” local AC curves.44,107 The exception is the energetically unimportant bond
midpoint of stretched H2, at which in case of infinitely stretched H2 the local AC becomes:
w0≤λ≤1(z) = w0(z), with xcorr(z) = 1 and this happens because of the antisymmetry of the
correlation hole at bond midpoint of H2 at R→∞.167

In the case of LiH we observed an interesting difference between shapes of the local AC
curves at the hydrogen and lithium nucleus. In the upper panel of Figure 6.11 we show the cor-
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Figure 6.10: xcorr(z) local correlation-type indicator of Eq. 5.24b, shown for the H2 molecule
along the internuclear axis at different bond lengths, where z is the distance from the bond
midpoint
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Figure 6.11: The local correlation AC curves at the two nuclei of LiH at R = 3.0 a.u (upper
panel) and at the nuclei of H− and Li+ ions (lower panel)
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relation part of the local AC curves at both the hydrogen and lithium nuclei in near-equilibrium
region, R = 3.0 a.u. We can see that the curvature of the local AC curve at the hydrogen nu-
cleus is much more pronounced than that of the lithium nucleus. As a result of the electronega-
tivity difference between the lithium and hydrogen atom, we expect that LiH at equilibrium has
a significant ionic character. As a result of the the bond polarization of LiH, we would expect
that the hydrogen atom would have slightly anionic character and that the lithium atom would
have slightly cationic character. That fact is mirrored by the observation of the corresponding
local AC integrands and associated xcorr(r) values. From Figure 6.11 we can see that the local
AC at the Li nucleus of LiH at R = 3.0 a.u. is nearly a straight line, as it is the case with the
local AC at the nucleus of Li+ ion (shown in the lower panel of the same figure). The two cor-
responding xcorr(r) are the same and very close to 1. On the other hand, the highly pronounced
curvature present in the local AC at the H nucleus of LiH is very similar to that of the hydride
ion. The xcorr(r) value at the H nucleus of LiH is 0.7, indicating a significant presence of static
correlation in this region, but still somewhat lower than at the nucleus of the hydride ion with
xcorr(r) = 0.6.

Both Xcorr and xcorr(r) quantities can be used in the context of the interpolation along the
adiabatic connection. It might be the case that the certain interpolation forms are better suited
for a particular correlation regime than for the others. For instance, we noticed that the SPL
model works better than the others for atoms (with the usually high Xcorr value), while the LB
and two-legged interpolation performed better than the SPL for the intermediate correlation
regimes (such as the H2 at about R = 5.0 a.u). We also see in this work that the interpolation
can be even more sensitive to the interpolation form than the different input for the λ → ∞
quantities. To tune the interpolation accuracy, a new XC functional can be constructed in which
the correlation energies obtained by different interpolations (or the correlation energy densities
in the local interpolation variant) are mixed linearly. The linear mixing parameters can depend
on Xcorr and thus be system–dependent: e.g. for large Xcorr the total correlation would have
a higher portion of the SPL interpolated correlation and a larger portion of the correlation
obtained by the LB and the two-legged representation interpolation for smaller Xcorr. We will
try to pursue this idea in future work.

6.4.2 Lower bound to the exact energy
In wave-function theory (WFT), the energies obtained by variational methods are always upper
bounds to the exact ground state energy. The larger the space for the trial wave-function, the
closer the energy to the true one is. This appealing feature is lost in KS DFT based on DFA,
as the energies can be both higher and lower than the exact ones. It was shown in Ref. 70 that
if we approximate the AC integrand with the single line segment Wλ[ρ] = W∞[ρ], we always
obtain a lower bound to the exact energy. In this approximation, called KS SCE, the exchange-
correlation functional is simply given by Exc[ρ] = W∞[ρ]. The fact that the global AC curve is
monotonically decreasing ensures that the KS SCE energies (both the self-consistent ones and
the ones evaluated on the exact densities) are always lower than the exact ones. As previously
discussed, for systems in which static correlation strongly dominates, the KS SCE method
gives reasonable energies52,76,89, tending towards the exact ones in the low-density limit. On
the other hand, for systems where correlation is weak or moderate the KS SCE energies are
too low.52,89,92 In these scenarios, the bound is very (sometimes extremely) loose. The KS
SCE energies can be improved if we add corrections to them52 or if we use them as input in
an interpolation scheme,44, a procedure we have also followed in the previous sections of this
work. In this case, we can obtain energies that are substantially improved, but, as in other
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DFA’s, they can be both higher and lower than the exact ones.
In this section we propose a way to tighten the lower bound given by the KS SCE energy

for a given density. We do this by redefining the two-legged representation interpolation, using
W0[ρ], W ′

0[ρ] and W∞[ρ] as input,

Wλ =

{
W0 + λW ′

0 λ 6 XSCE
corr

W∞ λ > XSCE
corr

(6.3)

where,

XSCE
corr =

W∞ −W0

W ′
0

. (6.4)

We call this interpolation 2-leg SCE interpolation. For Wλ of Eq. 6.3 to be a rigorous lower
bound to the exact Wλ, two conditions have to be satisfied. The first one is the monotonically
decreasing nature ofWλ, which is known to be true.31,32 This condition ensures that “the second
leg” of Eq. 6.3 is below the exact integrand curve: W∞ ≤ Wλ. The second condition is the
convexity of the Wλ integrand. If Wλ as function of λ is convex, then W0 + W ′

0λλ. The
convexity of Wλ is often assumed to be true, but it can actually be violated in the case of phase
transitions along the adiabatic connection path. In these cases, the adiabatic connection curve
could have jumps and would then be only piecewise convex. For example, if our physical,
λ = 1, system is the uniform electron gas (UEG) at a density lower than the one at which
the ferromagnetic transition occurs, then the curve could have a small jump. Phase transitions
that occur when the external potential is changed smoothly (see, e.g., Refs. 168–172), are
usually accompanied by a change in the density. Here we consider the density-fixed adiabatic
connection, and we expect that the density constraint will drastically reduce the occurrence of
these jumps. Also note that if Wλ is only piecewise convex, then Xcorr indicator defined in the
previous section may be greater than 1. In most cases, as just mentioned, the density constraint
on a chemical system should prevent this from happening, although exceptions (like the one of
low-density UEG) might still occur. Besides being monotonically decreasing, it is also known
that Wλ is bounded from below by the Lieb–Oxford inequality (also given in Eq 2.30, but we
show it here again for clarity):39

Wλ[ρ] ≥ −CLO

∫
ρ4/3 dr, (6.5)

where CLO is a constant rigorously known to be between 1.411942 and 1.6358.43.
In addition to the 2-leg SCE lower bound, another lower bound can be constructed by

replacing W∞[ρ] appearing in Eq. 6.3 with −CLO

∫
ρ4/3 dr:

Wλ =

{
W0 + λW ′

0 λ 6 XLO
corr

−CLO

∫
ρ4/3 dr λ > XLO

corr

(6.6)

where,

XLO
corr =

−CLO

∫
ρ4/3 dr−W0

W ′
0

. (6.7)

We call this interpolation from the 2-leg LO interpolation. Since W∞[ρ] ≤ −CLO

∫
ρ4/3 dr

correlation energies from the 2-leg LO interpolation would be also lower bound to the exact
correlation energies assuming convexity of the global AC integrand. In this work we use the
following value for the LO constant: CLO = 1.4174. The given LO constant was obtained by
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Table 6.5: The correlation energy obtained from the KS–SCE model, LO bound, 2-leg SCE
model and 2-leg LO model compared with the reference value.

Species Eref
c KS SCE LO 2-leg SCE 2-leg LO

H− -0.0409 -0.1860 -0.2662 -0.0571 -0.0571
He -0.0400 -0.4733 -0.6689 -0.045 -0.0450
Be -0.0920 -1.3464 -1.7775 -0.1234 -0.1234
Ne6+ -0.1833 -3.9666 -5.1464 -0.2779 -0.2779
Ne -0.347 -7.916 -9.047 -0.437 -0.437
Ar -0.404 -20.944 -23.272 -0.511 -0.511
H2 R = 1.4 -0.040 -0.302 -0.431 -0.049 -0.049
H2 R = 2.8 -0.068 -0.225 -0.358 -0.102 -0.102
H2 R = 5.0 -0.184 -0.234 -0.401 -0.221 -0.361
H2 R = 7.0 -0.234 -0.250 -0.432 -0.248 -0.425
H2 R = 9.0 -0.256 -0.262 -0.448 -0.262 -0.446

computing explicitly the indirect energies of the uniform electron spheres by using the SCE
methodology, and extrapolating the value of CLO in the N → ∞ limit.42 The value is very
close to the lowest ever rigorously observed value for the given constant: 1.4119.42 This value
is also lower than the value that was previously believed to be a lower bound for CLO, namely
1.444, which was obtained from the total energy of the bcc crystal of the uniform electron gas.
As discussed earlier in section 3.5, Lewin and Lieb have recently shown that this value does
not correspond to an indirect energy.96 The LO bound will be also discussed in more details
later in chapter 7.

In Table 6.5 we show the reference correlation energies (CCSD), the KS SCE ones (i.e,
W∞[ρ]−W0[ρ]), the correlation energies obtained from the LO bound (i.e., −CLO

∫
ρ4/3 dr−

W0[ρ]), together with the correlation energies obtained by the 2-leg SCE and 2-leg LO inter-
polations. First of all, we immediately see that already the KS SCE correlation energies are
significantly above the “LO correlation energies”. We also see from this table that the 2-leg
SCE substantially tightens the lower bound of KS SCE, even by an order of magnitude in
some cases. Notice that the accuracy of the 2-leg SCE is not as high as the accuracy of the
other interpolations presented in this work, but the main advantage of it is that it recovers the
KS SCE feature to give correlation energies that are a lower bound to the exact ones. When
XSCE

corr > 1, the correlation energy obtained from the interpolated Wλ[ρ] of Eq. 6.3 becomes
W ′

0[ρ]/2 = EGL2
c [ρ]. This happens for the atoms given in Table 6.5 and this is why both 2-leg

SCE and 2-leg LO give the same correlation energies for the given atoms. However, the role
of W∞[ρ] in the 2-leg SCE interpolation is to correct EGL2

c [ρ] energy when it becomes too low.
This happens for example in the stretched H2, e.g. at R = 10.0 a.u. (where XSCE

corr << 1) the
GL2 correlation energy is too low, EGL2

c [ρ] ∼ −80 H , but the 2-leg SCE interpolation gives a
value very close to the exact one. We can see how the 2-leg SCE and the other interpolations
employed here can benefit from the complementary information provided by the W∞[ρ] and
W ′

0[ρ] quantities. For the stretched H2 we can see that the 2-leg SCE correlation energies are
much closer to the exact ones than the ones of the 2-leg LO interpolation. The latter could be
tightened if instead of using 1.41, we use C = 1.21, which should be the optimal constant for
N = 2,42 but that would lead to the loss of generality w.r.t number of electrons.

It would be interesting to see whether the energy densities obtained by the local variant of
Eq. 6.3 give a lower bound to wλ(r) and thus also a lower bound to w̄xc(r). For this to be
true, two conditions should again be satisfied: the monotonic decrease and convexity of wλ(r)
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Figure 6.12: The coupling constant averaged correlation energy density (w̄c(r)) obtained by the
2-leg SCE interpolation (the local variant of Eq. 6.3) shown together with the reference w̄c(r)
and the SCE correlation energy density. Upper panel: He atom (reference w̄c(r) obtained by
FCI), lower panel: Be atom (reference w̄c(r) obtained by CCSD)
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with respect to λ. Our numerical results for Coulombic systems suggest that both conditions are
satisfied.44,125 The known counterexample to the monotonicity ofwλ(r) is a system in which the
external potential is not Coulombic, i.e, in the Hooke’s atom series, where in the energetically
unimportant region (in the density tail), w∞(r) can be above w1(r).67 In Figure 6.12 we show
the coupling constant averaged correlation energy w̄c(r) obtained by the local variant of the
2-leg SCE interpolation, together with the reference w̄c(r) and the wc(r) corresponding to the
λ → ∞ (SCE) limit, w∞(r) − w0(r), for the He atom (upper panel) and the Be atom (lower
panel). In both cases, the SCE correlation energy densities are a lower bound to the reference
w̄c(r), but we can see that this bound is very loose, especially in the region near the nuclei. With
the 2-leg SCE local interpolation method we can see that the local bound has been substantially
tightened. We do not attempt here to construct a local variant of the 2-leg LO bound, as the
rigorous local variant of the LO inequality that binds the energy density in the gauge of the XC
hole is not known.67

6.5 Conclusions and Perspectives
This and the previous chapter have shown that interpolating locally along the adiabatic con-
nection between the weak and strong coupling limits has manifold advantages: unlike previous
efforts in this direction based on global (integrated over all space) adiabatic connection models,
it does not violate size-consistency, at least in the absence of degeneracy. While most of the
present density functional approximations have a bias towards weak correlation, the inclusion
of information from the strictly correlated electrons limit leads to a more balanced approach,
avoiding bias towards a particular correlation regime. This approach does not suffer from the
exchange energy density gauge problem as a result of the compatibility of the energy densities
at strong correlation with the exact exchange energy density.

The main focus of the present chapter was to test how the replacement of the computa-
tionally expensive SCE energy densities with approximate strong-coupling energy densities
affects the local interpolation scheme. For this purpose, we employed different models for the
SCE energy densities in the gauge of the XC hole: the nonlocal radius functional (NLR) (a
functional which retains some of the SCE nonlocality) and the (semi)local “point-charge plus
continuum”(PC) model functional. We used atomic correlation energies, together with the hy-
drogen molecule and the lithium hydride dissociation curves, as simple tests. For these systems
all the other ingredients (exchange energy densities and local slopes) are available to high ac-
curacy, which allows us to isolate the effect of the error coming from the approximations for
the strong-coupling limit.

These tests showed that the NLR energy densities are an excellent alternative to the SCE
energy densities for the local interpolation. The energy densities with the PC model are very
easy to obtain, but the overall performance of the local interpolation based on the PC model was
not satisfactory. These interpolations are adequate for the atomic correlation energies but they
introduce a very large error for the considered molecular dissociation curves. As the error in the
PC model based local interpolation is already too large, the global interpolation based on the
PC-GGA model seems to be more promising despite the size consistency issues with the global
interpolations. Extensive testing of the PC model in the context of the global interpolation has
been very recently carried on in Ref. 160, where some of the limitations of global interpolations
have been carefully studied.

We have also used interpolation models along the adiabatic connection to propose a correlation-
type indicator and a tighter lower bound to the exact XC energy. In our future work we will
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try to use these two quantities to improve the accuracy of the local interpolations. We will also
test the recently proposed model of Bahmann, Zhou, and Ernzerhof,94 which should provide,
in principle, even better results than the original NLR approximation.
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Chapter 7

Challenging the Lieb-Oxford
Inequality in a Systematic Way

M. Seidl, S. Vuckovic and P. Gori-Giorgi
Mol. Phys. 114, 1076 (2016)

S. Vuckovic, R. Resta and P. Gori-Giorgi
In Preparation

The Lieb-Oxford bound, a nontrivial inequality for the indirect part of the many-body
Coulomb repulsion in an electronic system, plays an important role in the construction of
approximations in density functional theory. Using the wave-function for strictly-correlated
electrons of a given density, we turn the search over wave-functions appearing in the original
bound into a more manageable search over electron densities. This allows us to challenge the
bound in a systematic way. We find that, at least for particle numbers N ≤ 100, a uniform
density profile is not the most challenging for the bound. With our construction we improve the
bound for N = 2 electrons that was originally found by Lieb and Oxford, we give a new lower
bound to the constant appearing in the Lieb-Oxford inequality valid for any N , and we also
provide an improved upper bound for the low-density uniform electron gas indirect energy.

7.1 Overview
Lieb and Oxford (LO)39,173 proved a nontrivial inequality for the indirect part of the electron-
electron interaction energy (total expectation of the interaction minus the Hartree term) with
respect to the LDA exchange functional. We introduced the LO inequality in chapter 2 and
explicitly used it for the construction of a tight lower bound to the correlation energy in chap-
ter 6. This inequality has been recently extended to include the gradient of the density.96 The
LO bound has played and continues to play a very important role in the construction of approx-
imate exchange-correlation (XC) density functionals12,40,55,174–180. While traditionally only the
more general LO bound, valid for any number of particles N (and corresponding to N → ∞)
has been taken into account in the construction of XC approximations, it has been shown very
recently that the bound for N = 1 and N = 2 is important in the context of metaGGA func-
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tionals,12,179 and can be imposed as an additional exact condition.
The bound for N = 1 was first given in Ref. 181, and proved rigorously in Ref. 39. For

N = 2, Lieb and Oxford39 could only provide a non optimal estimate of the constant appearing
in the bound. In this work we develop a strategy to systematically challenge the original LO
bound for a given number of electrons N . We use optimal trial wave-functions for a given
density, and we then vary the density in order to challenge the bound as much as possible. As
a first application of this procedure, we improve the lower bound for N = 2 given by Lieb
and Oxford, see Eq. 7.18 below. Our construction also provides an improved lower bound for
the constant appearing in the Lieb-Oxford inequality valid for any N , see Eqs. 7.23-7.24, and
an improved upper bound for the indirect energy if the low-density uniform electron gas, see
Eq. 7.21.

7.2 Notation
The indirect interaction energy W [Ψ] is defined as

W [Ψ] ≡ 〈Ψ|V̂ee|Ψ〉 − U [ρΨ]. (7.1)

For wave-functions that are ground states of anN -electron Hamiltonian in Eq. 2.2 (or good trial
wave-function for it) W [Ψ] is normally negative. However, for a given density ρ, it is possible
to construct wave-functions Ψ for which W [Ψ] is positive or even infinity.39,182 We emphasize
that U [ρ] is a density functional, while W [Ψ] is a functional in terms of the wave-function Ψ.

The quantity W [Ψ] is limited by the Lieb-Oxford (LO) bound:*

− CLO

∫
ρΨ(r)4/3dr ≤ W [Ψ]. (7.2)

CLO > 0 is the unknown minimum possible number that makes this inequality true for all
wave-functions. Notice that Ψ of Eqs. 7.1 and 7.2 can be any properly normalized and anti-
symmetrized wave-function, not necessarily an eigenstate of the Hamiltonian given in Eq. 2.2.
If we choose Ψ to be Ψλ introduced in section 2.3.1, then Eq. 2.30 for the adiabatic connection
integrand follows from Eq. 7.2. So far, it is rigorously known that CLO ≤ 1.635843 and it has
been argued,184 on physical arguments, that this bound can be tightened to CLO ≤ 1.44. The
assumption behind these latter conjectured values is that the tightest possible bound is provided
by the indirect energy of the uniform electron gas in the low-density limit, which, in turn, is
commonly identified with the Wigner crystal total energy. This latter assumption has recently
been proven wrong for the 3D case by Lewin and Lieb.96,97 The study presented in this paper
will also raise doubts on the first assumption that a uniform density is really the most challeng-
ing case for the LO bound, after a suitable optimal wave-function for each given density has
been defined (see section 7.4).

In terms of the local-density approximation (LDA) functional for the exchange:

ELDA
x [ρ] = −Ax

∫
ρ(r)4/3dr, (7.3)

with the exact constant Ax = 3
4
( 3
π
)1/3 ≈ 0.739, Eq. 7.2 reads

αLO[Ψ] ≤ ᾱLO, (7.4)

*While in this work we only use the LO bound that corresponds to three-dimensional ρΨ(r), the LO bound
has been also considered for other dimensionalities (see, e.g., Refs. 42,183)
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where we have defined

αLO[Ψ] ≡ W [Ψ]

ELDA
x [ρΨ]

, ᾱLO ≡
CLO

Ax
. (7.5)

Considering all antisymmetric wave-functions Ψ, we may write

ᾱLO = sup
Ψ
αLO[Ψ]. (7.6)

The above rigorous upper bounds for CLO corresponds to:

ᾱLO ≤ 2.215. (7.7)

Considering wave-functions Ψ→ N with a given particle number N , we define

ᾱLO(N) = sup
Ψ→N

αLO[Ψ] (7.8)

Lieb and Oxford39 have proven that ᾱLO(N) is monotonically increasing with its integer vari-
able N ,

ᾱLO(N) < ᾱLO(N + 1), lim
N→∞

ᾱLO(N) = ᾱLO. (7.9)

They have also proven that ᾱLO(1) = 1.4786 (which was given originally by Gadre et al.181)
and they have found a lower bound for ᾱLO(2),

ᾱLO(2) > 1.67. (7.10)

These bounds in for N = 1 and N = 2 have been recently used to improve a certain class of
exchange-correlation functionals.12,179

In this chapter we develop a general strategy to find improved lower bounds for ᾱLO(N) by
challenging the Lieb-Oxford bound, i.e, by evaluating αLO[Ψ] with particularly efficient trial
wave-functions Ψ. Notice that this is different from what is usually called tightening the bound,
which means finding improved upper bounds to ᾱLO(N).

A new lower bound for ᾱLO(N) (or, generally, for ᾱLO) is rigorously obtained each time we
find a wave-function that gives the highest value ever observed for αLO[Ψ] (for a given N , or in
general). As previously mentioned, until very recently, it was believed that a lower bound for
ᾱLO is given by ᾱLO ≥ 1.444/Ax = 1.955, corresponding to the total energy of the bcc Wigner
crystal in the classical jellium model. However, in the jellium model, one can only identify the
total energy with the indirect energy if the electronic density is uniform, exactly equal to the
one of the positive background. Only in this case the electronic Hartree term will be exactly
cancelled by the electron-background and the background-background contributions to the total
energy. Lewin and Lieb96,97 have shown that in the 3D case trying to make this cancellation
happen by taking a superposition of all the possible Wigner lattices to have a uniform electronic
density, introduces a shift that does not disappear in the thermodynamic limit. Thus, the value
1.955 does not correspond to the indirect energy of any wave-function and is not a valid lower
bound for ᾱLO. In section 7.4 we report a new lower bound for general N , by considering an
optimal trial wave-function for N = 100, and we also report an improved upper bound to the
indirect energy of the low-density uniform gas.
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7.3 The density functional ALO[ρ]

Considering only those wave-functions Ψ→ ρ that are associated with a given particle density
ρ = ρ(r), we define the density functional

ALO[ρ] ≡ max
Ψ→ρ

αLO[Ψ]. (7.11)

Writing NΨ =
∫
ρΨ(r)dr for the electron number in the state Ψ, we then have

αLO[Ψ] ≤ ALO[ρΨ] < ᾱLO(NΨ) < ᾱLO. (7.12)

7.3.1 SCE interaction energy
More explicitly,

ALO[ρ] ≡ max
Ψ→ρ

〈Ψ|V̂ee|Ψ〉 − U [ρ]

ELDA
x [ρ]

=
V SCE

ee [ρ]− U [ρ]

ELDA
x [ρ]

, (7.13)

with the SCE interaction energy (also given in Eq. 3.2 and discussed in section 3.1):

V SCE
ee [ρ] = min

Ψ→ρ
〈Ψ|V̂ee|Ψ〉. (7.14)

Equation 7.13 has a simple meaning: Out of all antisymmetric wave-functions Ψ that are asso-
ciated with a given density ρ, the one that provides (or is very close to) the strongest challenge
to the Lieb-Oxford bound is the SCE state |ΨSCE[ρ]|2. Consequently, since V SCE

ee [ρ] can be eval-
uated rigorously for a wide class of densities, as discussed in section 3.4, we no longer need to
consider different trial wave-functions Ψ, but only different trial densities ρ instead:

ᾱLO = sup
ρ
ALO[ρ], ᾱLO(N) = sup

ρ→N
ALO[ρ]. (7.15)

As a preliminary step, we have used simple analytical trial spherical densities to evaluate
ALO[ρ] for N = 2, reporting the results in Table 7.1. We see that the lower bound 7.10 is
readily improved to

ᾱLO(2) > 1.70097. (7.16)

There is no need for considering scaled densities ργ(r) = γ3ρ(γr), with various values of
γ > 0, since from the scaling properties of the SCE functional given later in Eq 8.15,111 it can
be easily shown that ALO[ργ] = ALO[ρ]. It is interesting to notice that, once the most chal-
lenging wave-function for each given ρ(r) is used, the densities that give the highest values
of ALO[ρ] are quite surprising. For example, a density proportional to e−50 (r−1)2 , consisting
of a thin spherical shell, is similar to the one of the strongly-correlated limit of the Hooke’s
atom series. Yet, it gives a value of ALO[ρ] which is much lower than the one obtained from
the exponential density. Indeed, the strong-correlation limit of the Hooke’s series is known to
give αLO[ρ] = 1.489,177 again much less than what we obtain for exponential-like densities.
The point is that previous works which analyzed numerically the LO bound174–177 focused on
the physical Hamiltonians given in Eq. 2.2, choosing v(r) that could be particularly challeng-
ing for the bound. In that context, exponential-like densities would correspond to the large
nuclear-charge limit of the He isoelectronic series, which is a weakly correlated system. With
our construction, instead, we use the most challenging wave-function for any given density,
finding the unexpected trends of Table 7.1. We also see that the density of a uniform sphere
(“droplet”) is not particularly challenging for the bound, a feature that will be further analyzed
in section. 7.4 for larger N .
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Table 7.1: Values ALO[ρ] for some simple spherical two-electron trial densities ρ(r) (N = 2,
D = 3), obtained numerically from via the right hand side of Eq. 7.13. The SGS approach,
described in section 3.4.2 has been used for obtaining the SCE functional (note that the SGS
approach gives exact SCE quantities for spherically symmetric densities with N = 2) In the
last two rows we consider densities with compact support: “droplet” corresponds to the case
of a sphere of uniform density,185 and the density proportional to r−3 179 has been evaluated
for R1 = 103 and R2 = 105. As in the rest of the thesis, atomic units are used and r is a
dimensionless radial coordinate.

ρ(r) ∝ ALO[ρ] ρ(r) ∝ ALO[ρ]

e−10 (r−1)2 1.499 e−50 (r−1)2 1.262
(1 + r)−4 1.562 e−r

2 1.689
(1 + r)−5 1.637 e−r 1.699 05
(1 + r)−6 1.662 r e−r 1.698 66
(1 + r)−7 1.674 r1/2e−r 1.700 97
(1 + r)−10 1.687 r1/3e−r 1.700 95

1− r, r ≤ 1 1.638 r−3, r ∈ [R1, R2] 1.145
droplet 1.498 cos(r), r ≤ π

2
1.627
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Figure 7.1: Values of ALO[ρp], where ρp(r) with N = 2 is given in Eq. 7.17, as a function of
the parameter p

7.3.2 Improved bound for ᾱLO(2)

In Ref. 42 it has shown that the maximizing density of functional ALO[ρ] for finite N would
violate N -representability, unless it has compact support. To perform a simple optimization
of ALO[ρ] for N = 2 without violating N -representability, we first notice that the density
ρ(r) ∝ r1/2e−r had the highest value for ALO[ρ] out of all considered densities. To further
challenge this value we consider the following class of densities:

ρp(r) = kpr
pe−r, (7.17)

with p ≥ 0, and where kp ensures that the given density always integrates to 2 electrons. In
Figure 7.1 we show how A[ρp] changes as we vary the p parameter from 0 to 1. The functional
A[ρp] = 1.70102 achieves a maximum at p = 0.4212. Even though the presented optimization
is very simple, it improves the ᾱLO(2) value. A more sophisticated optimization, based on the
functional derivative of A[ρ] that we have performed in Ref. 42, and it yielded only marginally
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Table 7.2: For different values of N , we compare the ALO[ρ] obtained from atomic densi-
ties (values from66) with the ones obtained from spherical droplets of uniform density (values
from185).

N ALO[ρ] atomic ALO[ρ] droplet
3 1.713 1.550
4 1.731 1.603
5 1.747 1.627
6 1.767 1.657

10 1.816 1.708

better value for ALO[ρ] = 1.701052, which is so far our best value:

ᾱLO(2) > 1.701052. (7.18)

7.4 Is a uniform density the most challenging for the Lieb-
Oxford bound?

In Ref. 184 it has been argued that the tightest bound should correspond to the case of the
uniform electron gas at extremely low density (equivalent to the SCE limit for a uniform den-
sity). This suggestion was made by considering electronic Hamiltonians given in Eq. 2.2 with
particularly challenging v(r), keeping in mind that the bound increases39 with the number of
electrons N , see Eq. 7.9.

With our formalism, we directly consider the most challenging wave-function (or one which
is very close to it, thus providing anyway a lower bound for ALO[ρ]) for each given density, and
we can thus question whether a uniform density profile is really the most challenging for the
bound. Already by putting together existing data, we can compare, in Table 7.2, the values
of ALO[ρ] obtained from the (sphericalized) atomic densities of Li, Be, C, B, and Ne,66 with
the ones obtained from spheres of uniform density (“droplets”)185: we clearly see that the
atomic densities yield significantly higher values of ALO[ρ], as already observed for N = 2 in
Table 7.1.

To carefully examine how ALO[ρ] changes as the density becomes more uniform, we con-
sider here the following spherically-symmetric density profile:

ρβ(r) =
kN(β)

eβ(r−1) + 1
, (7.19)

where β is a parameter, and kN(a) is a constant that ensures that ρβ(r) integrates to N . In the
β →∞ limit, this density becomes the one of a uniform sphere with radius R = 1:

ρunif(r) =

{
3N
4π

r ≤ 1

0 r > 1,
(7.20)

whereas for small positive β values, ρβ(r) has a shape similar to that of exponential densities
(see inset of Figure 7.2). We have performed calculations to calculate ALO[ρβ] for several β
values between 0.5 (an exponential-like density) and 500 (a nearly-uniform density) and for
particle numbers N ≤ 100. We compare these ALO[ρβ] values with the ones for spheres of
uniform density, extending the calculations of Ref. 185 up toN = 100. The results are reported
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uniform (β →∞ ,

a+ bN-1/3 + cN-2/3

β = 500
β = 100

β = 10
β = 0.5
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Figure 7.2: Values of ALO[ρ] for calculated for the densities of Eq. 7.19 for several β values
compared with those for spheres of uniform density (“droplets” corresponding to β → ∞) as
a function of the particle number N . The ALO[ρ] values for smaller β (less uniform densities)
are significantly higher than those for uniform densities. The size extrapolation for uniform
densities is also shown, where the fitting parameters are a = 1.919, b = −0.328, c = −0.277.
Inset is showing the density given in Eq. 7.19 at β = 0.5

in Figure 7.2, where we clearly see that ALO values decrease as β increases (i.e. the density
becomes more uniform) and the ALO(N) curve for the uniform droplets lies below all the other
curves. This suggests that a similar behaviour may arise in the limit N → ∞: a density with
particular modulations might challenge the bound more than the uniform one.

Our new value for the uniform sphere at N = 100, ALO = 1.83649, sets an improved upper
bound96, equal to −1.357, for the low-density uniform electron gas indirect energy per particle
wld, which then must be between

− 1.45 ≤ wld ≤ −1.357, (7.21)

where the lower bound −1.45 has been proven in Ref. 186. We have also performed a size
extrapolation of our ALO[ρ] for the droplets of uniform density of Figure 7.2, by fitting our data
to a liquid-drop model expansion

Aunif
LO [N ] = a+ bN−1/3 + cN−2/3, (7.22)

finding a = 1.919, b = −0.328, c = −0.277. The fitting function is also shown in Figure 7.2.
The value of the fitted parameter a gives our N → ∞ extrapolation for ALO[ρ] in the uniform
electron gas, Aunif

LO [N → ∞] = 1.919. This value can be compared with the one obtained
by taking the rs → ∞ limit of popular LDA parametrizations: for example, the PW92187

parametrization yields 1.947 at zero polarization and 1.977 for the fully polarized case, while
the VWN188 at zero polarizations gives 1.9043.

After Lewin and Lieb96,97 showed that the value 1.955 = 1.4442/Ax does not correspond to
an indirect energy, our value ALO[ρβ] = 1.91941 for β = 0.5 and N = 100 is the highest value
of ALO[Ψ] ever observed, setting a new lower bound for ᾱLO(N) for any N , so that, rigorously

1.91941 ≤ ᾱLO ≤ 2.215, (7.23)
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or, in terms of the constant CLO in Eq. 7.2

1.4176 ≤ CLO ≤ 1.6358. (7.24)

7.5 Conclusions and Perspectives
In summary, we have developed a method to maximally challenge the Lieb-Oxford bound,
using optimal (or nearly optimal) trial wave-functions that can be constructed from a given
density. This allows us to rewrite the most challenging bound for a given number of particles
directly as a density functional. As a first application of the method,

• we improved (see Eq. 7.18) the constant in the LO bound for N = 2, which provides a
constraint to develop new metaGGA functionals12;

• we have given an improved lower bound for the constant appearing in the LO inequality
valid for all particle numbers N , see Eqs. 7.23-7.24;

• we have obtained an improved upper bound for the indirect energy per particle of the
low-density uniform electron gas, see Eq. 7.21.

In future works we will analyze systematically the bound for larger particle numbers N , trying
to give improved lower bounds for ᾱLO(N) and for ᾱLO.

More generally, from this study we have learned that it is quite difficult to predict which
densities will maximally challenge the bound (see for example Table 7.1: the trends reported
there seem totally unpredictable). For sure, we observe that, for finite N , a uniform density
is not the one that challenges the bound the most (see Figure 7.2), suggesting that the indirect
energy of the uniform gas at low-density may not provide the tightest bound, contrary to what
was previously suggested.
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The augmented potential introduced by Levy and Zahariev [Phys. Rev. Lett. 113, 113002
(2014)] is shifted with respect to the standard exchange-correlation potential of Kohn-Sham
density functional theory by a non trivial density-dependent constant that makes the total en-
ergy become equal to the sum of the occupied orbital energies. In this work we analyze several
features of this approach, focusing on the limit of infinite coupling strength, and studying the
shift and the corresponding energy density at different correlation regimes. We also study other
definitions of the energy density in relation to local interpolations along the adiabatic connec-
tion described in chapters 4-6, present and discuss coordinate scaling properties, and use the
shift to analyze the classical jellium and uniform gas models.

8.1 Overview
One of the main problems of most of present DFAs is that they have a bias towards the weak
correlation regime. Attempting to avoid this bias, in chapters 5 and 6 we proposed to construct
the XC functional via local interpolation along the adiabatic connection between the weak and
strong coupling limits. It has been shown that this local approach is generally more accurate
and more amenable to the construction of size-consistent approximations than their global (i.e.,
integrated over all space) counterparts.44,95 These approaches employ XC energy densities as
interpolation input quantities, arising from both the weak and the strong coupling limit. As
discussed in the previous chapters, the XC energy densities are not uniquely defined and thus
one has to be specific on their definition or gauge. A gauge often considered and discussed in
DFT is the one of the electrostatic potential of the exchange-correlation hole and that gauge has
been used in the local interpolation schemes so far.44,53,94,95 However, as said, this gauge is not
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unique and it is one of the purposes of this work to analyse other possibilities, with particular
focus on the one that arises from the recent work of Levy and Zahariev (LZ), which was already
briefly introduced in section 4.4.84,189,190

In the LZ approach the usual Hartree-exchange-correalation (Hxc) potential (that vanishes
at infinity for finite systems) is augmented by a nontrivial density dependent shift, which we call
here the LZ constant. The appealing feature of this approach is that the total ground state energy
is equal to the sum of the corresponding KS occupied orbital energies, allowing to model the
XC potential without using line integrals to recover the associated energy. In addition to that,
it has been shown that upon any isoelectronic changes in the density, the LZ potential changes
much less on average than the corresponding usual Hxc potential.84 Furthermore, while it is
well known that the latter potential exhibits a discontinuity with the onset of fractional particle
number,191 the former does not exhibit that feature.84 In section 4.4 we also showed that the
shift appearing in the LZ potential arises very naturally in the strong coupling limit of KS DFT,
with a physically transparent meaning.

In this work we analyse some properties of the LZ potential that can be useful to build
approximations that are not biased towards weak correlation: its strong coupling limit, the
scaling constraints on the nontrivial LZ shift at weak and strong correlation, its relation to the
response potential, and the corresponding energy density at different coupling strengths. We
also show that the LZ constant can be used to analyse the classical uniform electron gas. We
then consider the virial gauge and we show explicitly that the well-known Levy-Perdew virial
relation for the exchange potential31 also holds for the XC potential in the strong coupling limit,
generalising to any number of electrons N and any geometry the original proof of Seidl65 for
N = 2 in the case of spherically symmetric densities. Finally, we analyze the effective charge
associated to the exchange-correlation hole at different coupling strengths.192,193

8.2 The augmented potential of Levy and Zahariev
As mentioned, there are several other definitions of the DFT energy densities proposed in the
literature.84,134,136 A very recent definition for the Hartree-exchange-correlation energy den-
sity comes from the augmented potential, proposed by Levy and Zahariev,84 which shifts
vHxc([ρ]; r) by the constant C[ρ] (also briefly introduced in section 4.4),

vLZ
Hxc([ρ]; r) = vHxc([ρ]; r) + C[ρ], (8.1)

in such a way that the ground state energy is equal to the sum of the corresponding KS occupied
orbital energies εLZ

i , EGS =
∑N

i ε
LZ
i . The constant lim|r|→∞ v

LZ
Hxc([ρ]; r) = C[ρ] must then be

equal to

C[ρ] =
EHxc[ρ]−

∫
vHxc([ρ]; r)ρ(r)dr∫
ρ(r)dr

. (8.2)

Of course Eq. 8.2 is not useful if one already has an approximation for EHxc[ρ]; the point
of the LZ approach is that one should try to directly build approximations for vLZ

Hxc([ρ]; r),
avoiding the need of line integrals. Studying the exact properties of vLZ

Hxc([ρ]; r) from Eq. 8.2
can provide guiding principles for the construction of such approximations. Using Eq. 8.2, we
can partition C[ρ] into the Hartree, exchange and correlation components (we drop from now
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on the argument [ρ] in the potentials),

C[ρ] =
U [ρ]−

∫
vH(r)ρ(r)dr∫
ρ(r)dr︸ ︷︷ ︸

CH[ρ]=−U [ρ]/N

+
Ex[ρ]−

∫
vx(r)ρ(r)dr∫

ρ(r)dr︸ ︷︷ ︸
Cx[ρ]

+
Ec[ρ]−

∫
vc(r)ρ(r)dr∫

ρ(r)dr︸ ︷︷ ︸
Cc[ρ]

. (8.3)

As shown above, C[ρ] consists of the trivial Hartree and the nontrivial XC component. The
Cxc[ρ] component of C[ρ] is then equal to

Cxc[ρ] =
Exc[ρ]−

∫
vxc(r)ρ(r)dr∫

ρ(r)dr
. (8.4)

Multiplying the XC part of the augmented potential of Eq. 8.1 by the density and integrating
over all space we obtain the XC energy,

Exc[ρ] =

∫
vLZ

xc (r)ρ(r)dr. (8.5)

From Eq. 8.5 we see that vLZ
xc (r), besides being a functional derivative of Exc[ρ], it also defines

an energy density that will be compared with other definitions in section 8.4.

8.2.1 Connection between the augmented potential and the response po-
tential

Before moving to the study of the shift in the λ → ∞ limit, we also give a simple relation
between the LZ constant and the response potential studied by Baerends and coworkers (see,
e.g., Refs. 163,194,195). We start from the exact equation

Exc[ρ] =
1

2

∫ ∫
ρ(r)ρ(r′)

ḡxc(r, r
′)

|r− r′|
drdr′, (8.6)

where ḡxc(r′, r′′) is the coupling constant averaged (CCA) pair-correlation function, which can
be expressed in terms of the CCA exchange-correlation hole,

ρ(r′)ḡxc(r, r
′) =

∫ 1

0

hλxc(r, r
′)dλ. (8.7)

Taking the functional derivative of Exc[ρ] expressed by Eq. 8.6 with respect to the density, we
can partition vxc(r) as163,194,195

vxc(r) = v̄resp(r) + 2 w̄hole
xc (r), (8.8)

where w̄hole
xc (r) is the coupling constant averaged XC energy density in the gauge of the elec-

trostatic potential of the XC hole introduced in chapter 5 and v̄resp(r) is the response potential
that includes the kinetic contribution via the coupling-constant average163,194,195

v̄resp(r) =
1

2

∫∫
ρ(r′)ρ(r′′)

|r′ − r′′|
δḡxc(r

′, r′′)

δρ(r)
dr′dr′′. (8.9)

The potential v̄resp(r) can be interpreted as a measure of the sensitivity of the pair-correlation
function to density variations.163,194 The response potential is a part of the XC potential that
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does not contribute to the XC energy, since the XC functional can be written only in terms of
the second term appearing on the right-hand side of Eq. 8.8,

Exc[ρ] =

∫
w̄hole
xc (r)ρ(r)dr. (8.10)

Plugging Eq. 8.8 into Eq. 8.1 and using the definitions of Eq. 8.3 we obtain for the XC part

vLZ
xc (r) = v̄resp(r) + 2w̄hole

xc (r) + Cxc[ρ]. (8.11)

By multiplying both sides of this equation by the density ρ(r) and integrating over all space,
we can find a relationship between the non trivial part Cxc[ρ] of the constant C[ρ] and the
expectation value Vresp[ρ] of the response potential,195 defined as

Vresp[ρ] =

∫
v̄resp(r)ρ(r)dr. (8.12)

This relationship reads as

Cxc[ρ] = −Exc[ρ] + Vresp[ρ]

N
, (8.13)

and shows that one could approximate the constant being guided by the sum of average prop-
erties of the response potential and of the XC functional.163,194–196

8.2.2 Scaling of the constant C[ρ] in the weak and strong coupling limit
In the SCE limit, Eq. 8.2 becomes52

CSCE[ρ] = V SCE
ee [ρ]−

∫
vSCE(r)ρ(r)dr∫

ρ(r)dr
(8.14)

(see Eq. 3.5 for the definition of the SCE V SCE
ee [ρ] functional and Eq. 3.8 for the definition of its

functional derivative, vSCE(r)). Defining ργ(r) = γ3ρ(γ r), with γ > 0,31,40 we can determine
a scaling relation for the CSCE[ρ] constant. Knowing how this object scales under uniform
coordinate scaling can be an important exact constraint for approximating this quantity. The
SCE functional and potential satisfy the scaling relations111

V SCE
ee [ργ] = γV SCE

ee [ρ] (8.15)

and

vSCE([ργ], r) = γvSCE([ρ], γr). (8.16)

The γ-scaled CSCE[ρ] reads as

CSCE[ργ] = V SCE
ee [ργ]−

∫
vSCE([ργ], r)ργ(r)dr∫

ργ(r).dr
(8.17)

Plugging Eqs. 8.15 and 8.16 into Eq. 8.17, we obtain the scaling relation for CSCE[ρ]

CSCE[ργ] = γV SCE
ee [ρ]−

γ
∫
vSCE(γr)ργ(r)dr∫

ργ(r)dr
(8.18)
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Table 8.1: The exchange and correlation components of the C[ρ] constants for He, Be and Ne
compared with CSCE

xc [ρ]

Atom Cx[ρ] Cxc[ρ] CSCE
xc [ρ]

He 0.5123 0.4765 0.5046
Be 0.3648 0.4151 0.4797
Ne 0.776 0.681 0.894

From the previous equation it can be easily shown that CSCE[ργ] obeys the following scaling
relation:

CSCE[ργ] = γCSCE[ρ] (8.19)

From the above scaling relation, we can also obtain a scaling relation for the Kantorovich
potential. As said in section 4.4, the Kantorovich potential is equal to the augmented Hxc
potential in the SCE limit. The Kantorovich potential u(r), which achieves the maximum in
Eq. 3.14, differs from the SCE potential only by a constant and that constant is exactly the one
appearing in Eq. 8.1 in the strong coupling limit:52

CSCE[ρ] = u(r)− vSCE(r). (8.20)

Combining Eqs. 8.20,8.16 and 8.19 we obtain the following scaling relation for the Kantorovich
potential:

u([ργ], r) = γu([ρ], γr). (8.21)

8.2.3 C[ρ] at different coupling strengths for small atoms
Here we study how the non-trivial part of the LZ constant C[ρ] + U [ρ]/N varies with cou-
pling strength λ of the density fixed adiabatic connection given in section 2.3, by compar-
ing its value at λ = 0, corresponding to the exchange-only Cx[ρ], at full coupling strength
λ = 1, corresponding to Cxc[ρ] for the physical Hamiltonian, and at λ = ∞, corresponding to
CSCE
xc [ρ] = CSCE[ρ] + U [ρ]/N .

In Table 8.1 we compare the results for Cx[ρ], Cxc[ρ] and CSCE
xc [ρ] for the helium, beryl-

lium and neon atoms. The shifts have been obtained by using always the same highly accurate
density66,197 to evaluate them at different coupling strengths. We have used accurate exchange-
correlation and exchange only potentials and energies from the existing literature,197,198 to
compute Cx[ρ] and Cxc[ρ]. To compute CSCE

xc [ρ], we have used Eq. 8.14, obtaining V SCE
ee [ρ]

and vSCE(r) with the SGS SCE approach for spherically symmetric systems outlined in sec-
tion 3.4.2, which gives either exact or very accurate SCE quantities.69

As we can see from Table 8.1 the trends are not regular: for He and Ne the physical Cxc[ρ]
is lower than both the exchange and the SCE values, while for Be the LZ constant increases
with increasing coupling strength. This feature might be linked to the fact that Be has a smaller
gap than He and Ne, but of course we have too little data to really draw this conclusion. Further
investigation of this aspect will be the object of future works.
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Figure 8.1: Λ1[ρ], Λ2[ρ] and their sum versus N for the quasi-uniform density of Eq. 7.19 with
a = 500.

8.2.4 Spheres of uniform density
In chapter 7 we discussed that Lewin and Lieb96,97 have recently shown that in three dimensions
the total (Madelung) energy per electron of the bcc Wigner crystal cannot be identified with an
exchange-correlation energy, with important implications for the Lieb-Oxford inequality39,96,173

(the latter inequality has been the main object of chapter 7). In this context, SCE calculations on
uniform spherical densities can shed light on the behavior of the classical uniform electron gas
in the thermodynamic limit. As in section 7.4 we consider again the spherically-symmetric den-
sity profile given in Eq 7.19. Note again that in the β →∞ limit, this density becomes the one
of a uniform sphere with radius R = 1 and it is given in Eq. 7.20. Using the density profile of
Eq. 7.19 with a finite, but very large value of the parameter β, we can approach a uniform den-
sity, and we can also ensure that the corresponding functional derivative vSCE([ρa]; r) vanishes
at infinity. While more details of these calculations and the implications for the Lieb-Oxford
inequality will be reported elsewhere,199 here the aim is to use the LZ constant to provide more
insight into the large-N behavior of the functional ALO[ρ] (also given in Eq. 7.13):

ALO[ρ] =
V SCE
ee [ρ]− U [ρ]

ELDA
x [ρ]

, (8.22)

whose maximum with respect to all possible densities provides the optimal constant appear-
ing in the Lieb-Oxford inequality. For a more detailed analysis of the ALO[ρ] functional, see
chapter 7.

We thus rewrite the SCE functional in terms of its functional derivative (gauged to zero at
infinity) and the non-trivial part CSCE

xc [ρ] of the LZ shift,

V SCE
ee [ρ] = CSCE

xc [ρ]N − U [ρ] +

∫
vSCE([ρ]; r)ρ(r)dr. (8.23)
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Plugging Eq. 8.23 into Eq. 8.22 we obtain:

ALO[ρ] =
CSCE

xc [ρ]N

ELDA
x [ρ]︸ ︷︷ ︸
A1[ρ]

+

∫
vSCE([ρ]; r)ρ(r)dr− 2U [ρ]

ELDA
x [ρ]︸ ︷︷ ︸
A2[ρ]

. (8.24)

The functional A2[ρ] would go to zero in the thermodynamic limit if the SCE potential ap-
proached the potential of a sphere of uniform positive background with the same density ρunif

when N → ∞, vunif(r) = −
∫

ρunif dr′

|r−r′| . The external potential vunif(r) defines the classical
jellium model, whose electronic density is in general not uniform and cannot be made uniform
in a simple way, even in the thermodynamic limit, due to the long-range nature of the Coulomb
interaction.96

The SCE functional reformulates the problem in a different way: the electronic density is
now forced to be uniform by the external potential42,66,70,185 −vSCE([ρ]; r), which, in general,
is not equal to the one created by a uniform positive background. The LZ shift allows us to
isolate and analyze the contribution from the external potential to ALO[ρ].

In Figure 8.1 we show the functional ALO[ρ] and its two components of Eq. 8.24 as a
function of N for the densities of Eq. 7.19 with β = 500: the trivial leading term of

∫
ρ vSCE,

which goes like N2, clearly cancels exactly the term 2U [ρ] (otherwise A2[ρ] would diverge for
large N ). However, the contribution to the next leading order, ∼ N4/3, which is the crucial one
for the Lieb-Oxford bound, is clearly big and does not seem to disappear as N grows.

8.3 Virial energy densities arising from the exchange and
SCE potentials

The fact that the exchange and the SCE functional and their potentials have the same behavior
under uniform coordinate scaling can be used to obtain useful expressions for these quanti-
ties. For example, the fact that the scaling of Ex[ργ] and vx([ργ], r) is the same as V SCE

ee [ργ]
and vSCE([ργ], r), respectively, implies that Cx[ρ] also scales with γ and that the augmented
exchange potential obeys:

vLZ
x ([ργ], r) = γ vLZ

x ([ρ], γr). (8.25)

We also show here that the well known Levy-Perdew virial relation31 for the exchange potential,

Ex[ρ] = −
∫
ρ(r) r ·∇vx(r)d r, (8.26)

holds also for the SCE potential,

V SCE
ee [ρ] = −

∫
ρ(r) r ·∇vSCE(r) dr. (8.27)

The scaling proof for Eq. 8.27 is the same as that for Eq. 8.26 (see Ref. 200). It is however
also interesting to see how Eq. 8.27 arises directly from the mathematical properties of the co-
motion functions that parametrize the SCE functional (see Eqs. 3.5 and 3.8), as this can teach
us how to build approximations that satisfy Eq. 8.27 by construction. We thus consider first the
N = 2 case: combining Eqs. 8.27 and 3.8 for N = 2, we have:

−
∫
ρ(r) r ·∇vSCE(r)dr =

∫
ρ(r) r ·

r− f(r)

|r− f(r)|3
(8.28)
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Figure 8.2: Weak and strong coupling limit energy densities for the helium atom, within the
different energy density gauges of Tables 8.2 and 8.3.
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Figure 8.3: Weak and strong coupling limit energy densities for the beryllium atom, within the
different energy density gauges of Tables 8.2 and 8.3.
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Adding and subtracting from the right-hand side of the above equation the scalar product with
f(r), we obtain:∫

ρ(r) r ·
r− f(r)

|r− f(r)|3
dr =

∫
ρ(r)

1

|r− f(r)|
dr +

∫
ρ(r) f(r) ·

r− f(r)

|r− f(r)|3
dr. (8.29)

By making the change of variables u = f(r), i.e. r = f−1(u) = f(u) (for N = 2 by virtue of
the group properties of Eq. 3.6, f(r) must be its own inverse65,66), we can rewrite the last term
of Eq. 8.29 as∫

ρ(r) f(r) ·
r− f(r)

|r− f(r)|3
dr =

∫
J(f(u))ρ

(
f(u)

)
u ·

f(u)− u

|f(u)− u|3
du (8.30)

where J(f) is the Jacobian of the transformation u = f(r). Using Eq. 3.7 and Eq. 8.30 we can
further obtain ∫

ρ(r) f(r) ·
r− f(r)

|r− f(r)|3
dr = −

∫
ρ(r) r ·

r− f(r)

|r− f(r)|3
dr. (8.31)

Combining Eqs. 8.29 and 8.31 we get

2

∫
ρ(r) r ·

r− f(r)

|r− f(r)|3
dr =

∫
ρ(r)

1

|r− f(r)|
dr, (8.32)

which implies exactly Eq. 8.27 forN = 2. For many electrons the proof is essentially the same.
Considering Eq. 3.8, we have:

−
∫
ρ(r) r ·∇vSCE(r)dr =

∫
ρ(r) r ·

r− f2(r)

|r− f2(r)|3
dr +

∫
ρ(r) r ·

r− f3(r)

|r− f3(r)|3
dr + ...

(8.33)

Now we just have to add and subtract from each of the integrals appearing on the right-hand
side of Eq. 8.33, the scalar product with its own fi(r) and repeat the same steps done for the
case N = 2. The only difference is that now the inverse function in the change of variables will
be one of the other co-motion functions by virtue of the group properties of Eq. 3.6, but after
summation of all the terms the result is the same as for N = 2. This proof extends to general
geometry and general number of particles N the proof of Seidl65 for the case of spherically
symmetric systems with N = 2 electrons. The Levy-Perdew relation also holds for the XC part
of the SCE potential,

W∞[ρ] = −
∫
ρ(r) r ·∇vSCE

xc (r) dr, (8.34)

since the Hartree functional satisfies it.
In analogy to the alternative form of Eq. 8.26, which was observed by Engel and Vosko,201

we also have the following alternative form of Eq. 8.27:

V SCE
ee [ρ] =

∫
vSCE(r)

[
3ρ(r) + r ·∇ρ(r)

]
dr, (8.35)

and the following alternative form of Eq. 8.34:

W∞[ρ] =

∫
vSCE

xc (r)
[
3ρ(r) + r ·∇ρ(r)

]
dr. (8.36)
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Figure 8.4: Plots comparing χxc(r) of Eq. 8.39 arising from the vx(r), vxc(r) and vSCE
xc (r)

potentials for the helium (upper panel) and beryllium (lower panel) atoms
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Table 8.2: Mathematical forms of weak-coupling limit energy density definitions plotted in
Figures 8.2and 8.3

Definition (gauge) of the energy density εx(r)
Perdew and Levy virial relation −r ·∇vx(r) (Ref. 31,200)
Engel and Vosko virial relation vx(r)

[
3 + r ·

(
∇ρ(r)/ρ(r)

)]
(Ref. 200,201)

Levy and Zahariev augmented potential vx(r) + Cx[ρ] (Ref. 84)

Electrostatic potential of the X/XC hole
1

2

∫
hx(r, r′)

|r− r′|
dr′

Table 8.3: Mathematical forms of strong-coupling limit energy density definitions plotted in
Figures 8.2and 8.3

Definition (gauge) of the energy density ε∞(r)
Perdew and Levy virial relation −r ·∇vSCE

xc (r) (Ref. 200,201)
Engel and Vosko virial relation vSCE

xc (r)
[
3 + r ·

(
∇ρ(r)/ρ(r)

)]
Levy and Zahariev augmented potential vSCE

xc (r) + CSCE
xc [ρ]

Electrostatic potential of the X/XC hole
N∑
k=2

1

2|r− fk(r)|
− 1

2
vH(r) (Ref. 44,52,67)

8.4 Energy densities in the weak and strong coupling limits
for small atoms

Interpolation along the adiabatic connection between the weak and strong coupling limit de-
scribed in chapters 4-6 is a way of constructing approximate functionals, in which bias to-
wards a particular correlation regime is avoided.22,23,44 The first attempts in this sense22,23,36

proposed to interpolate using global (i.e., integrated over all space) quantities, W0[ρ] = Ex[ρ]
and W∞[ρ].22,23 However, as we discussed in chapters 4-6 interpolation based on local (i.e.,
energy densities) instead of global quantities is generally more accurate and more amenable
to the construction of size-consistent methods.44,95 We can write W0[ρ] and W∞[ρ] in terms of
general energy densities εx(r) and ε∞(r),

W0[ρ] =

∫
εx(r)ρ(r)dr, W∞[ρ] =

∫
ε∞(r)ρ(r)dr, (8.37)

In Figures 8.2 and 8.3 we compare εx(r) and ε∞(r) for the helium and beryllium atoms, respec-
tively, obtained with the different gauges considered in this work. The employed gauges are
summarised in Tables 8.2 and 8.3 and in addition to the conventional gauge, they include the
two virial energy densities and the LZ augmented potentials. The computational details are the
same as those of section 8.2.3 From Figures 8.2 and 8.3 we can see that the exchange energy
density curves, as well as the SCE energy density curves obtained within different gauges have
very different structure and shape. We see that only in the case of the gauge of the electrostatic
potential of the XC hole εx(r) lies always above ε∞(r) (see also Ref. 67). These features make
this gauge more suited for the local interpolation schemes, confirming that the choice made in
chapters 4-6 and Refs. 44,53,94,95 is sensible. Moreover, we should not forget that the virial
gauges have the major drawback of being origin-dependent.134 The LZ gauge, as it could have
been predicted from the data of Table 8.1, does not provide a clear trend between λ = 0 and
λ → ∞. Of course in this work we do not exhaust all the possible choices, see also Ref. 134
for an in-depth discussion.
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8.5 Weak and strong coupling limit of the charge associated
to the XC potential

In addition to the energy density definitions of Tables 8.2 and 8.3, in Refs. 192,193 it has been
proposed that approximations to the XC potential can be built by modelling the fictitious charge
χxc(r), which generates the XC potential

vxc(r) =

∫
χxc(r)

|r− r′|
dr′, (8.38)

or

χxc(r) = −∇
2vxc(r)

4π
. (8.39)

The main advantage of approximating vxc(r) by modelling χxc(r) is the fact that, if a model
for χxc(r) integrates to −1 and vanishes at infinity, then the corresponding vxc(r) will have the
correct asymptotic behaviour vxc(|r| → ∞)→ −1/r, which is usually missed by the standard
density functional approximations.192,193

In this section we compare the χxc(r) fictitious charge arising from the XC potential at
physical coupling strength (λ = 1) with χx(r) arising from the exchange potential (λ = 0)
and χxc(r) arising from the vSCE

xc (r) in the strong coupling limit (λ → ∞). In Figure 8.4 we
show these quantities for the helium and beryllium atoms, using again the accurate potentials
described in section 8.2.3. We can see that, similarly to the constant C[ρ], there is no specific
trend, and that the effective charge in the SCE limit is quite different than the physical one,
except in the valence region of the Be atom. Overall, the only promising way to use the SCE
input to construct local interpolation schemes seems to be the use of the energy density in the
gauge of the XC-hole electrostatic potential.

8.6 Conclusions
In this chapter we have focused on the exchange-correlation energy densities from the weak and
strong coupling limits within different definitions (gauges). In addition to the conventional DFT
gauge considered in chapters 4-6, which arises directly from a many-body wave-function via
the exchange-correlation hole, we considered other gauges linked to the exchange-correlation
potentials, namely the augmented potential of Levy and Zahariev and the virial gauges. We
have also further investigated the features of the augmented LZ potential in the strong coupling
limit, which arises very naturally and it is equal to the Kantorovich potential. The LZ shift
can be also used to analyze the thermodynamic limit of the classical uniform electron gas, as
explained in section 8.2.4. Note that the latter analysis is highly relevant to the Lieb-Oxford
inequality, which we discussed in more details in chapter 7.

We have shown that the Kantorovich potential and the augmented exchange potential obey
the same simple relation under uniform coordinate scaling, as summarised in Eqs. 8.21 and
8.25. We have also shown that the XC part of the SCE potential also obeys the Perdew-Levy
virial relation, Eq. 8.34, and thus also the Engel-Vosko virial relation, Eq. 8.36. These expres-
sions have been used to compare the strong and weak coupling limit energy densities within
different gauges for the helium and beryllium atoms (see Figures 8.2 and 8.3), comparing them
to the gauge defined by the LZ potential. We have found that only in the case of the gauge of
the electrostatic potential of the XC hole the weak and strong coupling limit energy densities do
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not cross. This observation is important for approaches that model the XC functional by inter-
polating between the weak and strong coupling limit energy densities. These approaches were
detailed in chapters 4-6 and they have been also studied by other authors (see Refs. 53,94). We
have also carried out in section 8.5 a similar analysis for the effective charge associated to the
XC potential defined in Refs. 192,193, observing that there is no clear trend as the interaction
strength increases.



Chapter 9

Simple Fully Non-local Density
Functionals for the Electronic
Repulsion Energy

S. Vuckovic and P. Gori-Giorgi
J. Phys. Chem. Lett. 8, 2799 (2017)

From a simplified version of the mathematical structure of the strong coupling limit of
the exact exchange-correlation functional, we construct an approximation for the electronic
repulsion energy at physical coupling strength, which is fully non-local. This functional is self-
interaction free and yields energy densities within the definition of the electrostatic potential
of the exchange-correlation hole that are locally accurate and have the correct asymptotic
behavior. The model is able to capture strong correlation effects that arise from chemical bond
dissociation, without relying on error cancellation. These features, which are usually missed
by standard DFT functionals, are captured by the highly nonlocal structure, which goes beyond
the Jacob’s ladder framework for functional construction, by using integrals of the density as
the key ingredient. Possible routes for obtaining the full exchange-correlation functional by
recovering the missing kinetic component of the correlation energy are also implemented and
discussed.

9.1 Overview
Throughout the previous chapters we could see that the widespread success of Kohn–Sham
density-functional theory (KS DFT)4,56,63,202 across various chemical and physical disciplines
has been also accompanied by spectacular failures,63 reflecting fundamental issues in the present
density functional approximations (DFAs) for the exchange–correlation (XC) functional. Well-
known examples are the paradigmatic case of the dissociation curves of the H2 and H+

2 molecules.63,152

The latter case was discussed in details in chapter 4. As said earlier, the usual DFAs approach
to construct XC functionals consists in making an ansatz in terms of “Jacob’s ladder” ingre-
dients:55–58 the local density, its gradient, its laplacian and/or KS kinetic energy density, up to
occupied and virtual KS orbitals. While this strategy has been very successful for moderately
correlated systems (see, e.g., Refs. 56,202–205), it has failed so far when correlation effects

101
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become important (e.g., in stretched bonds, but also at equilibrium geometries when partially
filled d and f subshells are present). This fact suggests that a different approach to DFAs is
needed to address the problem of strong correlation.44,63,64,202,206

The strongly-interacting limit of DFT was the central topic of the previous chapters and
we could see that it provides information on how the exact XC functional depends on the
density in a well defined mathematical limit, which is relevant for strong correlation. The
thorough explorations of this limit reveal a mathematical structure totally different from that of
Jacob’s ladder ingredients. Instead of the local density, density derivatives or KS orbitals, in this
limit we see that certain integrals of the density play a crucial role, encoding highly nonlocal
information, embodied in the (SCE) functional (see section 3.4 for a further discussion). This
functional appears to be well–equipped for solving long-standing DFAs problems: it is self–
interaction free, it captures the physics of charge localization due to strong correlation without
resorting to symmetry breaking,71,76,77 and its functional derivative displays (in the low-density
asymptotic limit) a discontinuity on the onset of fractional particle number.98 Despite these
appealing features, there are two main obstacles to the routine use of the SCE functional: its
availability is restricted to small systems (this issue is discussed in details in section 3.4) and
its energies are way too low for most of physical and chemical systems.52,71,89,92 The nonlocal
radius (NLR) functional,93 and the newer shell–model94 were introduced in section 3.5 and
they are inspired to the SCE functional form and retain only some of its non-locality. They
are readily available,94 but, being approximations to the SCE functional, their energies are also
too low with respect to those of chemical systems.93,94 The information encoded in the SCE
functional or its approximations can be combined with the complementary information from
the weak coupling limit. This has been recently used for constructing XC functionals from
a local interpolation along the adiabatic connection.44,53,94,95 From chapters 5 and 6 we could
see that the latter approach is promising for treating strong correlation within the realm of
DFT,44 but it can still easily over-correlate (for example for stretched bonds it overcorrelates
the fragments), again because the SCE (exact or approximate) quantities are often far from the
physical ones.95

Nonetheless, the way in which the information encoded in the density is transformed into
an electron-electron repulsion energy in the SCE functional is very intriguing, with many phys-
ical appealing features.66,69,70,207 Motivated by this observation, in this chapter we use the SCE
mathematical structure to devise a new way to design fully non-local approximate density func-
tionals for the electronic interaction energy at the physical coupling strength. Capturing the
main structural motives of the SCE functional, we preserve many of its appealing features, but
with repulsion energies that are much closer to those of physical systems. Moreover, besides
accurate total repulsion energies, our model provides energy densities within the definition of
the electrostatic potential of the XC hole that are also locally very close to exact ones, making
it an ideal tool for the development of functionals that use the exact exchange energy density,
like hyperGGA’s50,51,120,208 or local hybrids.121,122 In other words, it is known45,51,208,209 that in
order to use the exact exchange energy density we need a fully non-local correlation functional
compatible with it. It is the purpose of this work to provide a new strategy to build this fully
non-local functional at a computational cost similar to the one of the exact exchange energy
density.
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9.2 The structure of the multiple-radii functional (MRF)
We focus first on the structure of the SCE XC energy densities. From Eq. 4.14 we see that in
the λ→∞ limit the energy density w∞(r) is fully determined by the distances RSCE

i ([ρ]; r) =
|r − fi([ρ]; r)| between a reference electron in r and the remaining N − 1 ones. For example,
in the case of one-dimensional systems discussed in section 3.4, the distances RSCE

i ([ρ];x) can
be constructed exactly65,88 from the equations (with i = 2, . . . , N )∫ fi(x)

x

ρ(x′) dx′ = i− 1, RSCE
i (x) = |x− fi(x)|, (9.1)

which can be solved in terms of the functionN1D(x) =
∫ x
−∞ ρ(x′) dx′ and its inverseN−1

1D (y).65,70,71

We see that in this limit each electron is separated by the closest one by a piece of density that
integrates exactly to 1 (in other words, fluctuations are totally suppressed in the limit of ex-
treme correlation), with the key ingredient being the amount of expected electrons between
two electronic positions.

In this work we propose a way to generalize the SCE form of Eq. 4.14 by using λ-dependent
distances (or “radii”) Rλ

i ([ρ]; r) that will take into account the effect of fluctuations, which are
not as suppressed as in the extreme SCE case. Thus, our “multiple-radii functional” (MRF)
energy density reads as

wMRF
λ (r) =

1

2

N∑
i=2

1

Rλ
i ([ρ]; r)

− 1

2
vH(r). (9.2)

As we shall see, we will determine the Rλ
i ([ρ]; r) by using a simplified version of the same

kind of integrals of the density that appear in the SCE limit, introducing the average effect
of fluctuations by reducing the amount of expected charge between two electronic positions.
Before coming to the details of the Rλ

i ([ρ]; r) construction, we remark that Eq. 9.2 can be also
derived from the following model for the spherically-averaged pair-density

PMRF
2,λ ([ρ]; r, u) =

1

4πu2

N∑
i=2

ρ(r)δ
(
u−Rλ

i (r)
)
, (9.3)

where δ is the Dirac delta function. Given that the model of Eq. 9.3 is properly normalized, the
corresponding λ-dependent XC hole satisfies the sum rule, integrating to −1 electron.

We now turn to the construction the radii Rλ
i ([ρ]; r). Motivated by the structure of Eq. 9.1,

and similarly to the recent non-local approximations for the SCE functional for three-dimensional
systems,93,94 we introduce the spherically averaged density ρ̃(r, u) around a position r,

ρ̃(r, u) =

∫
1

4π
ρ(r + u)dΩu, (9.4)

and the function Ne(r, u),

Ne(r, u) =

∫ u

0

4πx2 ρ̃(r, x) dx. (9.5)

These functions have been studied and efficiently implemented by Ernzerhof and co-workers.53,94,158

We now want to find a physical approximation for the crucial quantities

νλi (r) = Ne(r, R
λ
i (r)), i = 2, . . . , N (9.6)
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Figure 9.1: The νλ2 (r) quantity of Eq 9.6 and the corresponding Rλ
2(r) radius at different cou-

pling strengths for the hydride ion obtained from Eq. 9.7 using accurate XC energy densities
wλ(r) from Refs. 44,125.

which give the expected number of electrons in a sphere of radius Rλ
i (r) centered at the refer-

ence electron in r.
We notice at this point that in an inhomogeneous system, even one-dimensional, it is not

possible to write the exact SCE radii explicitly in terms of the function Ne(r, u) obtained by
spherically averaging the density around a reference electron in r as in Eq. 9.4. An exception
is a homogeneous 1D system, in which νSCE

2 = νSCE
3 = 2, νSCE

4 = νSCE
5 = 4, etc.

At the physical interaction strength λ = 1, we expect a situation in which this extreme
correlation is reduced, with all the νi close to i − 1. To illustrate this fact, we consider first an
N = 2 system, for which we have only one radius, Rλ

2 , which from Eq. 9.2 will be equal to

Rλ
2(r) =

1

vH(r) + 2wλ(r)
, (9.7)

showing that, for N = 2, Rλ
2(r) is the screening length associated with the Hartree-exchange-

correlation potential when its response part is removed.163,194,195 Given that for two-electron
systems highly accurate wλ(r) have been computed,44,125 we can use Eq. 9.7 to obtain the
‘exact’ Rλ

2(r). In Figure 9.1 we show the corresponding νλ2 (r) for the hydride ion at λ = 0,
λ = 1, λ → ∞. We clearly see that in the physical system νλ=1

2 (r) is much closer to 1 than in
the SCE extreme case, which allows for much larger numbers ν∞2 (r), getting equal to 2 at the
nucleus, as in the homogeneous 1D solution.

It is clear that there are several ways to define approximations for νλi (r), using different
ingredients. Here, our aim is to show that already very simple approximations can yield rather
accurate results, and we focus on the physical λ = 1 case. As said, we expect that νλ=1

2 (r) ≈
1, νλ=1

3 (r) ≈ 2, . . . , and we write

ν1
i (r) = i− 1 + σi(r), i = 2, . . . , N, (9.8)

yielding for the radii Rλ=1
i (r) the equations

R1
i (r) = N−1

e (r, i− 1 + σi(r)), i = 2, . . . , N, (9.9)

with σi(r) being the fluctuation function, which can push away or bring closer the i-th electron
to the reference one with respect to the expected distance ai(r) = N−1

e (r, i − 1). In this
first model, we consider only the case in which the i-th electron is pushed further, because
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Table 9.1: Atomic (ionic) repulsion energies W1[ρ] obtained by the MRF-1 model and PBE
are compared to reference W1[ρ], obtained with GAMESS-US package105 using full-CI (for the
first four systems) and CCSD wave-functions (other systems). The aug-cc-pCVXZ basis set
of Dunning106 has been used (X = 6 for He and H−, X = 5 for F− and Ne, X = T for Be
and Li− and X = Q for the other atoms). The SCE values W∞[ρ] computed from the same
densities are also reported.

atom/ion Reference MRF-1 PBE SCE

He -1.1029 -1.1844 -1.1047 -1.4982
H− -0.4532 -0.4681 -0.4413 -0.5689
Be -2.8341 -2.8044 -2.8430 -4.0195
Li− -1.9462 -2.1170 -1.9617 -2.7308
F− -10.889 -10.741 -10.997 -16.940
Ne -12.765 -12.823 -12.876 -20.041
Mg -16.701 -16.365 -16.913 -26.709
Cl− -28.89 -28.48 -29.19 -47.26
Ar -31.35 -31.19 -31.68 -51.49
Ca -35.60 -35.92 -36.85 -60.34
MAE - 0.17 0.24 -

for this case we can use again the mathematical structure of the SCE functional as a guide.
More general models will be explored in future works. From the SCE theory for spherically
symmetric systems,66,69 we know that the derivative of the radial co-motion function fi(r) at
point r is inversely proportional to 4πfi(r)

2ρ(fi(r)). We thus introduce the quantity Si(r)

Si(r) =
∂Ne(r, u)

∂u

∣∣∣
u=N−1

e (r,i−1)
= 4πai(r)

2 ρ̃(r, ai(r)), (9.10)

which, in analogy to the SCE structure, provides information on the derivative of the R1
i (r) at

σi = 0. When Si(r) is small, the derivative of the Ri(r) will be very large, and we expect the
electron to be pushed further, with σi approaching the average value 1/2 (which is exactly in
between two expected positions). When Si(r) is large, the derivative of Ri(r) is very small
and we expect it to stay close to σi = 0 (or even become slightly negative, a possibility not
considered here). Thus, for constructing the MRF functional at the full coupling strength,
hereinafter the MRF-1 functional, WMRF

1 [ρ] =
∫
ρ(r)wMRF

1 (r)dr, we use a simple gaussian
ansatz

σi(r) =
1

2
e−b Si(r)2 , (9.11)

where b = 5 has been chosen to optimize the He atom W1[ρ]. Equations 9.2, 9.4, 9.5 and 9.8-
9.11 completely define wMRF

1 (r).

9.3 MRF functional at the full coupling strength: results for
atoms and the hydrogen molecule

9.3.1 Results for small atoms
In Table 9.1 we compare W1[ρ] obtained with the MRF-1 model with corresponding reference
values (full-CI/CCSD), PBE and SCE ones (W∞[ρ]) for several closed-shell atomic (ionic)
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Figure 9.2: Energy densities at full coupling strength w1(r) as a function of distance from the
nucleus, r/a.u., obtained from the present model (MRF), from the local-density approximation
(LDA),187 and from the strictly-correlated electrons functional (SCE), all evaluated on accurate
densities, for Ne (upper panel) and H− (lower panel). The reference w1(r) are obtained at the
full-CI and CCSD level of theory, as in Refs. 44,67, by using the aug-cc-pCVTZ and aug-cc-
pV6Z basis sets106 for Ne and H−, respectively. Insets show the absolute error of approximate
energy densities, δw1(r) = w1 − wapx

1 (r).
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systems evaluated on accurate (CCSD/full-CI) densities. The PBE values have been obtained
by using the scaling relation31,40, with ργ(r) = γ3ρ(γ r),

WDFA
1 [ρ] = EDFA

x [ρ] + 2EDFA
c [ρ]− ∂EDFA

c [ργ]

∂γ

∣∣∣
γ=1

. (9.12)

From Table 9.1 we can see that our model, even with the very simple ansatz for σi(r) of
Eq. 9.11, gives repulsion energy much closer to the physical ones with respect to SCE. Their
quality is comparable to that of PBE, with MAE somewhat smaller (0.17 a.u. vs. 0.24 a.u.). The
purpose here is not to reach high accuracy (which requires optimization and further studies of
the Ri), but to show that functional approximations based on modelling the quantity σi(r) is a
very promising strategy, because already a primitive non-optimized model performs very well.
Even more interesting than the global WMRF

1 [ρ] values are the energy densities: in Figure 9.2
we compare wMRF

1 (r) with the reference w1(r) for the neon atom (top panel) and the hydride
ion (bottom panel). We also show w1(r) obtained with the LDA functional from the PW92
parametrisation187 by using the following relation:210

wLDA
1 (rs) =

1

rs

∂

∂rs

(
rs

2εxc(rs)
)
. (9.13)

We see that wMRF
1 (r) is in good agreement with the reference w1(r) in the case of Ne, but

also in the more correlated case44,67 of H−, again improving dramatically with respect to SCE.
From the insets of the same figure we can see that the local error of our model is very small,
vanishing for large r due to the correct − 1

2|r| asymptotic behaviour, arising from the proper
normalization of Eq. 9.3. The availability of DFAs energy densities in this gauge is rather
limited, and beyond LDA it is restricted to few approximations211,212 to the exchange energy
density (εx(r) = w0(r)). For instance, the gauge incompatibility179 of the generalized gradient
approximation (GGA) exchange energy densities and the exact εx(r), which is in the gauge of
Eq. 2.32, has been a major hurdle for the development of local hybrid DFAs.121,122

9.3.2 Results for the hydrogen molecule along the dissociation curve
The main point of introducing the full non-local dependence is of course to treat static and
strong correlation. In Figure 9.3 we show the energy density wMRF

1 (r) for the H2 molecule
at different bond lengths Lb along the internuclear axis, compared with accurate ones from
Ref. 44. For comparison, we also show w1(r) obtained from the interpolation model of Liu and
Burke (LB)37 applied to energy densities, with the exactw0(r), w′0(r) andw∞(r) as input ingre-
dients.44 As we can see from Figure 9.3, in the equilibrium region the MRF-1 energy densities
are still somewhat lower than the reference ones, whereas the LB is highly accurate, as it is also
the case with atoms.44,95 However, we can also see that in the stretched case (Lb = 10 a.u.) the
MRF-1 energy densities are very accurate, even more accurate than the LB interpolated ones,
whose error is already small (note again that they use the exact w0(r), w′0(r) and w∞(r) as
input for the interpolation). While in the stretched H2 molecule the static correlation effects are
dominant, at intermediate bond lengths, around Lb ∼ 5.0 a.u., there is a subtle interplay be-
tween dynamic and static correlation effects (these effects have been discussed in details in the
previous two chapters). This region can be even more challenging for DFAs than the stretched
case, given that certain DFAs which dissociate H2 correctly fail in this scenario yielding a pos-
itive “bump” (see, e.g., Refs. 108,132,213 and section 5.4.3 of the present thesis). We can see
that the MRF-1 energy densities are very accurate at Lb = 5.0 a.u., hardly distinguishable from
the reference ones.
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Figure 9.3: Energy densities at full coupling strength as a function of the distance from the
bond midpoint z along the internuclear axis for the H2 molecule at different bond-lengths Lb
obtained with MRF-1 using accurate FCI/aug-cc-pCVTZ densities. Reference energy densities
and those obtained with the LB local interpolation scheme are from Ref. 44.
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Figure 9.4: The H2 molecule dissociation curve as a function of the internuclear distanceLb/a.u.
obtained with the MRF-1 and 2-leg MRF approaches presented in this work, compared to
restricted PBE and FCI. All the curves have been obtained using the aug-cc-pCVTZ basis
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In Figure 9.4 we show the dissociation curve for the H2 molecule obtained using the MRF-
1 functional evaluated on the accurate FCI/aug-cc-pCVTZ densities. We can see that around
equilibrium MRF-1 underestimates the total energy, because it misses the positive kinetic cor-
relation component Tc[ρ] and slightly underestimates the exact W1[ρ], as already shown in Fig-
ure 9.3. Despite missing Tc[ρ], MRF-1 dissociates H2 correctly, because Tc[ρ] vanishes as the
H2 dissociates into atoms. To recover the missing Tc[ρ] component, one can combine WMRF

1 [ρ]
with the quantities from the weak coupling limit, namelyW0[ρ] andW ′

0[ρ], to interpolateWλ[ρ]
and thus obtain Exc[ρ]. For this purpose, we employ a very simple interpolation form, the two-
legged representation,44,95,117 which has recently been used to construct a tight lower bound to
correlation energies.95 This form reads as

Wλ[ρ] =

{
W0[ρ] + λW ′

0[ρ], λ 6 Xc

W1[ρ], λ > Xc

(9.14a)

Xc =
W1[ρ]−W0[ρ]

W ′
0[ρ]

. (9.14b)

As in this work we useWMRF
1 [ρ] as an approximation toW1[ρ], we call this approach the “2-leg

MRF”, and from Figure 9.4 we can see that it substantially improves the MRF-1 energies. In
this case very similar results are obtained if we do the interpolation on the energy densities
rather than on integrated quantities. Besides dissociating correctly H2, the dissociation of H+

2

is also correctly described within the MRF-1 and 2-leg MRF approaches, because our model of
Eq. 9.3 is equal to 0 for all N = 1 systems.

9.4 Applying MRF to the uniform electron gas
Finally, one may wonder if the MRF would encounter problems for extended systems. As a
paradigmatic example, we consider the uniform electron gas (UEG) with density ρ = (4

3
πr3

s)
−1,

for which Ne(r, u) = Ne(u) = u3/r3
s and N−1

e (i−1) = rs(i−1)1/3. Then, by using the model
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Figure 9.5: The w1(rs) energy per particle for the uniform electron gas obtained with the MRF
functional via Eq. 9.15 and the PW92 functional via Eq. 9.13

pair density of Eq. 9.3 we obtain wMRF
1 (rs) = w̃(rs)/rs with

w̃(rs) = lim
N→∞

1

2

[
N∑
i=2

1

(i− 1 + σi(rs))1/3
− 3

2
N2/3

]
, (9.15)

where σi(rs) is given by Eq. 9.11 and, from Eq. 9.10, Si = 3(i− 1)2/3/rs. This expression has
a fast N → ∞ convergence and when σi = 0 can be evaluated in closed form. As it can be
seen from Figure 9.5, it yields reasonable values for the UEG, with a maximum relative error
of 23%. The function w̃(rs) of Eq. 9.15 has the same qualitative behavior of the exact one: it
is monotonically decreasing with rs, bounded between the two limting values w̃(0) = −0.487
and w̃(∞) = −0.7564, not so far (considering the simplicity of the model for σi(rs)) from the
exact ones, −3

4
( 3

2π
)2/3 ≈ −0.458 and ≈ −0.876, respectively (as previously said, this latter

value is currently a matter of discussion, see Refs. 42,96 and chapter 7 of the present thesis).
Our preliminary results indicate that σi(rs) can be constructed in such a way that it yields exact
results for the UEG. This possibility will be more explored and reported in the future.

The UEG also illustrates the physics of the MRF model: when rs → 0 (weak correlation)
σi≥2 → 0, while when rs → ∞ (strong correlation), σi 6= 0 for i larger and larger (long-range
fluctuations become more and more important). It also suggests that for extended systems the
explicit functional can be confined to a set i < imax, and the rest can be resummed. The value
imax is determined by correlation (for example, in the UEG it is automatically determined by
σi(rs)).

9.5 Conclusions and Perspectives
In summary, we have proposed a strategy to build fully non-local DFAs inspired by the mathe-
matical structure of the exact XC functional in the strong coupling limit, reducing the problem
to the construction of the fluctuation function σi(r) in terms of Si(r) of Eq. 9.10. Already an
extremely simple model such as the one of Eq. 9.11 is locally accurate, it is able to dissociate
correctly the H2 and H+

2 molecules, and gives very reasonable results for the uniform electron
gas. We thus believe that the nonlocal structure of our functional, which goes beyond the Ja-
cob’s ladder framework, opens up new perspectives for the development of XC functionals able
to tackle strong correlation. Although the functional is highly nonlocal, it can be obtained at
a computational cost comparable to that of the NLR and shell functionals, which have been
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recently implemented in a very efficient way.94 Many strategies to improve the accuracy can
be pursued: the inclusion of kinetic correlation through interpolation along the adiabatic con-
nection (as in Figure 9.4); trying to model directly the λ-dependence of σi; the generalisation
to non-integer number of electrons98 and spin densities; improving the accuracy for the UEG,
and adding the dependence on the gradient of Si(r). The functional can also be readily applied
to other dimensionalities, e.g. electrons confined in quasi-1D and quasi-2D geometries, for
which the SCE approach has already proven very useful.71,76 It can be also applied to other
isotropic interactions, such as the error function used in range separation152 but also effective
interactions for ultracold quantum gases.77
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Chapter 10

Summary and Outlook

In the present thesis we have extensively studied the strong-interaction limit (SIL) of density
functional theory (DFT), highlighting its significance for addressing the long-standing strong
correlation problem encountered in present DFT methods. As we could already see in chapter 3,
the construction of the ultra nonlocal SCE functional, which embodies the SIL information, is
far beyond a trivial task. To extend the applicability of the SCE algorithms and gain insight
into the SCE structure for molecular systems, in chapter 4 we constructed the SCE functional
for the hydrogen molecule along the dissociation curve. While the focus in chapter 4 was on
how the information from the SIL limit can be obtained, in chapters 5 and 6 we investigated
how this information can be employed for the construction of a new generation of approxima-
tions to the exchange-correlation functionals able to capture strong correlation effects. We did
that by modelling the adiabatic connection locally by using weak- and strong-coupling limit
energy densities. The inclusion of information from both limits ensures that a bias towards
a particular correlation regime is avoided. Note again that most (if not all) present density
functional approximations (DFAs) to the XC functional have a bias towards weakly correlated
regimes, which hampers their overall usability as strong correlation effects are omnipresent
in chemistry. We also showed that our local adiabatic connection models are generally more
accurate and more amenable to the construction of size consistent methods than their global
counterparts. The gauge problem in modelling the local adiabatic connection is avoided by
dealing with energy densities that are all defined in the same way. For this purpose, we chose
the energy densities definition in terms of the electrostatic potential of the exchange-correlation
hole. We also showed in chapter 8 that this definition is more suitable than the other considered
definitions in the context of the local interpolation along the adiabatic connection.

Besides using the SIL information for constructing XC functionals, throughout this the-
sis we also used the SIL information to define and obtain quantities that can guide the con-
struction of other XC functionals. Along these lines we constructed tight lower bounds to the
correlation energy and correlation indicators in chapter 6 and provided new insights into the
constant appearing in the well-known Lieb-Oxford inequality in chapter 7. In chapter 9 we
constructed a simple and fully nonlocal functional for the electronic repulsion energy, called
multiple radii functional (MRF). The construction of this functional is inspired by the main
structural motives of the SCE functional. We showed that the MRF functional is one-electron
self interaction free, it yields accurate XC energy densities and it describes rather accurately the
uniform electron gas (despite the fact that its structure is radically different from those func-
tionals that are constrained to be exact for the uniform electron gas). To improve the accuracy
of the MRF functional, we will consider several options. For example, our preliminary results
show that with the adjustment of the fluctuation function given in Eq. 9.9, the MRF functional
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can be constrained to be exact for the uniform-electron gas. Exploring routes for obtaining
‘exact’ MRF radii (as it can be seen from chapter 9, these radii parametrize the MRF func-
tional) for many-electron systems will be another object of future work. We also remark that
besides using the MRF functional for the construction of XC functionals that go completely
beyond the Jacob’s ladder framework of DFT, a parallel and less radical attempt would be to
use the MRF approach (for example, its accurate energy densities) to improve present DFAs
(such as local-hybrids and hyper-GGA’s as discussed in chapter 9). In tandem with assessing
and improving the quality of higher-level of approximations to the SCE functional (such as
MRF and NLR/shell-model introduced in chapter 3), in the future we will also test lower level
approximation to the SCE functional (such as the PC model described in chapter 3), which
can be applied to very large systems. Quite interestingly, it has been recently shown that the
PC model, if combined with suitable quantities from the weak-interaction limit, can accurately
describe different classes of intermolecular interactions without relying on any empirical pa-
rameters.160,214 Although the PC model is in this way used in the global interpolation scheme,
which, as said before, suffers from the size-consistency issues, our most recent findings show
that a simple size-consistency correction would fix this issue and further improve the accuracy
of the PC model for intermolecular interactions.214 Applying this size-consistency correction to
large systems within the framework in which lower level approximations to the SCE quantities
are employed is going to be explored in future work.
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Appendix A

Analytical expression for∫
ρ(r)vSCE(r)dr

With the parametrizations of vSCE(r) of Eq. 4.4 and of ρ(r) of Eq. 4.5, the integral
∫
ρ(r)vSCE(r)dr

becomes:

∫ 2π

0

dθ

∫ ∞
−∞

dz

∫ ∞
0

hdh v(z, h)ρ(z, h) = 2π3/2
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2
j

β2
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β2
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) +

erf
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j
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j γj
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(A.1)
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