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1 | Introduction
Science aims to describe the world around us using measurable quantities.
Through science, we can state how tall Mount Everest is, or that the Earth
is roughly a sphere of a given diameter. While in the process of measuring
things, we stumble upon quantities that change over time. When we describe
how quantities change over time we use models called dynamical systems. In
mathematics, we use the language of formulas to describe such dynamical
systems, thus giving precise laws for the evolution of such quantities. To
describe the behaviour of such quantities based on the given formula is a
broad topic. In this introduction, we will concentrate on the Lotka-Volterra
system, presented in (LV), and we will show how to construct solutions to
dynamical systems.
A famous and simple example of a dynamical system is the Fibonacci
sequence, describing the number of rabbits in an enclosure. In this system,
rabbits are immortal, with infinite food, and they reproduce according to a
clear law. Rabbits reproduce at most once, and each generation and each
adult has exactly one kid, while young rabbits have no kids. It takes a full
generation for kids to become adults. With this information, we want to
compute the number of rabbits at each generation.
If we start at generation zero with 3 rabbits, divided in 2 adults and 1
youngster, the number of rabbits over the first three generations grows as
shown in Figure 1.1: at the first generation, 2 rabbits are born and there
are 3 adult rabbits. Then at the second generation, 3 new rabbits are born
while there are 5 adults, and so on.
As mathematicians, we want to describe this behaviour using symbols
and formulas. So, we denote by Fn the number of rabbits at generation n.
Here n “ 0, 1, 2, . . . . If we know Fn and Fn`1 , we can compute Fn`2 by the
formula
Fn`2 “ Fn`1 ` Fn .
To compute the number of rabbits in the next generations, we thus need to
know the number of rabbits at the first two generations. This information
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Figure 1.1: The generations of rabbits. Boxes of same color indicate parentkid relationship. Here we can easily see that all rabbits in generation 0 are
adults in generation 1, and each will generate a new rabbit in generation 2.

on the initial state of the system is called initial condition. If we set as initial
conditions F0 “ 1 and F1 “ 1, we retrieve the standard Fibonacci sequence.
If the initial condition is given, the formula allows us to compute the number
of rabbits at any generation in a very fast way.
The Fibonacci dynamical system is of a very simple type. The second
example we consider is a bit more complicated. It still describes the growth
of a rabbit population, but here we consider the interaction rabbits can have
with another species, such as foxes, that eat them. This model, called the
Lotka-Volterra model (LV), describes the interaction between two species, a
predator and a prey, in our case, rabbits and foxes. The model is described
by
#
xptq
9
“ ↵xptq ´ xptqyptq,
(LV)
9 “ xptqyptq ´ yptq,
yptq
and was first designed for fish in the Adriatic sea. In this case, we apply
it to rabbits and foxes, and the unknowns x and y indicate the the density
of their population in a given area. While the previous model was easy to
understand, this one requires a bit of explanation. First of all, the quantity
we are interested in is x, the number of rabbits. The number x depends
on t, the time. This means that we allow the number of rabbits to increase
or decrease over time, according to the law we have written. The time t
here can be compared to n, the generation number in the Fibonacci model.
While in the previous case we were checking the number of rabbits only once

9

CHAPTER 1. INTRODUCTION

each generation, in the Lotka-Volterra model time is continuous. This means
that we describe the number of rabbits and foxes at all time, not only at
specific moments. We say that the previous model has discrete time, while
the Lotka-Volterra has continuous time. The other function depending on
time is yptq, the number of foxes. The foxes have been added as predators:
they eat rabbits and they are, in this description, the only reason why the
rabbit population may decrease.
The notation xptq
9 (and yptq)
9
indicates a derivative, that is the variation of
the number of rabbits (and foxes) at time t. Equations involving derivatives
are called diﬀerential equations. If only one type of derivatives is used, in
this case the time derivative, we call them ordinary diﬀerential equations,
or ODEs. If this is not the case, that is, the variable depends on time and
space, and both time and space derivatives are used, we talk about partial
diﬀerential equations, PDEs, as we will see in Section 1.3 and in Chapter
4. In (LV), if xptq
9
is positive, then the number of rabbits at that moment
is increasing, whereas if it is negative, then it is decreasing. On the right
hand side of the equation, the terms ↵xptq ´ xptqyptq tell how the rabbit
population grows at time t. The term ↵xptq shows the birth rate of the
population. This means that, every time unit, one rabbit generates ↵ new
rabbits. If this were the only term, we would have something very similar
to the previous model, but here the growth is compensated by the second
term ´ xptqyptq. This is an interaction term, it changes if the number of
rabbits or the number of foxes changes. The part xptqyptq is the likelihood
for rabbits and foxes to meet each other, and shows how many rabbits die
due to this interaction, that is how many rabbits are eaten by foxes. Because
rabbits dying decreases the population of rabbits, there is a minus sign in
front of this term.
A similar term-to-term reading can be done for the fox equation. The
term ´ yptq is the death term of the equation, while the birth term xptqyptq
depends on how many rabbits the foxes can eat. If there are more rabbits, the
fox population grows faster, while if foxes have a hard time finding rabbits
because there are very few, then few new foxes are ever being born. If the
number of rabbits keeps decreasing, at some point the death term of foxes
will be more important than the birth term and the foxes population will
start to decrease as well.
In this model, there are four parameter, ↵, , and . They indicate how
much the rabbit and fox populations are aﬀected by diﬀerent occurrences:
birth, death and foxes eating rabbits. By changing the parameters, the model
predicts diﬀerent futures. For example, if we set “ 0, no new fox is born,
so eventually the fox population will die out. Or if we set “ 0, the rabbit
population will keep growing forever. If the parameters are changed, the
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dynamic of the system also changes. In Figure 1.2 we show some evolutions
of the populations depending on those parameters. As we can see, given
the same initial condition, diﬀerent dynamics take place depending on the
parameters. In the last two plots, the behaviour gets repeated after a certain
time. In this case, we say that x and y are periodic with period ⌧ , or ⌧ periodic if there exists a positive time ⌧ such that
xptq “ xpt ` ⌧ q, yptq “ ypt ` ⌧ q.
Periodic solutions are an exciting subject because studying them gives information on the behavior of the dynamical system away from them. They
are considered to be the building blocks to understand the solutions to dynamical systems. They are the subject of this thesis and therefore of this
introduction.
The Lotka-Volterra system has an unusual property: if all parameters
are non-zero, any initial condition is the beginning of a periodic solution.
This makes it an easy system to present in this introduction.

1.1

Questions

Considering a given dynamical system, such as Equation (LV), we have some
questions we want to answer in this introduction:
Q1: how can we compute a periodic solution?
Q2: how does the solution change with respect to one of the parameters?
Q3: can it happen that, while changing parameters, a periodic solution
appears?
Let us start by looking at the first question. There are two main approaches to solving a diﬀerential equation. Historically, the first was to solve
the equation by hand, finding an exact formula for the solution, called an
analytic solution. As models got more complicated, mathematicians started
using a wider variety of tools which have provided results that are in some
senses weaker than the analytical solution. For example, for some problems we know that there is at least, or at most, one solution under some
conditions, but we don’t know what it looks like. Or we know there is a
solution just for some choices of the parameters. Confronted with ever more
complicated equations, that did not seem solvable with such analytic methods, some mathematicians started constructing approximate solutions. This
process usually requires simplifying the equation and constructing an approximate solution through a list of simple operations, called an algorithm.
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(a) ↵ “ “ “ 1, “ 0: no new foxes.
The foxes die out, the rabbits get eaten
by fewer and fewer foxes, so the rabbit
population starts increasing.
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(b) ↵ “ “ 1, “ 0, “ 3: rabbits do
not die. First, foxes have trouble finding
rabbits, then the fox population starts
increasing.
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(c) ↵ “ 1, “ “ “ 2: rabbits reproduce slowly. First, the rabbit population
decreases, then also the foxes population
decreases, which allows the rabbit population to explode, going back to the initial
situation.
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(d) ↵ “ 10,
“
“
“ 1: rabbits
reproduce very quickly. First, rabbits
reproduce, then the fox population increases and rabbits are eaten faster than
they can reproduce. Here as well, they
then go back to the intial situation and
start anew.

Figure 1.2: Various solutions for the Lotka-Volterra model, all with initial
conditions xp0q “ yp0q “ 1, that is there is one fox and one rabbit per unit
of area. This is called an initial value problem, in which we know the number
of rabbits and foxes at the beginning and compute how it evolves. For each
figure, the left plot describes rabbits, the right foxes. For both of them, the
horizontal axis is time.
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The result is a function called a numerical approximation, that we denote by
px̂ptq, ŷptqq. Under some conditions on the problem, the numerical approximation is relatively close to the (not yet known) solution pxptq, yptqq.
Example 1.1.1 (Forward Euler method for the Lotka-Volterra model). One
of the simplest numerical methods is called the Forward Euler method and we
will use it here to solve the Lotka-Volterra model (LV) with initial conditions
xp0q “ x0

and

yp0q “ y0 .

This method starts with the idea that we are computing the value of xptq
only for some values of t, not all. We say that we discretize the time. We
only consider the times 0, h, 2h, 3h, . . . , N h, where h is a small value called
step-size and N h is the biggest time we are interested in. We define ti “ ih
for i “ 0, . . . , N .
The Forward Euler method approximates the derivative of xptq at time ti
by the formula
xpt
9 iq «

xpti`1 q ´ xpti q
,
h

for all i “ 0, . . . , N ´ 1.

The same we can do for the derivative of yptq. We then put these approximations in the Equation (LV), using the initial condition, and we have
#
x̂pti`1 q “ x̂pti q ` h↵x̂pti q ´ h x̂pti qŷpti q,
ŷpti`1 q “ ŷpti q ` h x̂pti qŷpti q ´ h ŷpti q.
The hat on xpti q and ypti q indicates that now they are approximation of the
exact values xpti q and ypti q. If we know the initial condition, we can compute
the approximate solution at t1 “ h, and in general, if we know the solution
at ti , we can compute the approximate solution at ti`1 .
The smaller the step-size is chosen, the more precise the approximate
solution is, i.e. the closer each value that we computed is to the exact value of
the solution. In Figure 1.3 we can see some approximate solutions computed
with diﬀerent step-sizes.
From the computed px̂pti q, ŷpti qq for i “ 1, . . . , N , we can construct an
approximate solution for all times t P r0, N hs by interpolation.
This shows us how we can compute numerical solutions of (LV), thus
partially answering Q1a. We then consider the special case of a periodic
solution.
We then need add to our analytical methods or our algorithm the constraint to look only for periodic solutions. Written like this, this might seem
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Figure 1.3: Numerical approximations computed with diﬀerent step-size,
going from 0.5 (blue) to 0.06 (red), compared with exact solution in black.
The parameters are ↵ “ 1, “ “ “ 2.

a very simple change, but it isn’t. The analysis gets more involved and
so does the construction of a numerical approximation, as we show in the
following Example.
Example 1.1.2 (Periodic Forward Euler method for the Lotka-Volterra
model). In this example, we consider the Lotka-Volterra model, with the
same approximation we had in Example 1.1.1, but this time we are looking for
periodic solutions. This means that, instead of setting the initial condition
xp0q “ x0 and yp0q “ y0 , we set xp0q “ xpN hq and yp0q “ ypN hq. This
gives us
$
x̂p0q “ x̂pN hq,
’
’
’
&ŷp0q “ ŷpN hq,
’
x̂pti`1 q “ h↵x̂pti q ´ h x̂pti qŷpti q ´ x̂pti q,
’
’
%
ŷpti`1 q “ h x̂pti qŷpti q ´ h ŷpti q ´ ŷpti q.
While in Example 1.1.1 we could solve the equations sequentially, first solving
for xpt1 q, then xpt2 q and so on, now all the values we want to solve for
depend on all the others. This new system is a big algebraic system, with N
equations all interdependent and it clearly shows how the diﬃculty increases
when going from initial value problems to search of periodic solutions. There
are methods to solve such types of systems numerically, such as the Newton
method, but we will not present them here. We show the results of some
computations in Figure 1.4, where we can see what a periodic solution looks
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Figure 1.4: Numerical approximations of a periodic solution with ↵ “ 1,
“ “ “ 2 with a very small step-size (10´4 ).

like.
Let us remark that fixing N h is equivalent to look for periodic solutions
of period N h, excluding any other period. This is justified in the case of
the Lotka-Volterra model, because we know that there are infinitely many
periodic orbits and fixing the period is equivalent to fixing which periodic
orbit we want.
Considering all the approximation steps that we have done, we ask ourselves whether px̂ptq, ŷptqq is a good approximation of the exact solution
pxptq, yptqq. We want to validate our approximate solution. This approach
gives us knowledge of the existence of an analytical solution close to the
numerical approximation.
If we knew pxptq, yptqq exactly, we could calculate how far apart pxptq, yptqq
and px̂ptq, ŷptqq are. This value is called the error of the approximation. In
our case, we don’t have any direct information on pxptq, yptqq. We are then
forced to calculate a bound on the error. Most numerical methods already
have an a priori error bound. This means that, under some genericity conditions, if we spend infinite time and precision in computing the numerical
approximation px̂ptq, ŷptqq then it would be equal to the analytic solution,
that is pxptq, yptqq “ px̂ptq, ŷptqq for all t. We then say that the method converges to the exact solution. The a priori error bound usually also asserts
how fast this process happens. This roughly translates to how much accuracy we are expected to gain if we let the computer run double the time and
with double the precision.
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With a priori error bounds, we know how much accuracy we gain, but
we still don’t know how far we are from the exact solution at each time
step. For this, there is another class of error bounds, that is calculated
based on the specific problem, such as the Lotka-Volterra model, and the
specific approximation px̂ptq, ŷptqq. Those bounds are called a posteriori
error bounds, because they are computed after the numerical approximation
is obtained. These a posteriori error bounds are the subject of this thesis.
When it is possible to prove that a numerical approximation px̂ptq, ŷptqq
satisfies an a posteriori error bound, we can write
}pxptq, yptqq ´ px̂ptq, ŷptqq} † r,
with r the computed error bound, and we talk about validated numerics or
rigorous numerics.

1.2

Validated numerics and the radii polynomial approach

Validated numerics has a relatively short history, compared to other branches
of mathematics, because the question of confirming the validity of a numerical approximation appeared only after numerical approximation started being ubiquitous in science, and this development has been possible just since
the commercialization of computers.
Some famous results achieved with validated computations are the proofs
of the map colouring theorem [52] and the sphere packing problem [25]. In
the field of dynamical systems, the proof of the Feigenbaum conjecture [35]
has been one of the first major results. An important result is the one by
Tucker in [59], proving that the Lorenz model
$
’
9
“ pyptq ´ xptqq,
&xptq
yptq
9 “ xp⇢ ´ zptqq ´ yptq,
’
%
9 “ xptqyptq ´ zptq,
zptq
has a strange attractor for
“ 10,
“ 8{3 and ⇢ “ 28. For the same
system, in [46] chaos was proven using rigorous numerics combined with
Conley index theory.
The method used in this thesis to compute the error bound r is called
the radii polynomial approach. This method builds on the work by Plum
[6], Nakao [49], Zgliczynski [78], Koch and Arioli [2], and many others. The
formulation we will use was first introduced in [14] and has since then successfully been applied in a variety of situations, such as finding equilibria

16

1.2. VALIDATED NUMERICS AND THE RADII POLYNOMIAL
APPROACH
and periodic solutions of diﬀerential equations of diﬀerent types (such as
ordinary [36], partial [62] and delay [63]), following solution branches [65, 5]
and validating stable and unstable bundles of periodic orbits in diﬀerential
equations [4]. Of great momentum is the CAPD software package [8], based
on the results by Zgliczynski.
The idea of the radii polynomial approach for (LV) is to construct a
function T such that, if (and only if) z “ px, yq is a solution of (LV), then
T pzq “ z.

(1.1)

A problem written in this latter form is called a fixed point problem. The
reason why we want to consider this specific setting is because of the Banach
contraction theorem explained below, that is very helpful in the analysis and
allows computers to be used during the validation.
This says that the fixed point problem T pzq “ z has a unique solution
in a given set G if all the elements in G are mapped by T inside G itself
and, when they are mapped, they get closer to each other. This behaviour
is called contraction and it is formalised as follows.
Definition 1.2.1. Let X be a norm space with norm } ¨ }X , then T : X Ñ X
is a contraction on G Ä X if
• T pGq Ä G,

• there exists a K in r0, 1q such that, for all x, y P G,
}T pxq ´ T pyq}X § K}x ´ y}X .
Under a condition on the space, the following Theorem applies.
Theorem 1.2.2. If X is a Banach space and T is a contraction on G Ä X,
then there exists a unique fixed point of T in G, that is there exists a unique
z in G such that
T pzq “ z.
Why is this formulation any better than the first version (LV)? The
reason lies deep into how computers work. Therefore we will make a small
detour into floating point arithmetic and interval arithmetic.
Let us consider a simple example. We want to find a such that
3a “ 1.
We know that the solution is 1{3, but when we ask the computer, it will
round the result to the floating point representation of 1{3, that is something
similar to
â “ 0.333333333333333300000....,
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which is very precise, but not exactly 1{3. If we want to use computers, then
we need to be very careful, and only ask the computer to solve equations it
can solve. One thing computers are good at handling are inequalities, so we
ask a computer to solve
find v such that 3v † 1,
and

find w such that 3w ° 1.

If we have computed v and w, then we know that the exact solution a is
between v and w, even if we never computed a directly. This idea is called
interval arithmetic, because it allows us to use the interval rv, ws instead
of the approximation â when we want to compute things based on a. The
advantage is that the exact result will always be in the interval computed.
The library used for interval arithmetic in this thesis is [53].
With this background, we can understand how it is almost impossible for
a computer to solve any problem of the form F pxq “ 0, or T pzq “ z. But if
we prove that T is a contraction, we know that z exists, and the definition
of contraction only require checking inequalities. This is the reason behind
our reformulation.
To summarise, if we can prove that T is a contraction in G Ä X, then
we know that the analytic solution z of (1.1) is also in G. A good candidate
forG is a ball around our numerical solution. We define a ball of radius r
around ẑ P X as
Br pẑq “ tw P X such that }w ´ ẑ}X † ru,
that is all the points in X that are closer than r to ẑ. Then we want to
answer the question: is there a value of r for which we can prove that T is
a contraction in G “ Br pẑq?
If we can find such a value, then we have proven that an analytical
solution z exists and
}z ´ ẑ} † r.

This is the statement we were after, because it implies that, first, there exists
an analytical solution, and second, it is r close to the numerical approximation ẑ that we know.
The challenge is now to construct a mathematical structure and a corresponding code that, for a variety of diﬀerent settings, first finds a numerical
approximation ẑ, then constructs an appropriate T and finally proves that
T is a contraction in Br pẑq for a certain value of r. This is what the radii
polynomial approach does.
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The radii polynomial approach has already been successfully used for
proving the existence of periodic solutions in the neighbourhood of numerical
periodic solutions for specific ordinary diﬀerential equations, in [26] among
others, but the application has been case-specific up to now. In Chapter 2
of this thesis we generalise this result to polynomial ODEs of any order and
dimension. This requires a higher level of generality of the construction than
when dealing with a specific system of equations.
The question Q2 is to see how the solution changes with respect to the
parameters. Numerically, what is done is to change one or more parameters
a little bit, for example by decreasing ↵ a little in (LV). We then recompute
the numerical approximation, using the previous numerical approximation as
a first approximation (for example, by using an iterative algorithm to solve
the new problem). If the change in the numerical solution is gradual, that
is, it depends smoothly on how much we changed ↵, we say that we follow a
solution branch. With this process, we get a collection of periodic numerical
approximations of the Lotka-Volterra model with changing parameter ↵. It
is possible to reformulate the contraction argument in the case of a solution
branch. We solve Q2 in the Chapter 2 of this thesis: construct an approach to
validate and follow any solution branch of periodic solutions for polynomial
ordinary diﬀerential equations.
Once we can follow a periodic solution branch, we look back at our third
question and ask ourselves what happens when the solution branch we are
following disappears. For example, the periodic solutions in the branch could
be getting smaller and smaller, until they are only a point. In this case, we
call it an equilibrium or stationary solution.
If we are only interested in periodic solutions, we might consider an
equilibrium as a very degenerate periodic solution, because nothing depends
on time. It then holds that xptq “ xpt ` ⌧ q and yptq “ ypt ` ⌧ q for all
positive ⌧ . Then, we say that an equilibrium is a singular periodic solution.
There are other types of singular periodic solutions, for example solutions
that have infinite period: they come back to the initial point, but they take
literally forever to do so.
If a periodic solution gets to be singular because of the change of a
parameter, the parameter arrived at a bifurcation point. Very generally, bifurcations are scenarios in which at least one solution appears or disappears.
In our example, a periodic solution became a stationary solution, so the
system lost a periodic solution. Such types of bifurcations are called, under
some extra conditions, Hopf bifurcations. For a discussion of bifurcations
in dynamical systems, we refer to [34], while a simple visualisation of the
Hopf bifurcation is shown in Figure 1.5. Another type of bifurcations we are
interested in in this thesis is the so-called saddle node bifurcation, or blue
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Figure 1.5: A Hopf bifurcation with respect to the parameter ↵. On the left
side, there exists only one equilibrium solution. Then, a Hopf bifurcation
occurs, and on the right side there are both an equilibrium solution and a
periodic solution, indicated by the cone with an arrow. Close to the bifurcation, the periodic solution is oscillating around the equilibrium solution.

sky bifurcation. In this second bifurcation, it happens that, for a given parameter, two solutions exist, but changing the parameter they disappear. In
the middle, there is a parameter value for which a unique solution exists, as
pictured in Figure 1.6. There are many more bifurcations, even in systems
of ordinary diﬀerential equations, such as the Lotka-Volterra model, but in
this thesis we will concentrate only on Hopf and saddle node bifurcations.
These two bifurcations have been chosen because they are the only two birfurcations that (i) can appear with only one parameter and (ii) are stable
under perturbation of the system. The second property is a bit technical,
but it means that, if a system undergoes a saddle node bifurcation or a Hopf
bifurcation all similar enough systems will also have the same bifurcation.
Bifurcations that do not satisfy the second property cannot be validated
with validated numerics.

1.3

Content of the thesis

The thesis develop as follows. In Chapter 2, arc-length parametrisation is
used to prove that the solution branch is smooth and also to allow the branch
validation to go through saddle node bifurcations, as first introduced in [5].
Therefore, in this Chapter, saddle node bifurcations are not problematic for
our validation.
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Figure 1.6: A saddle node bifurcation with respect to the parameter ↵. We
can see how for ↵0 there are no solutions, there is exactly one solution for
↵1 and two for ↵2 . In this figure, y is some measure of the solution.

With the new terminology provided, we can rewrite question Q3 as
Q3’: where does a Hopf bifurcation occur?
In general, answering this question analytically is very hard. In this thesis,
in Chapter 3, we discuss how we can prove the existence of a Hopf or saddle
node bifurcation along a validated numerical solution branch.
In Chapter 3, we take advantage of the ability of the method presented
in Chapter 2 to follow solution branches through saddle nodes and we use
it to validate saddle node bifurcations during the validation. This works
as follows. Let us consider a periodic solution xptq of a polynomial ODE
depending on a parameter µ. We can prove the existence of a saddle node
bifurcation with respect to µ by checking the signs of the first and second
derivative of the parameter µ with respect to the arc-length parameter s.
By validating the signs of µ1 psq and µ2 psq along the solution branch, we can
prove that the solution curve underwent a saddle node bifurcation.
In Chapter 3 we also construct and algorithm to prove the existence of
Hopf bifurcations in ODEs. This is achieved thanks to a blow up approach.
By this we mean that the periodic solution xptq is rewritten as the sum of
the equilibrium solution y and a perturbation azptq, with a P R and zptq of
order 1. Setting xptq “ y `azptq, we write a new dynamical system where we
solve for y, a and z. This new system does not undergo a Hopf bifurcation.
Instead, it exhibits a saddle node bifurcation for a “ 0.
In Chapter 4, we show the strength and generality of the blow up approach for Hopf bifurcation by applying it to partial diﬀerential equations.
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As a case study, we concentrate on the Kuramoto-Sivashinsky equation
Bt xpt, sq “ Bs4 xpt, sq ` Bs2 xpt, sq ` Bs pxpt, sq2 q,

(KS)

where is a parameter and Bs4 is the fourth derivative with respect to space.
This equation models the weak turbulence in laminar flows and it has
already been studied in the context of rigorous numerics in a variety of different papers. The articles [2], [19], [20] and [79] use diﬀerent approaches to
prove the existence of periodic orbits for fixed parameter in (KS), while
[1] and [82] discuss the topic of bifurcations of the steady state in (KS). In
particular, [1] presents a general approach based on normal forms to the
validation of bifurcation of equilibria in PDEs. The types of bifurcations
investigated in these articles are pitchfork bifurcations, saddle node bifurcation and crossing of branches. In [81], the existence of symbolic dynamic in
(KS) and thus the existence of infinitely many periodic orbits for a fixed
are proven via a computer assisted proof.
With this background in mind, we validate Hopf bifurcations in (KS).
We impose x to be 2⇡-periodic in space and we prove the existence of a
Hopf bifurcation in (KS) in an interval of values of . In the case of partial
diﬀerential equations, the Hopf bifurcation starts from a stationary solution,
that is a solution y to the Kuramoto-Sivashinsky equation that only depends
on space. We therefore apply the blow up approach to a solution of the form
upx, tq “ ypxq ` azpx, tq,
where y is a stationary solution of (KS) and a P R is the amplitude of the
time dependent contribution. We then solve for y, a and z and we take
advantage of the similarities between this case and the periodic orbits of
ODEs to construct a branch following validation approach that allows us to
prove the existence of a branch of solutions of (KS) such that a crosses zero.
Future work will include generalising the results of Chapter 4 to a broader
class of partial diﬀerential equations. Furthermore, the blow up approach
could be extended to prove the existence of other symmetry breaking bifurcations, such pitchfork bifurcations or period doubling bifurcations, thus
enabling us to prove the existence of pitchfork or period doubling bifurcations of time dependent solutions to PDEs. A direct goal is to extend the
technique to prove the existence of saddle node bifurcations to the KuramotoSivashinky equation.
In a broader perspective, an interesting direction is to extend these results, both branch following and bifurcation validation, to delay diﬀerential
equations.
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Figure 1.7: Representation of the blow up time dependent contribution of
the periodic solution of (KS) near the Hopf bifurcation.
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